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Abstract

We consider a production-inventory control model with finite capacity and two different pro-
duction rates, assuming that the cumulative process of customer demand is given by a compound
Poisson process. It is possible at any time to switch over from the different production rates but it
is mandatory to switch-off when the inventory process reaches the storage maximum capacity. We
consider holding, production, shortage penalty and switching costs. This model was introduced by
Doshi, Van Der Duyn Schouten and Talman in 1978. Our aim is to minimize the expected discounted
cumulative costs up to infinity over all admissible switching strategies. We show that the optimal
cost functions for the different production rates satisfy the corresponding Hamilton-Jacobi-Bellman
system of equations in a viscosity sense and prove a verification theorem. The way in which the
optimal cost functions solve the different variational inequalities gives the switching regions of the
optimal strategy, hence it is stationary in the sense that depends only on the current production rate
and inventory level. We define the notion of finite band strategies and derive, using scale functions,
the formulas for the different costs of the band strategies with one or two bands. We also show
that there are examples where the switching strategy presented by Doshi et al. is not the optimal
strategy.

Key words. production-inventory model, optimal switching strategies, compound Poisson process,
scale functions, HJB equation, viscosity solutions.

1. Introduction

The classical production-inventory model considers a single machine that produces a certain product.
Finished products are stored and the storage capacity can be finite or infinite. Moreover, the classical
model assume a constant production rate, customer demands arriving according to a Poisson process
and size demands distributed as i.i.d random variables. When the stock on hand is less than the demand
then either the excess of the demand is lost or backlogged. In the first case the inventory level is always
positive, while in the latter it can be negative. The costs associated with this model are holding cost and
lost-sales cost. Higher production rates yield fewer lost-sale cost but higher holding cost and viceversa.
Thus, there is a trade-off between holding and lost-sales costs. Therefore, researchers have looked for
the optimal strategy to minimize the expected cost. One of the prominent strategy discussed in the
literature is the two regime switching policy. Under this policy, the production rate switches from high
to low rate when the inventory increases above a given level y;; also, the production rate switches from
low to high rate when the inventory becomes smaller than a given level y,, where yo < y;.

In the operations research literature, most articles have considered the average cost per time unit
assuming that the system is at steady state. Gavish and Graves [13] and Gavish and Keilson [14]
studied the case where once the inventory level reaches a given threshold y;, productions stops; and
production resumes when the inventory level down-crosses another threshold ys, where yo < y;. In
these two papers, customers arrive according to Poisson process and backlogging is permitted. In the
first paper the demand is always for one item and the machine produces one item per time unit, and
in the second one the demand is exponentially distributed. In both papers, the average cost per time
unit is obtained. De Kok, Tijms and Van Der Schouten [8], De Kok [9] and De Kok [10] studied an
infinite capacity production inventory system where demand occurs according to a compound Poisson
process and unsatisfied demand is backlogged. They considered two production rates oo < o1 where
the production rate is switched to o5 once the inventory level is above y; and it is switched back to o1
when the inventory level down-crosses y». In the first paper, unsatisfied demand is backlogged and in the
second one, unsatisfied demand is lost. Performance measures that are considered under some constrains
on the switching and holding costs are: the average amount of stock-out per unit time, the fraction of
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demand to be met directly from stock on hand (in the backlog case) and the average amount of lost
sales. Doshi, Van Der Duyn and Talman [11] considered a finite capacity production inventory model
with lost sales and similar production rate policy as in [8], [9] and [10]. They obtained the steady-state
distribution of the inventory level for this model and hence the average cost per time unit.

More recently, Shi, Katehakis, Melamed and Xia [21] considered an infinite capacity production-
inventory model with compound Poisson demand, lost sales and constant production rate. They obtained
the expected discounted cost and then the production rate that minimizes it. Barron, Perry and Stadje
[4] considered the model of Doshi et al. [11] under the assumption of Markov additive arrival process
and phase-type demand and obtained the expected discounted cost.

The optimal two-regime switching problem, also called starting-and-stopping problem, has been stud-
ied extensively, in the diffusion setting and some special profit functions, Brekke and Oksendal [6] apply a
verification approach for solving the variational inequality associated with this impulse control problem.
Pham and Vath [18], Hamadéne and Jeanblanc [15], and Bayraktar and Egami [5] between others, stud-
ied various extensions of this model. Also in the diffusion setting, Pham, Vath and Zhou [19] considered
the case of multiple-regime switching. Azcue and Muler [3] studied a mixed singular control/switching
problem for multiple regimes in the compound Poisson setting.

The rest of the paper is structured as follows. Section 2 describes the model setup and some basic
results are derived in Section 3. In Section 4, we show that the optimal cost functions for the different
production rates satisfy the corresponding Hamilton-Jacobi-Bellman system of equations in a viscosity
sense and prove both characterization and verification results. Moreover, we prove that there exists
an optimal production-inventory strategy and that it has a band structure. In Section 5, we introduce
the concept of finite band strategies depending on the number of connected components of the non-
action regions; and in Section 6 we use the scale functions to find the formulas of the holding, shortage
and switching cost functions for the band strategies with one or two connected components. Finally,
in Section 7, we identify the optimal strategies and the corresponding cost functions for a number of
concrete examples with exponentially distributed customer demands.

2. Model

In this paper we address a production-inventory control model with finite storage capacity b > 0 and
two production rates: o; and og such that 0 < o2 < o1; this model was introduced by Doshi et al. [11].
We say that the production is in phase ¢ = 1,2 when the production rate is ¢;, whenever the inventory
level reaches level b, the production is stopped i.e. oo = 0 at inventory level b. We assume that the
cumulative process of customer demand is given by the compound Poisson process

Ny

> Y,

n=1
where N; is a Poisson process with rate of arrival A and the size of the demand Y,, are i.i.d positive
random variables with distribution F' and finite mean. Let us call 7,, the arrival of customer demand n.
We also assume that [ < 0 is the minimum level below which the inventory is not allowed to decrease. If
the inventory drops below [ the part of the demand below [ is lost and production resumes at inventory

level [.
The following costs are considered:

e Holding and production costs. h; : [[,b) — [0,00) for i = 1,2 correspond to the holding and
production cost in phase i when the inventory level is « € [I,b). We assume that it is bounded
with finitely many discontinuities and Lipschitz between discontinuities with Lipschitz constant
mp. ho(b) > 0 corresponds to the holding cost at inventory level b.

e Shortage penalty costs. p : [0,00) — [0,00) corresponds to the penalty function cost when
the amount y of the demand of a customer is lost. We assume that it is non-negative and non-
decreasing. Moreover,

(2.1) /Ooo p(y)dF(y) < oo.

e Switching costs. K;; corresponds to the fixing cost of switching from phase ¢ to phase j where
i, 7 = 0,1,2. Here we include the costs of switch on (Kpy; where ¢ = 1,2) and the costs of switch



off (K;o where i = 1,2) the production process when the inventory reaches level b. We add the
following conditions on the switching costs in order to penalize simultaneous changes of phases:

(2 2) K()i §K0j+Kji for {i,j}:{1,2},
’ Ko+ Ko1 > 0.

Remark 2.1. We assume here that it is possible at any time to switch over from phase i to phase j
where 1 < i, j < 2 but it is mandatory to switch off (namely to go to phase 0) when the inventory process
reaches level b. On top of that, the phase should be 1 or 2 (that corresponds to positive production rate)
whenever the inventory process is in the interval [I,b). Moreover, if a demand arrives and the inventory
level before this arrival minus the demand of the customer is less than the backlog | < 0, this demand
is covered up to | paying the corresponding penalty cost of the part of the demand that has been lost
given by function p .

Our aim is to minimize the expected discounted cumulative costs over all possible production strate-
gies. A production strategy can be defined as m = (T}, Ji)k>1 where T}, are the switching times from
phase Ji_1 to phase Ji and Jy € {0,1,2}. We call Ty = 0 and Jy as the initial phase. In addition, we
assume that 71 < Ty < T3 < -+, and J # Jr_1.

Given a initial inventory level z, an initial phase Jy = ¢ and a production strategy m = (Tk, Ji)k>1,
the controlled process is defined recursively as X7, =z, Ty = 0, and

Ny
(2.3) X[ =XJ, 405, (t=T) =)

71/:]\['11)c

min{Y,, X7 — 1} for t € [T}, Tj11).

Let us define the auxiliary inventory process,

s \Vi ™
X, = X[ fort#7,and X, = X:; —-Y,,
\V s
so X7 =1V X_ , this corresponds to the controlled process before it eventually resumes at inventory
level 1.
Let us also define the controlled phase process

(2.4) Ty = J for t € [TkaTk-i-l)-

A production strategy m = (Tk, Ji)r>0 € Il ; starting at phase ¢ and inventory level = is admissible
if it is Fy-adapted, cadlag and satisfies,

.T():O&HdJOZi.

e If the current inventory level is less than b, then the phase should be either 1 or 2. More precisely,
if X7 < b then J;- must be 1 or 2.

o If at time ¢, the phase process J;- = ¢ with ¢ = 1,2 and the current inventory level X[ level reaches
b, it is mandatory to switch off the production. Hence, this time ¢ should coincide with the next
switching time T}, for some k and J; = Ji, = 0. Afterwards, X7 = b for t € [Ty, Tk+1) , and Tj11
would be the time of the arrival of the next costumer demand and Ji4; would be either 1 or 2.

If the initial phase is ¢ € {1, 2}, given an initial inventory level z € [I,b), and an admissible production
strategy m = (Tk, Ji)k>0 € IL; ;, the associated cost function is given by,

Vvv,ﬂ-(m) = E U"OO e_qthjt(Xtﬂ—)dt] +E [ZEO:O e_qu+1KkaJk+1
+E (>0 e ey } P (Yn — X;rn, + l)

We define the optimal cost functions for i = 1,2 as

(2.5) Vilz) = inf V(x)

melly ;

for x € [I,b).



Given an initial inventory level b and an admissible inventory strategy m = (Tj, Ji)r>0 € I the
cost value of this strategy is given by

Vi) = E[f° e hy(X7)dl] +E [S5 eT K,
+E [>00, e_q"'"l{

Jret1
X 7—Yn<l} p (Y” o X:n* + l)

In this case, the optimal value for inventory level b is given by

(2.6) Vo(b) = inf V7 (b).

w€llp 0

3. Basic Properties

In this section we study the existence and regularity of the optimal cost functions. Let us start proving
that they are well defined.

Proposition 3.1. Vy(b) is finite and the optimal cost functions V; are bounded in [l,b) for i =1,2. We
call V; the positive upper bounds of the functions V; for i =1, 2.

Proof.

Take ¢ € {1,2}, = € [I,b) and the admissible production strategy m = (Tk, Ji)x>1 € Il ; that only
switch off from phase ¢ to phase 0 when the current inventory level is b and remain in phase ¢ otherwise.
Let us call

(3.1) h=max<{ sup hy(z), sup ha(x),ho(b) ;.

2 €[l,b] ze(l,b]
Then, we have

> —qt 7r E
(3.2) E e Uh (XT)dt| < =

0 q
Moreover,

Nt —qrp oy

(3.3) 8 [Z”_le q 1{XIW7<YH+l} p(Y” X7 +Z)}

<SE[ e p(Ya)] = E[0 e Ep(Yh)],

and so it is finite from (2.1). Finally,

(3.4)
E [ZZO=1 e~ 4Tk KJ)cchk] E [Z;::o:l 1~7T]::i1t7Tk:067quKi70 +E [220:1 1JT*:01t7Tk:ieiquKovi

k
Kio+ (Kio+ Ko;)E[> po, e 9]
Ko+ (Kio+ Koi) Ma

INIA IA

so from (3.2), (3.3) and (3.4), the function V; is bounded in [I,b). With a similar proof it can be shown
that V4 is finite and so we have the result.ll

Proposition 3.2. The optimal cost functions V; are Lipschitz for i = 1,2 in [, ).

Proof.

Given initial inventory level z € [I,b) and initial phase i = 1,2, take § € (0,b — z] and consider an
admissible strategy 7,15 € Il 45 ; such that V,"*** (x4 6) < Vi(x + ) + &, where 0 < € < §. Let us now
define the admissible strategy m, € Il ; as follows: stay in phase ¢ until the controlled inventory level
X[ reaches x + ¢ and then follow 7,45 € II;45,;. Then, from (3.1) and Proposition 3.1, we get



Vilz) < Vi (x)
2z T I
< Jit e Thy(x + oit)dt + Plry > U%]e e VTt (x4 6)
+P {7'1 < ﬂ Vi
< RE e MO (Va4 6) Fe) + (L—e o)V

Hence, we have

RL 4 e OFDT (Vi(x +6) + e) — Vil +08) + (1 — e 50V,

Vilr) =Vi(x +0) < h
< hE+e+A2V.

So, taking ~

h A=
mpi=—+14+ =V,

g; g;

we obtain

(3.5) Vi(z) — Vi(z + §) < mjé.

Let us prove now that there exists m? > 0 such that,

(3.6) Vi(z +8) = Vi(z) < mis.

We start showing that there exists m such that,

(3.7) Vily) — Vill) < mé

for ally € [I,1+4]. Given £ > 0 and an initial inventory level [, consider the strategy m; € II;; for i = 1,2
such that V"' (I) < V;(I) + € and call X{"' the associated process with initial inventory level I. Take also
a strategy mp, € Il o such that V™ (b) < Vj(b) +e.

Let us define the admissible strategy m, € II, ; for initial inventory level y € [I,! + §] as:

e For 0 <t < T, follow m; (and so the associated controlled processes X/ = X[+ (y—1) for t < T),
where
™

v Ty Vv
T:=min{t: X/*=bor X, —(y—-1)=X, <I}.

o If X;J’ = b, follow mp, for t > T.

Ty

\
o If X, < (and so X7¥ = X7 =1), follow m; for t > T.

v Ty
o If | < X7¥ <y (and so XJ' =l and X;* = X ), also follow the strategy m; for t > T.

Given any stopping time 7, let us define ‘A/fy (y,7) as the expected discounted cost of the strategy
before 7 and Viwy (y,7) as the expected discounted cost of the strategy after 7. Thus,

Vily) = Vi(l) — e
< V) -V
< E|fy et (g (X7 + (5= D) = hag (X)) dt] +
+E [Lxzisy (7 (Kgpo+ Volb) +2) = V(1T

v Ty v Ty
+E 1)V(Wy<le*qT <VJT(Z) +e+pl—Xp )= (Vi (D +p(l—Xp +y— l)))]

T
T
x™

+E 1{lgxgy <y}e—qT (VJT T(XpY) - Vzi(l) + 25)] )

Let np be the sum of the numbers of discontinuities of h; and hs. Note that between two customer
demands, the inventory level X,V goes through at most np points of discontinuities of hz. Hence,
calling 7o = 0, we have



(3.8) E

T t . T mp E A
/ e U (hgt( X7+ (y—1) — hae( X7)) dt| < ( +np— (1 + )) J.
0 q 02 q
Let us call 7 := inf {¢t : X7 = b} and 7 the time of the first customer demand after T’; we have that
~ 5
]P){T>T}§1—€ o2 and so

E [z, (7 (Ko + Vo) = V7 (D) |

(1 - 6_A%> (Vo(b) + (K10 V K2))

(3.9) E [z lgoze ™ (Ko + Vo() = V7 (1,T)]
< A (Vo(b) + max {K1 0, Ka,0})

E [Lygs ylgare ™ (Kpo+ Vo(®) = V7 (L T)]

IN

A

Let A be the length of time after T' in which the process X[ reaches b in the event of no arrivals of
demands. In this case, we have

T+A

X;:_A:b—(yfl)Jr/ e Pog.ds=0b
T

and so % <A< U%. Hence, from (2.2),

E (Lo ey V0 T)
P [no demands in ¢ € [T, T+ U%H E [67‘1(T+A) (Kzp0+ Vo(b))]
> ¢ WNTEE e (K, 0+ Vo(b)] -

Y

Therefore,

B [1xromy L gary o (Ko + Vo(b) = V(1L T)]
_ 5
(1 _ (@t 02) (K10 V Ko+ Vo(b))
LEA (K19 V Koo + Vo(b)) 6.

o2

(3.10)

IN N

Since the penalty function p is non-decreasing, we also have,

Xp <l

(3.11) E ll{vm }e_qT (p(l —)v(;y) —p(l —)v(;y +y— l))} <0.

Finally, since the event [ < X;y < y coincides with the arrival of a customer demand,

_ 7TX7ry Ty
E [1 Tt (VJT ™ (XIY) = Vg, (z))

E l{ng;y <y}1{T:7—k for some k}eiqT (VJT (X;y) - VJT (l)>:|

]EA e~ 9Tl max, [y (V}; (2) = Vo, (l))]
Zix MaX. e[l i46] (V}TZ (2) — VJT(Z)) )

(3.12)

INIA

Hence, from (3.9), (3.10), (3.11) and (3.12), there exists T large enough such that

4 V™ (z) — V(D)) < mo.
L dax (V) -V m) <m

So, we obtain (3.7) with m = (¢ + A) /¢g. The argument to show (3.6) is analogous. W



4. Hamilton Jacobi Bellman equations

From the definitions (2.5) and (2.6), we can obtain recursive equations relating the optimal cost V4 (b) and
the optimal cost functions V; for ¢ = 1, 2; these recursive equations will be used to find the Hamilton-
Jacobi-Bellman equations of the optimization problem.

It follows immediately from (2.6) that

Vo(b) = [(le 7qsh0 dS + 1{y1$b_l}67q‘rlz(b — Yl))]
(e (Y = b+1) + V(D))

(4.1) = Lhold)+ 25 fy ' V(b— )dF(a)

+25 (Jpla = b+ DaF(a) + V(1 = F(b-1))
where
(4.2) V(w) = min{Ko1 + Vi (z), Koo + Va(2)}.

For x € [I,b), let us define

b—x

Take {i,j} = {1,2} and consider any stopping time 7} > 0 and 0 < h < ti. Define 7 = 71 AT} A h and

t!i=min{t:x +o;t =b} =

Pi(z,Ti,h) = E [1{T:h<nAT1} (foh e"Phi(x 4 ois)ds + Vi(x + Uih)e*qhﬂ +

FE |1ir—r <1 An} (foﬁ e~ h;(z + ais)ds)]
+E [1r—r <rinn} Lvi <otoir—pe Vil + 0471 — Y1)

FE | Lrmri <t L yisa o, )¢ 7 (P (Vi = (240071 = 1)) + V(D))
E [Lrerycrinn (Jo e % hile + ais)ds + (Vi (o + 0/T1) + K ) et ).

We obtain the following recursive equations

Let us define the operators,

L;(Vi)(x) = oV/(zx)— A+ qVi(z +/\f Vi(z — a)dF (o) + A[. pla — & + 1)dF ()
FAVI()(L = F(z = 1)) + hi(x)

for i = 1,2. Then, the Hamilton-Jacobi-Bellman equations for V;, are

(4.4)

(4.5) min{L;(V;)(z), Vj(x) + Kij = Vi(x)} = 0,
for z € [I,b), {i,7} = {1,2}. Also, defining

we)  LoO) =~ NW0) + A (fy Vb~ 0)dF(0) + [Zpla b+ dF (o))
FAV(1)(1 = F(b—1) + ho(b),

we obtain from (4.1), that

(4.7) Lo(Vo)(b) = 0.

Definition 4.1. A function u; : [I,b] — R is a viscosity subsolution of (4.5) at = € [l,b) for {i,j} =
{1,2} if it is Lipschitz and any continuously differentiable function ; : [I,b] — R with ¢,(x) = u
such that u;, — 1, reaches the minimum at x satisfies

min{L;(¢;)(x), V;(z) + Kij — u;(x)} < 0.



A function w; : [I,b] — R is a wviscosity supersolution of (4.5) at x € [I,b) for {i,j} = {1,2} if it is
Lipschitz and any continuously differentiable function ¢, : [I,b] = R with ¢,(x) = u;(x) and such that
u; — @; reaches the maximum at x satisfies

min{L;(¢;)(z), V;(@) + Kij —u;(x)} = 0.

The functions 1; and , are called test-functions for subsolution and supersolution respectively. If a
function w; is both a subsolution and a supersolution at x it is called a viscosity solution of (4.5) at x.

Crandall and Lions [7] introduced the concept of viscosity solutions for first-order Hamilton-Jacobi
equations. It is the standard tool for studying HJB equations, see for instance Fleming and Soner [12].

Proposition 4.2. The optimal cost functions V; satisfy (4.5) in a viscosity sense, for x € [I,b) and
i=1,2.

Proof.
Consider {i,j} = {1, 2}, taking x € [I,b) and 77 = 0 in (4.3), it follows that V;(z) + K;; — Vi(z) > 0.
Take now 0 < h < Ty and h < t'. From (4.3) and using that ¢, is a test-functions for supersolution

pi(z)=Vi(z) < E [1h<71 (foh e~ hi(z + 0;8)ds + ¢, (z + aih)e*qh)}
+E [1r,<n (5 ' e P hi(z + 045)ds)]
+E 17'1<h1{Y1§x+0i7'1—l}eiqﬁrl507;(1' +0;71 — Yl)]
+E Lcnltyiserom -3¢ ™ (p(V1— (z+omi=1)) + %(l))} .

Hence,

0 < E [1h<71 (foh e~ Ph(x+ 0;8)ds + ¢;(x + Uih)e_qhﬂ — ¢, (x)
+E [1r,<n (fy " €7 hi(z + 0:5)ds) |
+E’ 1T1<h1{Y1§:r+0'i717l}e_qu@i(x +o;71 — Yl)}
+E 17'1<h1{Y1'i>a:+(rrr1fl}eiqu (p (Yl - (x + O—ﬂ-ll - l)) + @l(l))} ’
and so, dividing by h and taking h — 0T, we obtain £;(p;)(x) > 0. Hence V; is a viscosity supersolution
of (4.5) at z.

Let us prove now that V; is a viscosity subsolution of (4.5) at any = € (I,b) for i = 1,2. It is
enough to consider the case V;(z) + K;; — Vi(z) > 0. Arguing by contradiction, we assume that V;
is not a subsolution of (4.5) at . We can find, as in Proposition 3.1 in Azcue and Muler [2], values
e>0,he(0,(x—1)/2A(b—2)/2) and a continuously differentiable function v, > V; in [0,y + h] with
¥, (x) = Vi(x) such that

Vi(y) + Kij — Vi(y) > 0 for y € [1,b),
Li(Y;)(y) > 2qe for y € [x — h,x + h],
Vi(y) > v;(y) + 3¢ for y € [Il,x — h]| U {z + h},

and also
Vi(y) + Kij — Vi(y) > 2¢ for y € [z — h,z + h).

Since v, is continuously differentiable we can find a positive constant C' such that £;(¢,)(y) < C for all
! GIEIthb)lis take any admissible production strategy m = (Ty, Ji)k>1 € II;;, consider the uncontrolled
inventory process X/ defined in (2.3), and define the stopping times
T=inf{t >0: X[ >x+h},r=inf{t >0: X <x—h},
and 7* =Ty AT AT. We get that if 7 =T and X7. € (x — h,z + h) then
Vi(X1,) + Kij > Vi(X7,) + 2 > ¢;(X7,) + 2e,
and in the case that either 7* < T} or 7* =T} and X7. ¢ (z — h,x + h) we have that

Vi(XT) = oy (XE) + 22.



Since the function e~9%1);(x) is continuously differentiable, using the expression (2.3) and the change of
variables formula for finite variation processes (see Protter [20]), we can write

Y, (XT)e™ 97 —qp(x) = (X )e%0ds — P, (XT )e 9%ds
(48) fo S qfim Ui(XT)) e,

X #Xg,8<T*

where AX; = X — X,-.
On the other hand, X, # X,- only at the arrival of a demand, so

M, = > () (XT — AX,) — (X)) e
(4.9) XS,;étXS,sgt N
“Afoe® [ (Wi (X —a) —,;(XT)) dF (a)ds

is a martingale with zero-expectation, here we extend the definition of ¢, for y < as ¢¥,(y) = p(l —y) +
1, (1). Therefore, we can combine (4.8) and (4.9) to obtain

(4.10) Yy (XT)e T — fo (W) (X )e ¥ds + M+ — fo e ¥ds.
In the case that 7* =Ty and X7, € (v — h,x + h), we have from (4.10) that

(Vi (XF) + Ki) e + [ ha(XT)e™%ds > Vi(x) + 2¢ + M
In the case that either 7* < Ty or 7* =T} and X7 ¢ (z — h,z + h), we get

(Vi(XF) —2e)e™0 = Vi(x) > %(X )6 a7 — ()
= Xﬂ- qsd MT* - _qsd M
(4.11) ly £ . Jesds fo . et
> fo Qqse a5ds 4 MT* fo Je™ @ ds
= 2(1—e97) fo J(XT™ Ye9%ds.

and so, by (4.10) and (4.11),
e Vi (XT) + [ hi(XT)e 9%ds > Vi(z) + £ + ML

Finally, we obtain that V™ (z) > V;(z) + 2¢, and this contradicts the definition of V;. B
In the following proposition, we prove that the optimal cost functions are the largest viscosity super-
solutions of their corresponding HJB equations with suitable boundary conditions.

Proposition 4.3. Fix « € [I,b) and j = 1,2 or x = b and j = 0. Let w; and U2 be non-negative
viscosity supersolution of the corresponding HJB equation (4.5) in [l,b) and consider any admissible
strategy m = (Tk, Ji)k>0 € Il; ;. Defining

u(x) = min{ Koy + w1 (), Koz + Ua(z)}

and since Ly(tg)(b) = 0,

ho(b) '

o(8) =~ (oAb — a)dF(a) + f;, (bl — b+ 1) + (1)) dF () ) +

If we assume that

U1 (b) < Uo(b) + K10, T2(b) < TUp(b) + Koo,

then w;(z) < V[ (z) for j = 1,2 and 7 (b) < VT (b).

Proof.

Consider 7 € II, ;. Let us extend @ and Ty as ;(x) = u,;(I) and @o(x) = uo(l) for x < I. Consider
the controlled risk process X7 starting at = and the function J; defined in (2.4). Since %; is Lipschitz for
i = 1,2, we obtain that the function ¢t — e~ w7, (XJ) is absolutely continuous in between the stopping
times {0} U {7, : n > 1} U{T} : k > 1}. So, taking

my := max{k : T, <t},



we have
(4.12)
Uz, (X[ )e™ 1 —1u;(x)

= S (W (XF, e T =, (XF)e ™) + (g, (XP)e ™ — T, (X, )e~oTm).

Let us define
Mi(zo,to,t) = Wi(Z})e % —T;(zg)e~%0 + 0" Ny € qT”p(l—ZZ +Y)1{Zl ~Y, —-1<0}
(4.13) e (az (ZE) — (g + Va2 + X L (i a)dF(a)) ds
— Jl e (Ale L pla—Z + 1) +w()) dF(a)) ds

with
. N ) ,
Zy =zo+ 0 (t—1t9) — E N mln{Yn,Zi,, —l}fort >ty >0,
n=Ny, n

it can be seen that M?(2g,to,t) is a martingale with zero expectation for ¢ > tg.

Consider first the case J, =i and Ji11 = j with i =1,2, j =0,1,2 and i # j. Since @; is absolutely
continuous, the function t — u; (X[ )e™ % is also absolutely continuous, between the customer demands.
Using an extension of the Dynkin’s Formula, we obtain

;i (XT,
= T(XF,, e T — T (XF, | Jem Tt uz(X%%
> —Kyem e 4 (XF, e 1Tt — (X e

—KyjemaTivt 4 [[F0 0= L (m;) (XT ) ds

Tr+1 s m 1 —qT T
=\ S eT I h (X s + S0 Ny e p(l = X7 +Yn)1{X:_Ynl<0})
+M1(XTk?Tk7Tk+1);

etk (X, )e=1T
)e—qu+1 _ ﬂz(Xjﬂ“k )e—qu

and so, since w; is a supersolution of (4.5), we get that

E{ (X

Toir )e*QTJH.l _ EZ(X;Sk )equk

Fr,]

> —-E {Kijem“ + qu:H e h;(XT)ds + Zf?v? e”Trp(l = X7+ Yo)lix=_ v, —i<0}

-l

In the case Jy = 0 we have Jr,,, # 0, then X7 = b in [Ty, Tp41) , Th41 = 7 for some n and so,
analogously to the previous case,
Ugy,, (X, e 1Tk —To(XF, Je™ Tk
= e (@b~ Ya)l oy, —1z0) + U, ,, (D1{p-v,—1<op)e” 1TH17T) — ﬂO(b)> — Kogr, , e
= e (A - Vo) lpoy, 120y +Uar, (l)l{bfynfz<0} +p(l—b+ Yn)l{bfYn7l<O}) e~ 1(Th1=Tk)
_ b—1_ _

_e—dTk (q%( a(b — a)dF () + [, ( —b+l)+U(l))dF(a)>)
- (KOJT)C+1 emtTh+1 4 f:/ik+1 e~ %ho(b)ds + equ’““P(l —-b+ Yn)l{b—Yn—l<O})

+ [ et ho(b)ds — e Tehg(b),

and, since Ty1 — T} is distributed as exp()), we obtain that
0= E [e—qu ( (0 = Yo)Lip—y,—i>01 + Ugp,,, (D1{p-v, 7z<o}> ‘ ]:Tk:|

+E [emTkrp(l — b+ Yy )1, Y*l<0}‘]:Tkj|
e—aT) b—1_ _
“E q+;A( Ol (b — a)dF(a) + [, (p(a— b+ 1) +u(z))dp(a)>‘fn]

and so

E [@TW (X7, e T — (X7, e 9Tk ka]

= —E [Koka+1 e~ dTk+1 4 quw;k+l e_qsho(b)dS + e‘qu+1p(l —-b+ Yn)l{b,y”,l<0} ’ J—"Tk] .
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Analogously, we can prove that

E|a,, (X)e " @, (XF, e i

Fr,,|

>-E {fzt“t e h, (XT)ds+ Z;:NTW e Trp(l — X7+ Yo)lix~ —v,—i<0}

-l
Taking the expected value in (4.12), we obtain

Efig,(X7)e ]~ wi(2) = E[Spg B[ (,,, (XF,,)e M — @, (XF,)e ™)

Je41
+E [E [ (@, (X7)e™" ~ 7, (XF, )e )| P, |]

V()

Al

Y

taking the limit with ¢ going to infinity, and using that X" € [I,b] we obtain that w;(x) < V() for
ji=12

Considering instead the controlled risk process X starting at b, we obtain with a similar proof that
(b)) < Vi (b). A

From Propositions 4.2 and 4.3, we obtain the following verification result.

Theorem 4.4. Consider two families of admissible strategies {m,; € I, ; : x € [I,b)} for i =1,2. If the

functions w;(x) := V; **(z) for i = 1,2 are viscosity supersolutions of the respective HJB equation (4.5)

for x € (I,b) and satisfy the boundary conditions
w1 (b) < wo(b) + Ko, w2(b) < wo(b) + Koo,

where

wo(®) = 25 (Jy '@ — a)aF(a) + [, (p(a — b+ 1) + (1) dF() ) + 228 and

g+A
E(m) = min{K01 —+ w1 (J?), Koo + wg(l‘)}

Then, wo(b) = Vo(b) and w; =V, for i =1,2.

In the remainder of the section, we show that there exists an optimal production-inventory strategy
and it is stationary in the sense that depends only on the phase and the inventory level.

Definition 4.5. Given two disjoint closed sets Aja and Asy in [I,b) and a closed set Cy in [l,b) with

Ay € Cy and Ay C [1,b) — Cy, we define the production-inventory band strategy associated to the sets
(Ai2, A21,Cy) as follows:

1. If the current phase is ¢ = 1 and the current inventory level is x € A;5, change immediately to
phase 2, if the current inventory level = € [I,b) — Aj2 stay in phase 1.

2. If the current phase is ¢ = 2 and the current inventory level is x € As;, change immediately to
phase 1, if the current inventory level x € [I,b) — Ag; stay in phase 2.

3. If the current phase is i = 0 with current inventory level b, then in the event of an arrival of the
next customer demand of size Y, switch on the production to phase 1 if max{b —Y,l} € Cy and
switch on the production to phase 2 if max{b —Y,{} € [[,b) — C;.

4. If the inventory level reaches b, it is mandatory to switch to phase 0.

The sets A;; are called the switching zone from the phase i to phase j, and the sets C and Cy =
[I,b) — Cy are called the selection zones for phases 1 and 2 respectively. Also, the set [I,0) — (A12 U Aaq)
is called the non-action zone.

Remark 4.6. Given the sets A = (Aj2, Aa1,C1), an initial inventory level x and an initial phase i, we
define and admissible strategy Wﬁi = (Tk, Ji) k>0 € Il ; where Jy = i and Ty, is the k-th switching (from
regime Ji_1 to Ji) given by (1), (2), (3) and (4). Note that the switching times T}, are the times in
which the controlled inventory process in [l, b] exit the sets [I,b) — A1a, [I,b) — A2y and {b}. Let us denote

the cost function of this admissible strategies as

A

A
WA(x) = V""" () for i = 1,2 and z € [I,b); and W'(b) = V,""°(b).

K2 3
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We can characterize the triple (Wg(b), Wi, W5') as the unique fixed point of a contraction operator:
Let C[l,b) be the set of all the functions W : [I,b) — R continuous and bounded and let consider the

Banach space
B =R xC[l,b) xC[l,b)
with norm
[(fo, f1, f2) | = max{| fol , sup [fi(z)|, sup |fa(z)[}.

z€[L,b) z€[l,b)

We define, the operator T4 : B — B as

(4.14) TA(fos 1. f2) = (T (1, oo fo), TA U1 fos o) TS (frs fou o)) -
We define Ti* as

T (fo, 1. f2) = E[[]" e Tho(b)ds)]
+E [y, co-ne™ ™ (FO-Y1))]
+E 1y, so—iye 0 (p(V1 — b+ 1) + f(1))]

where
f@) = (h@) + Ko)lg,eory + (fa(2) + Koo)lipgerys

here (71,Y1) is the time and size of the first costumer demand. Take the admissible strategy W'éi =
(Tk, Jk)k>0 € I ; as defined in Definition 4.5 and consider the associated controlled inventory process
X, and the process J; defined in (2.4), we define T;* as

TAfor 1, f2)(w) = E[fy' e hgo(Xs)ds] +
+E Zzill{Tk<Tl}e_QTkKJk—1Jk:|

+E 1{XT,7Y12l}eiqu (fj-rl_ (X-,—l— - Yl))

}e’q” (p(l X - +Y)+ [ (l))]

Bl [

for x € [I,b) and i € {1,2}. Note that

’7;A(f07f1af2>_7?4(90’91792)‘ < E(e_qu)H(fO’fl’fz)_(go’gl’g2)”
= (H_%H(fﬂaflva)*(QOaglaQQ)”

and so T : B — B is a contraction operator with a unique fixed point. Finally, by the definition of the
production-inventory strategy associated to the sets A =(A1z, Aa1,C1), it follows immediately that the
triple (Wg'(b), WA, Ws') is a fixed point of the operator T.

In the following theorem we prove that there exists an optimal strategy and that it comes from a
production-inventory band strategy as defined in Definition 4.5.

Theorem 4.7. The optimal strategy of problem (2.5) and (2.6), is the production-inventory strategy
associated to the sets A* = (A},, A5, CT) where

Ay, = {zel,b): Va(x) + K12 — Vi(z) = 0},
A3 = {xze[l,b): Vi(z) + Ko — Va(z) = 0},
Cik = {CE c [l,b) : K01 + Vl(l') < K02 -+ ‘/2(1')}

Proof.

By Remark 4.6, it is enough to prove that the triple (Vo(b), V1, V2) is a fixed point of the operator
TA" for the sets A* = (A%, A, C5). By definition of the sets A} and C7, we obtain immediately
that 754 (Vo(b), Vi, Va) = Vo(b). Let us prove now that T;4" (Vo (b), Vi, Va)(z) = Vi(z) for = € [I,b) and
i =1,2. Since Lo(Vp)(b) = 0; and for {i,j} = {1,2} the functions ¢t — V;(X;) are absolutely continuos,
L;(Vi) =0 ae. in [I,b) — Aj; and Vj(z) + K;; — Vi(x) = 0 in Aj;; we can prove, with arguments similar
to the proof of Proposition 4.3, and using the martingales introduced in (4.13) that

12



TA (Vo, Vi, Vo) () = Vi(x) = E[[f e *hgs(X,)ds] +
+E Zzill{Tk<Tl}e_quKJk—le:|

E|1 —am) ( (X -V )
+ {X777Y121}6 VJTI( T 1)
1

X %<l — Vi@).

= B[ L 7o(Via) (X.)ds]

Hence, W5 (b) = Vo (b), W{*" = Vi and W5t = V,.1

4E [1 e (p(z ~ X+ V) + V- (l))

5. Finite Band strategies

We define the finite band strategies as the production-inventory band strategies in which the non-action
set [1,0) — (A12 U Ag;) has a finite number of connected components.

Doshi et al. [11] studied the production-inventory band strategies with switching zones A2 = [y, b)
and As; = [I,y2] and selection zones Cy = [I,y2] and Cy = (y2,b) for I < ya < y1 < b.

Assuming that the optimal strategy is a finite band strategy, we look for it in the following way;

First step. We find the best Doshi strategy, that is we construct the cost functions (W' (b), Wit, Ws')
for A = ([y1,b), [I, y2], (y2,b)); then we minimize the W*(b) among the two variables [ < yo < y1 < b. We
check whether the associated cost functions Wy (b), Wi* and W' of this strategy satisfy the conditions
of Theorem 4.4, if they do this is the optimal strategy; if this is not the case, we go to the second step.

Second step. We consider the band strategies of type ome where the non-action zone has one
connected component. Here, the switching zones are of the form A5 = [y1,b) and A2 = [I,y2] and the
selection zones are of the form Cy = [I,y3] and Cy = (ys,b) for | < ys < ys < y1 < b; the non-action zone
is (y2,%1). Then we minimize Wy'(b) among the three variables ya, y3, y1. As before, we check whether
the associated cost functions Wy (b), Wi* and Wi of this strategy satisfy the conditions of Theorem 4.4,
if they do this is the optimal strategy; if this is not the case, we go to the third step. Note that the
Doshi strategies are the band strategies of type one in which yo = ys.

Third step. We consider the band strategies of type two where the non-action zone has two connected
components. Here, the switching zones are of the form Ao = [y1,y4] and As; = [I, y2] and the selection
zones are of the form Cy = [I,y3] and Cy = (y3,b) for I < ys < y3 < y1 < ys4 < b; in these band strategies,
the non-action zone (y2,y1) U (y4,b) has two connected components. Now, we minimize Wg“(b) among
the four variables y2, y3, ¥1, y4. Again, we check whether the associated cost functions Wy*(b), Wit and
Wit of this strategy satisfy the conditions of Theorem 4.4, if they do this is the optimal strategy; if this
is not the case, we consider band strategies where the non-action zone has more connected components.
And so on...

In the next section, we describe how to find the cost functions of band strategies with one and two
connected components using scale functions. We also show how to find the decomposition into the
different types of costs: holding, production, switching and penalty costs.

In Section 7, we show examples where the optimal strategy is a Doshi strategy (Figure 1), is a band
strategy of type one (Figure 6) and is a band strategy of type two (Figure 11).

6. The value functions of band strategies

In this section we derive the cost functions for band strategies of type one and two. Throughout this
section we assume that [ = 0. We further assume that the holding cost per time unit in phase i when
the inventory level is x is : h;(z) = a; + ¢;x for i = 1,2, where a;,¢; > 0 are given. To obtain the value
function we apply the fluctuation theory for Lévy processes as described in Chapter 8 in Kyprianou
(2014) and Avram et al. (2019).

6.1. Preliminaries

For i =1,2 let
N(t)

X =x+oit— ZY"

n=1
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be the uncontrolled process at phase ¢ with initial inventory level x. The processes X; are spectrally
negative bounded variation Lévy processes. Let us define

#:(8) = 10gE ["X=0)] = 030 — X+ ALy (0),
where Ly (0) := E[e=%"1]. Let us also define the exit times Tia = inf{t : X;; < a} and T;:d = inf{¢ :
Xi,t = d}

In this section, we use the following notations:

W (z) (the scale function associated with X;). This scale function is defined by its Laplace transform:

* (q) 1
e "W (2)dr = ———.
| =)

2 (2,0) = o (1 +a-e0) [ e—f’yW5q><y>dy) |

Denote Zi(q) (x) = Zi(q) (2,0)=1+q [y W.(q)(y)dy.

2

o W\ (@) = [T W (y)dy.

K3

= ()3lc Wz(‘q) (y)dy
. 7§q)(x) = fogg Zi(q) (y)dy = = + QWZ(I')

Throughout this section, we will also use the following results:

[ ]
W(‘I) _
(6.1) E, [0l o ] =2 )(x @)
Tl T WP (d - a)
[ ]
a0 +0X,
Eq |:e ’ 1T:0<T1 d:|
(@) Wi (@) )
(6.2) =200 - L o @ 0)
W (d
L]
—gr;
E. |e 01T1_0<Tj—,d
(9)
(6.3) = 79 (z) — Wi (@) ¢ )(d).
g W(Q) (d) ?
e For 0 < y < d, let us define the g-potential measure of X; as

(6.4) Ui(q)(a,d,:r,dy) = /0 e I'P, [XM €dy, 7, N Ti_d > t} dt.

By Theorem 8.7 in Kyprianou (2014), Ui(q)(a, d,x,dy) = ul(-q) (z,y)dy, where

Wz — a)W,”(d - y)

(6.5) u$?(a,d, z,y) =
( ) W (d — a)

Throughout, we denote by E? the expectation according to the probability law P! induced by the
process X; for i =1, 2.
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6.2. Cost functions for strategies of type one.

As defined in the previous sections the switching zone are Aj2 = [y1,b) and Ag; = [0, y2] and the selection
zones are C7 = [0,y3] and Cy = (y3,b) for 0 < ya < y3 < y1 < b; the non-action zone is (y2,y1). The
value function is obtained in three steps, first we obtain the expected discounted holding cost, then the
expected discounted shortage cost and finally the expected discounted switching cost.

6.2.1. Expected discounted holding cost.

Here, we compute the formulas for:
° ’ng) (x)— the expected discounted holding cost starting at = at phase 4, i = 1, 2.
. H(()Q)(b)f the expected discounted holding cost starting at b.

o H fq)(x,yl)f the expected discounted holding cost until reaching y; starting at x at phase 1, 0 <
r <yYp.

. Hz(q)(x, Y2, b)— the expected discounted holding cost until reaching b or down-crossing y, starting
at x at phase 2, yo < x < b.

In order to do that, let us define X, , = inf{s < ¢, X; s} and Ly = —(X, ; A0). Let Ry = X1+ + L.
Let ﬁ; = inf {¢: Ry > y1} be the first time that R reaches y;. Notice that when the inventory is less
than y; and the phase is 1, the inventory evolves as R. By Theorem 8.1 (ii) in Kyprianou (2014),

(6.6) El[e 0] = %

20 (y1)

Remark 6.1. The main tool to evaluate the expected discounted holding cost is the Kella—Whitt martin-
gale, [16]: let X; be a spectrally negative Lévy process with Laplace exponent p(a) = log E[e®(X1=X0)],
Y; an adapted process with bounded expected variation on finite intervals and V; = X; + Y;. Let
AY, =Y, — Y- and Y the continuous part of Y, i.e. Y¢ =Y, — > (.., AY;. Then:

t t
M, = @(a)/ e®Veds + Vo — Vi 4 a/ eO‘VSdYsC
0 0

(6.7) + ) eV (1 —em A
is a zero mean martingale.

From the strong Markov property at y; and (6.6), it follows that for 0 < < yq,

2" (x)

p—
68)  HO@) = HO () +Ee M () = B (290) + 20 ),
27" (y1)
Similarly, for yo < z < b,
() = B (o, ) + B2 [e o1 - HO (X, )]

(6.9) +E, [e—th . 1D ().

72,b<72,y2}

And, if we denote by Fxzp(\) an exponentially distributed random variable with rate A,

Exp(\)
/ e~ dt
0

H5 (b) = ho(b)E

b—ys 0o
+E |e-7Bep() ( / HD (b — 2)dF (z) + HD (b — z)dF(z))
0 b—ys
_ ho(b) A / T @ @
(6.10) = ot ( i H (b — 2)dF(2) + - HD (b — 2)dF(2) |.
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Remark 6.2. For z < 0, we define H\? (2,1,) = H\?(0,y,) and H\? () = #{?(0).

First, we find the formula for HQ(q) (z,y2,b):

@ o [ [N
%W%w@=ﬁm/‘ e~ (ag + c3 X, )dt
0

T AT
- 2,b 2,y
(6.11) =@u—mwﬂ@ﬁ%wn+mﬁv T eI Xy ydi].
q 0
Let
1 _ _
o st = L (1B o).

Applying (6.3) and (6.1) yields:

1 2 To 2
i (-8 [ ] B i )
1 (@) Wi ( yz) (@ Wé")(w—yz)
(6.13) = (1= 2@ — o) + 2SI D g ) - 2 S
q WD (b — ys) Wy (b — y2)

In order to obtain E2[ [, * 20\ 2y e~ 1 X 1dt], we apply Kella-Whitt martingale (6.7) for Xs ¢, ¢o(a) =
log E[e®(X21=X2.0)] and V; = —qt/a, so

7—2,b/\72,y aX,
(6.14) Ei [(gﬁﬂa) _ q)/ 2 eaXz,s—qst 4T _ ¢ 2 T;b/\ﬂ'2 y2] = 0.
0

Taking derivative of (6.14) with respect to a at o = 0, we obtain

- + - +
T2,y9 "\ 2,6 o aX,_ + —q(ty , AT T2,y5 N 2,6
s ’ _ - - Y 2,b ’ ’ —
/ e ds|+r———F2 e 2wz 2 la=o| = qE2 / Xose”Pds| .
0 da 0

y (6.2), (6.14) and (6.15), we get

(6.15)

©5(0)EZ

- +
E2 {eaxwmq,wib)‘q“zvyz“zb)]

_ w2 [ ab—qrt 2 aXz,ij —4T2,y,
=E; |e |: > 1T;b<7—2 yz] +E, |:€ e 172_,1/2 <T;b:|
W(Q) _ W( q)
(6.16) = e“bW + Y2 Zéq)(x — Y, ) — MZ(q)(b —ya2,) | .
Wy (b = y2) V(b — yo)

Taking derivative of (6.16) with respect to a at & = 0, as in (53) of Avram et al. (2019),

a aX o o AT -
h2 2($ yg,b) aﬁEQ[ 2,(r27y2 ;b) q

q Wiz =) (g
+ Y2 (Zz( )(33—312) - VMZQ( )(b—y2)>
+ 25" (@ — y2) — (O (2 — o)
W@ =) (@, @),
(6.17) CrT— (7" (b= 12) — (O3 (b~ 1))

Combining (6.11), (6.13) and (6.17), we have

Wi (& — yo)
Wi (b~ ys)

(T2_,112AT;5)
Ha=0 =

(0
(6.18) @W%WMZ(@+@f“>%ﬂxmw+?®—wﬂxm@%
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Next, we obtain H I(Q) (x,y1) for 0 < = < y; —the expected discounted holding cost starting at inventory

level = at phase 1 until reaching y;:
K/+ K/+
/ e 9%ds / e 9 R.ds
0 0
By (6.6),

F»Z,rl s 1 Z(‘I) (1.)
(6.20) E! [/0 e ds}zq(l—%).

In order to obtain the second term on the right-hand side of (6.19), we apply the Kella-Whitt martingale
(6.7) for the process X1 with ¢, (@) = log E[e®(X11-X1.0)] 'Y, = L, —¢s/a and V, = X1 s+ L, — (q/a)s =
Rs — (q¢/a)s. Then

(6.19) H{q)(m,yl) =a,E} +cEL

+
Ry aR —qr}
E. l(%(a) - Q)/ " eaRamas g 4 aRo _ ey T
0
wo,
1
(6.21) +a/ et dLe N eflemas(p— e odke) | =0,
0

Ogsgmjl

Note that R(k;,) =y and that dLS # 0 or AL, # 0 implies that R, = 0. Thus (6.21) reduces to

wT
E;<%«o—@/”3”mﬂws+wm_wwﬂﬁa
0
ot
(6.22) +o / e AL+ Y e ¥ (1—e )| =o.
0 Ogsg;«wjl
By Eq. (80)-(81) in [1],
ot
E! / e~ 1dL,
0
Z(@) () —(a)
(623 = 2 (79 4) + 44 0)/a) - (Z7(@) + 4 0)/a)
27" (y1)

Taking derivative of (6.22) with respect to o at o« = 0, and applying (6.6) yields:

+

K Z(‘I)
©1(0) / e ds +x—1 (2)
0

2 ()
(q)x —(q —(q /
20D (79 () + ¢4(0)/) - (2@ + 4(0)/a)

Z{ (y1)
/»€+
Y1
/ Rse 9%ds]| .
0

Applying (6.6) and after some algebra (6.24) yields:

(6.24) =q¢E,

(9) _ _

Z (x) =@ —(q)

= AT ) - @)
Zy (y1)

By (6.19), the expected discounted ”fixed” part of the holding cost until reaching y; is given by

I€+
(6.25) E, [/ " Rieds
0




Applying (6.19), (6.20) and (6.25) , we get

(a)

a Z (@

Hl(q)(x,yl) = (1 - (1q) () )
q Zy (y1)

79 (z) =0 —(a)
(6.26) +a (qu) (1) Wi () =W, (.’L‘)> :

In order to obtain ng) (z) —the expected discounted holding cost starting at inventory level = at phase
2-, we first derive E2 {e_qiyz 1 - +’ng) (X, 5 )} .
72,y

72,52 <Tp

For a function g satisfying the conditions of Theorem 2 in Loeffen (2018), let us define

2 (g(x)) = Effe "2 g(X

2J2_,'yz )1T2_,y2 <T;b] ’
Then, by the aforementioned Theorem 2,

Wz — o)
Wz(q)(b - yz)

(9)
(6.27) +f ' G - 9(2) (WW&’@ . . z)) dz,

*(g(x)) = g(x) 9(b)

Y2 Wg(q) (b - y2)

where Gy is the infinitesimal generator of Xs. Let us first find Q?(Z])(x): if G; is the infinitesimal
generator of X7, then

(6.28) (G2 — G1)g(z) = (02 — 01)¢(2).
It is well known that
(6.29) (G — )29 (x) = 0.

Thus equations (6.27) and (6.28) yield:

2/ (a q Wz(q)(m —¥2) (g
P2 (@) = 2" () - W(q)(bi;)% (0)
b (@,
+ [ (0= 0206 + (02— o)W (V@) [V;(fg - ;’)) W= 2) = Wi (w = 2)]| d
)
= 20y - D20 ) y,

b (9) T
6.30)  + /y (o2~ o)W @ (2) [WW;% )W (z - z)] dz.
(6.31) Q2" (2)) = B2 [eq%le_ T (X(Tm))] ,

by (6.29) we have

(6.32) (G — W, (z) ==
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Thus,

_ _ @D 0y

(T, (@) = T, () - 2 (LU0
q)
Wy (b—yg)

Yo TPk (0n o T (s W (= y3) 0 WD — )| ds
+/yz(gl QW1 (2) + (02— o)W ())lWéq)(b—yz)W2 (b—2) = Wy"(z —2)| d

=@

(@)
— yg)=(a)
) - Wt (x — y2) =g

W, (b
Wi (b — y2) )

b @ (g
+ /y2 (Z + (o9 — 01)W§Q)(z)) lWWQM)(b ) =W (- Z)] L.

Equations (6.8), (6.26), (6.9) and (6.3) yield:

(a) (@)
+= <Z§Q)(x RN WGt DO 92(21(35)))

g Wi (b —y») 2 ()
0229 (2)) =) (@)
+q< 2D ) - 227, )
Z1 (yl)
02 Z(Q) W(Q) .
Z" (1) (b—1y2
Let
A(w) == Hy? (2,2, b)
(@, 2/ 7(q)
+ “ ZSQ)(CL' — o) — W2( )(33 yz)Z(Q)(b ) Q ((Z; (z))
q 2q (b— yz) Zlq (y1)
022\ (2)) =) =(9)
(6.31) +q<&;(”wlwn—mwm<m0,
277 (1)
then
02 Z(q) z W(Q) T
(6.35) H () = A(x) + 7(@1 ) 3460 1) + 72@( v2) gy (o))
Zy (y1) W, (b—1y2)
Substituting = y; in (6.35) and solving for Héq) (y1) yield:
(q) _
w0,y A F S )
(636) H2 (yl) = B QZ(ZilZ)(yl))
Z{ (y1)
Equations (6.33)-(6.36) yield that
(6.37) H () = o ()P (0) + Ba(w),
where
W(q) . 02 Z(q) W(fl) .
(638) a2($) _ 2 (x y2) ( 1 ((E)) 2 (yl yZ)
Wb —ya) 2 (1) — (2 (1) WiV (b — 1)
02 Z(q) A

230 (1) — (2 (y1))
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Substituting (6.37) in (6.8), we get

; ‘ 2\ (x) ] 2\ (x)
HY (2) = H{? (2, 1) + S s (yl)w(ylmé '(b) + Ba(v) 290
(6.40) = o (2)H§" (b) + B, (@),
where
al(w) Ziq) (yl)O‘Q (yl)
(6.41) By(z) = H{” (z,41) + %ﬁ (1)
1 1 9 Ziq)( 1) 2

In order to obtain ’HEq) for i = 1,2, we substitute (6.41) and (6.37) in (6.10) and get the following linear
equation for 'H(()q)(b).

_74—7
qg+X Atg b—ys

b—ys o0
_ ho(b) " A </0 By(b— 2)dF(z) + Bl(b—z)dF(z)>

qg+X Atg b—ys

HO (p) = o) A ( /Ob_”%;@(b—z)dﬂzw N H%”(b—z)dF(z))

b—ys [e's)
(6.42) + 19 (b) ( /0 az(b— 2)dF(z) + /b al(bz)dF(z)>.

—Y3

We obtain ’H(()q)(b) solving the linear equation (6.42); from this, we get ’Hl(-q) fori=1,2.

6.2.2. Expected discounted shortage cost.

Here, we derive formulas for the expected discounted shortage cost Si(Q)(:z:) starting at inventory level z

at phase i for ¢ = 1,2 together with the expected discounted shortage cost S(()q)(b) starting at inventory
level b.

Let us define SYI) (z,y1) as the expected discounted shortage cost starting at inventory level z € [0, y1)
until the inventory level reaches y;. By (6.6), we can write

2(2) o(a)

(6.43) S () = 89 (z,y1) + EL[e™ 085 (1) = S\ (2, 1) + —LTLS]
Z (1)

(y1)-

Equations (6.5) and (6.1) yield

S\ (z) = /y b W89 (g, b, 7, 2)A ( / io (p(v . 51@(0)) dF(v)> dz

2 =z

b z
+/ ugq)(y% b7x7 Z)A </ Siq) (Z — ’U)dF(’U)) dz
Y2 v

Wi (@ — y2) (4 o
(6.44) + WQ(q)(b yz) S§2(v)
And also,
S0 =13 ([ 06 -0+ s are)
b—ys b
@D _ 5 2 @D _ Pl
(6.45) + /O S — 2)dF(z) + /z,y381 (b— 2)dF( ))
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First we consider S’SI) (2,y1) which corresponds to the expected discounted shortage cost starting at

x at phase 1, 0 < x < y; until the process reaches y;. The definition of uEQ) given in (6.5) yields
Y1 [e ]
(6.46) S’YI)(x,yl) = / ugq)(O,yl,x, Z)A (/ p(v — z)dF(v)) dz
0 V=2
_ Y1 o]
(6.47) +EL (e‘qTLO L ot > . / ug‘n(O,yl, 0,2)A (/ p(v — z)dF(v)) dz
? Y1 0 v=z
o) . j
Z <E(1)[6 ! 1,017—17,0<T;r,y1]) ’

j=0

where (6.46) describes the expected discounted shortage cost occurring before the inventory level reaches
y1, and (6.47) describes the expected discounted shortage costs occurring after the first downcrossing
level 0. Applying equation (6.3) yields:

Y1 [e'e]
50 = [ a0 ([T - narw ) a:
0 v

AGIES Wi (z) (q)

x) = 520 () 0
o) Wi ) / ugq)(O,yl, 0,2)A (/ p(v — z)dF(v)> dz.
W) 7)oy, 0 v=2

Wi (y1)

(6.48) +

Next, we obtain linear equations to obtain Si(q)(a:) and S(gq)(b). Let us define

)= [ b ([ o= ar) ) a:

=z

b
+AS{7 (0, 1) / ul (2, b, 2, 2)F(2)d2

Y2

b z
(6.49) —|—/ u(Zq) (y2,b,x, 2)A (/ S%q)(z - v,yﬂdF(v)) dz,
Y2 v

=Z—Y2
where F(z) =1 — F(z). Let us also define

1 /b () =
o [ w2, b2, 2)F(2)dz
7 () Jus

b z () _
(6.50) +>\/ u(Qq)(yQ,b,x,z) / MdF(z) dz.
Y2 V=2—Y2 Z(Q)(yl)
1

y(x) == A

Substituting (6.43) in (6.44), we have that SQ(q) (x) can be written as follows:

W(Q) T —y
2 ( 2)8((;1)([)).

(D () = u(x 218D L
(6.51) Sy (w) = plx) +v(2)S; (y1) + D0 g

Solving (6.51) for x = y; yield

(a) _
M(y1)+ W™ (v yz)S(Q)(b)

(a) 0
6.52 849 () = s (G-u2)
( ) 2 (yl) 1— ’Y(yl)
Let us define
(Y1)

po(x) == p(z) + 7(95)?@1),

vo() = Wi (@ —ya) Wi —ys) ()
2 = R
Wi (b —y2) Wi (b—yo) 1= (1)
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and

(q)
X
(@) i= S () + ),
1 (y1)
(q)
2" (z)
(6.53) 71 () == ==, (1)
Z1 (1)
Thus, equations (6.44), (6.43), (6.51) and (6.52) yield:
(6.54) S () = py(w) + S (b)) for i =1,2.

Substituting (6.54) in (6.45), we get the following linear equation for Sy(b),

s00) = ([ 06 =0+ 10 41080 0)are)

bfyg b
4 / (12(b — 2) + S0 (B)ya(b — 2))dF(2) + / (2 (b — 2) + 716 — z)Séq><b>>dF<z>> ,
0 b—ys3
and so

(fb (z=b) 4+ uy(0 —I—f(b ¥ iy (b — 2)dF (2 —i—fb yy H1(0— z)dF(z))

(@)
(6.55) Sy (b) = 1—~,(0 ) + fb Y3 (b — 2)dF(2) + fb — 2)dF(2)

Finally, from (6.54), we get the formulas for Siq (x) for i =1,2.

6.2.3. Expected discounted switching cost.

Here, we compute the formulas for the expected discounted switching cost. Let ICEQ) (z), i = 1,2 be the
expected discounted switching cost starting at inventory level x and phase ¢ for ¢ = 1,2 and let Kéq)(b)
be the expected discounted switching cost starting at b. Assume that initially the inventory level x is at
phase 1, then the first switching from phase 1 to phase 2 occurs at m . By (6.6),

(@,
(6.56) K47 = By femmh (K K0 w) = 50 (K12+,ng>(y1)),
1 1

If initially the inventory level x is at phase 2, then the first switching from phase 2 to phase 1 occurs
when the inventory level downcrosses yo before reaching b. If the inventory reaches b before downcrossing
Y2, there is a switching from phase 2 to phase 0. By (6.1),

Wi (z — yo)
Wi (b — y2)
Due to equations (6.3), (6.56) and (6.30),

6.57)  K(x) = (Koo + K1) + B2 ™21 o (Ko + K7 (X

2,92

)|

2,72y,

(9) 2/ 7(q)
Wi (z — 112) (@) 02" (z)) (@)
/Céq) (2) = 2+ (Koo + KV (b)) + ———— (K12 + K5 (y1)
WP (b — y2) ( ) 21 (y1) ( )
(9)
Wy (x = ya) ()

(6.58) + Koy (z@) (2 —yo) — —2 "2 7l ) | .

’ Wa? (b — yo) ?

Substituting « by y; in (6.58) and solving for Ing) (y1) yields:
(0 1 Wi 1 —30) | o QL")
Ky () = — -+ Kp—

— o | K 0 12
(a)
1 P& ) WAP (b — y2) 2 ()
2" (y1)

WQ(Q)(yl - y2) ZQ(q)(b o y2))
W5 (b~ ye)

W(Q)( |- 2) .
(6.59) + Mmg )(b)> .

+ K21(Z§Q)(y1 —y2) —
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Thus
(6.60) K5 (2) = wo(x) + 82(2) K5 (b),

where,

W(q)(a: —Ya) (q) W (@) (x —y2) (@)
wa(x) 1= Kag—2———" + K (Z U@ —yo) = o Zs" ) (b — yz))
Wi (b — yo) ? W@ (b —yy) 2
222\ (@)
(@) (K12
Z1 (yl)
W12 (y1-y2) 22(2{”(y1)) @/ WiP(yi—v2) (@)
20 I/;Q((I)(bfyg) + K12 Z{ql)(yl) + Ko1 | 237 (y1 — 12) I;Q(q)(bfyg) Zy" (b —y2)
(661) Qz(Z(Q)(
1— 17 (1))
Z{ (y1)
and
@ Q%(Z)i‘“(x)) Wéj’)(yl—m)
(6.62) 5a(z) = 2(q)(l‘ ) | D) Wy
WD (b — ys) | _ 2@ w)
Z{ (y1)

By (6.56),
(6.63) K (2) = wy(2) + 61 (2)KSP (b),
where "

Z q

wi(e) = 20 (K 4 ()
(9)

Zy (3/1)

and
Z(‘I) T
(6.64) d1(x) = (1q) (@) d2(y1)-
A (yl)

Moreover, IC((Jq) (b) satisfies the following linear equation:

(a) A

b—ys
K (0) = < / (Koz + K57 (b — 2))dF ()

—Y3

b %)
+ /b (Ko + K\P(b— 2))dF(z) + /b (Ko + K9 (O))dF(z))

A

b—ys
VTS </ (o> + wa(b = 2) + 02(b = 2)Kg” (b)) dF (=)

b
+ / (Kot +wi(b— 2) + 61(b — 2)K{? (b))dF(2)
b

(6.65) [T o+ +51<o>/céq><b>>dF<z>) |
b
thus
(6.66)
9 () e (fob_y3 (Koz + w2 (b — 2))dF(2) + fbb—y3(K01 +wi(b—2))dF(z) + (Ko + OJl(O))F(b))

=35 (77 820 = 2)aF (=) + [}, 816 = 2)AF(2) + 51(O)F (1))

6.2.4. Total discounted cost.

As a summary, we have that the total discounted cost starting at inventory level x and phase 17 is:
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Inventory level Phase Expected discounted cost
0<z<y 1 1D (z) + S (z) + £V (a)

0<z<ys 2 ng)(aj) + Sl(q) (x) + ICYJ) () + Ko

yo <x <b 2 1D (2) + SS9 (z) + KLV ()

pn<az<b 1 HO@)+ 8P ) + K9 (z) + K1
z=b 0 H5D (0) + S5 (b) + K52 (b)

6.3. Cost functions for strategies of type two.

Here the switching zone from 1 to 2 is Aj2 = [y1,y4], the switching zone from 2 to 1 is As; = [0, y2],
the selection zones are C; = [0,ys] and Co = (ys,b) and the non-action zone (y2,y1) U (y4,b) for
0<ys<ys<y1 <ya<b.

The analysis of the value function in this case is very similar to the analysis of the strategy of type
one. The only difference is in the case when initially the inventory level is = € (y4,b) at phase 1. Thus
we consider only this case.

Let us start with 7—2&‘1) (x) —the expected discounted holding cost in the case y4 < x < b. Consider
the expected discounted holding until reaching b or down-crossing 4,

(9) 1 T;y‘l/\be —qs
(6.67) HyV (2,y4,b) = E; e (ar +c1 X1 5)ds
0

Similarly to equations (6.11)-(6.18), we have
(@) c1¢1(0) c1
(6.68) HyV (2, y4,0) = | a1 + Y hi1(@,y4,b) + o (x = hi2(x, ya, b)),

where

_ 1 1| —ary, 1| —ary
h1,1($,y47b) = g (1 - Eaz |:e ua 17—111}47 <.l Ez € L 1be<7'1,y47

1 W(Q) _ W(Q) _
(6.69) =Z (1 20— ) + DI g0y, Wi v
q Wy (b—y4) Wy (b—y4)
and
X, - )=a(r1,, AT ) W@
Moo s ) = 5K, [e gty } amo = =00
“ wy (b - y4)
(q)
(9) Wi (2 —ya) (9)
+u | 2\ (0 —ys) — —————=2,"(b— y4)>
( Wi (b — ya)
+ 27 (@ = ya) — S, O\ (2 — )
(2)
W% (x — — .
(6.70) - W2 (70— ) — O (- ).
Wy (b - y4)

Once the inventory level reaches b, the expected discounted holding cost is H(()Q)(b). In the case that the
inventory level down-crosses y4 before reaching b there are two scenarios: 1. If X, - lies in [y1, y4),
’ 1Ya

then the expected discounted holding cost is 7—L§Q) (X LT ) 2. If the inventory level immediately after
’ 2Ya
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the jump is X, - lies in (—o0,y1), then the expected discounted holding cost is H(x, ). Thus,
17T11y4 1 1,7

Lyg

(9)
7(a) (@) WiV (@ —ya)
HiV (x) = HyV (2,94, b) + - H V(D)
' ' WD (b — ya) ’
Yy—uy1
o [ gbay) ( R z)dF<z>) dy
Ya Z=Y—Ya

Yy
A / D (g2, b, 2 1) (/ H%‘”(y—z)dF(z))dy
Ya Z=Y—Y1

b
(6.71) +HPON [y (ga by, y) Fy)dy.
Ya
Consider now Sl(q)(a:) —the expected discounted shortage cost starting at = € (y4,b) at phase 1. If
the process reaches b before down-crossing y4, then the expected discounted shortage cost is SSQ)(b). If

the inventory level down-crosses y4 before reaching b, then the shortage cost is SQ(q)(X 1 .- ) in the case
71y
that yp < X, - <y, is S ( 1+— ) in the case that 0 < Xy ,- <y, andis p(—X, - )—&—qu)(())
7 lyg Y4 »Y4 7 lyg
in the case that X, - < 0. Applymg (6.1) and (6.5) yields:

sy Wi —94) o
S = S

b Y=y

Uy (a) (ya, b,z y)/ 82(‘1) (y — z)dF(z)dy

=Y—Ya

/.
Y
.\ / i) [ S0y - 2)dF )y
Ya 2=Y—Y1

0o
+A/ u§q>(y4,b,x,y)/ p(z —y)dF (2)dy
Ya z

=Y

+A

(6.72) + 590 / W (g, b, 2, ) F(y)dy.

Similarly we obtain the expected discounted switching cost KEQ) (x):

(@,
R0 (@) = DB o
Wi (b — ya)
b (@) Y—y1 (@)
+A/ (2 — ya,y — ya) (/ Ky (y—z)dF(z)) dy
Ya Z=Y—Ya

+ K1\ / W (ya, b, y) (Fly — ya) — Fly — y1))dy

b y
+ /\/ ugq) (ya, b, 2, y) (/ ng’J)(y — z)dF(z)) dy
Ya Z2=y—y1

(6.73) +IC§‘”(0)A/ WS (ya, b, 2, y) F(y)dy.

7. Examples

In this section, we find the optimal strategies for three different situations. In the first one, the optimal
strategy is of Doshi type, in the second is of type one and in the third is of type two.

7.1. First Example: Doshi strategy is optimal

In this example we consider two equal manufacturing units, in phase 1 both units are producing together,
in phase 2 only one manufacturing unit is working and in phase 0 none of the units are working. We
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assume that the cost of shutdown each unit is equal to 1, the cost of restarting each unit is equal to 2 and
the rate of production of each unit is equal to 3/2. The cost rate of production of each unit is 1/100, and
there is also a fix cost rate (independent of the production) equal to 1/1000. Moreover, the holding cost
rate is 1/1000 and the storage capacity is b = 10. So we have the following parameters o1 = 3, o9 = 3/2,
K12 = ]., K21 = 2, K20 = 27 KlO = 4, K02 = 2, K01 = 4, hg(x) = (21 + l’)/lOOO, hl(x) = (41 + .T)/].OOO,
ho(b) = (1+0)/1000. We assume that the rate of arrival of the customer demands is A = 2, the demands
are distributed as Eap(1.5), the discount rate is ¢ = 0.1 and the penalty cost when an amount y of a
costumer is lost is given by p(y) = (80 + 40y)/100 (here we are taking [ = 0).

We find that the best Doshi strategy is given by the sets A5 = [y1,10), As; = [0,y2], C1 = [0, y2]
and Co = (y2, 10) with yo = 1.526 and y; = 5.077. We check that the value functions of this strategy are
viscosity solutions of the equations (4.5) and satisfy the conditions of Theorem 4.4; so the best Doshi
strategy is the optimal one. We show this optimal strategy en Figure 1.

CH Phase 0

no switch Aqp

Phase 1 3
¥ b

Asq no switch
Phase 2 )
Y2 b

Figure 1: Optimal strategy in first example.

In Figure 2, we show the discounted total cost Vi (x) (dotted), Va(z) (dashed) and V;(b) (solid point)
of the optimal strategy; in Figure 3, the discounted holding cost Hg(n(x) (dotted), ng)(x) (dashed) and
’Héq)(b) (solid point) of the optimal strategy; in Figure 4, the discounted penalty cost Sl(q) () (dotted),
839 () (dashed) and S$?(b) (solid point) of the optimal strategy; and finally in Figure 5, the discounted
penalty cost Ing) (x) (dotted), K;q)(x) (dashed) and lC,gq)(b) (solid point) of the optimal strategy.
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Viix) Hi(x)
20 0.32

0.28

0 2 4 6 8 10 0 2 4 6 8 10

Figure 2: First example, total cost. Figure 3: First example, holding cost.

IREI

0 2 4 6 8 10 0 2 4 6 8 10

Figure 4: First example, shortage cost. Figure 5: First example, switching cost.

Remark 7.1. (1) V5 — V; is equal to Koy in Asy and equal to —Kjo in Aqa; also Va(b™) — Vo(b) = Kag
and V1 (b™) — Vo(b) = K12 + K19. Vo is not differentiable at yo, and so it is necessary to use the notion
of viscosity solution.

(2) ’H(QQ) = ’ng) in the switching zones AU Ajs. ’ng) is not continuous at the boundary ys between
the switching zone As; and the non-action zone (ys,y1). The jump of Héq) at yo is downward because,
for an initial inventory level x in the non-action zone, X; ; > Xy, for t > 0 while these processes remain
in the non-action zone. Also note that HS” (b=) = H\P (b=) = 1 (b).

(3) SQ(Q) = SEQ) in the switching zones As1U Aqs. As in the previous case and for similar reasons, Séq)
has a discontinuity at ys, but in this case the jump is upward. Also note that Séq)(b_) = qu)(b_) =
S (b).

(4) Kéq) — ,ng) is equal to Ko in Aoy and equal to —K1o in Aqa; also lC;q) (b7) — IC((Jq)(b) = Ky and
ICEQ)(b*) — ICéq)(b) = K13 + Ko. ICgZ) has a downward jump at yo because this point is the boundary
between the switching zone As; and the non-action zone (ya,y1).

7.2. Second Example: Strategy of type one is optimal

In this example, we consider that the demands are distributed as Exp(1), the parameters are ¢ = 0.1,
A=2,1=0,b=20, the rates of production are g1 = 2.5, 02 = 2.2, and the costs are given by Ko =
K21 = 005, K20 = 1/200, KlO = 11/20007 K()l = KOQ = O, hg(l‘) = (20+$)/1000, hl(l‘) = (30+I)/1000,
ho(b) = (2 4+ 10b) /10000, p(y) = (80 4 40y)/100.

In this case, the value functions of the best Doshi strategy do not satisfy the condition of Theorem 4.4,
so we look for the best band strategies of type one, which is given by the sets A12 = [y1,20), A2y = [0, y2],
Cy = [0,y3] and Cy = (ys3,20) for y; = 6.213, y3 = 9.805 and y; = 17.294. The value functions of this
strategy of type one are viscosity solutions of the equations (4.5) and satisfy the conditions of Theorem
4.4, so this is the optimal strategy. We show this optimal strategy in Figure 6.
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no switch

Phase 1

A1

L4

no switch

Phase 2
Yz

Figure 6: Optimal strategy in second example.

In Figure 7, we show the discounted total cost V;(x) (dotted), Va(z) (dashed) and V;(b) (solid point)
of the optimal strategy; in Figure 8, the discounted holding cost ng) (x) (dotted), ”ng)(ac) (dashed) and
’H,((Jq)(b) (solid point) of the optimal strategy; in Figure 9, the discounted penalty cost qu) (z) (dotted),
82(‘1) (x) (dashed) and S(gq)(b) (solid point) of the optimal strategy; and finally in Figure 10, the discounted

penalty cost K\? () (dotted), K7 (z) (dashed) and K7 (b) (solid point) of the optimal strategy.
The observations of Remark 7.1 hold for this example.

Hikx)
0.39

0.38

Figure 7: Second example, total cost.

Si(x)
3.0

Figure 9: Second example, shortage cost.
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Figure 8: Second example, holding cost.
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Figure 10: Second example, switching cost.



7.3. Third Example: Strategy of type two is optimal

In this last example, we consider that the demands are distributed as Fxp(1), the parameters are
g =01, A=21=0, b= 10, the rates of production are o7 = 3.5, 05 = 2.5, and the costs are
given by K12 = K21 = 005, K20 = O, KlO = 1/100, K()l = K02 = 0, hl(LC) = hg(x) = (1 + 121’)/100,
ho(b) = (14 10b)/100, p(y) = 2 + 1.1y.

In this case, the value functions of the best strategy of type one do not satisfy the condition of
Theorem 4.4, so we look for the best band strategies of type two, which is given by the sets A12 = [y1, y4l,
As1 = [0,y2], C1 = [0,y3] and Co = (ys,10) for yo = 2.468, y3 = 3.114, y; = 4.610, y4 = 7.660. The
value functions of this strategy of type two are viscosity solutions of the equations (4.5) and satisfy the
conditions of Theorem 4.4, so this is the optimal strategy. We show this optimal strategy in Figure 11.

no switch Aqo no switch
Phase 1 g

1 Y4

Agq no switch
Phase 2 t);

Y2

Figure 11: Optimal strategy in third example.

In Figure 12, we show the discounted total cost Vi (x) (dotted), Va(x) (dashed) and V4 (b) (solid point)
of the optimal strategy; in Figure 13, the discounted holding cost ’ng) (x) (dotted), ng)(a:) (dashed) and
'H(()(I)(b) (solid point) of the optimal strategy; in Figure 14, the discounted penalty cost Sl(q) (z) (dotted),
SQ(Q) (x) (dashed) and Séq)(b) (solid point) of the optimal strategy; and finally in Figure 15, the discounted

penalty cost ICY]) (x) (dotted), ICé(Z)(x) (dashed) and IC(()Q)(b) (solid point) of the optimal strategy.
The observations (1), (2) and (3) of Remark 7.1 also hold for this example. In this case V; is not

differentiable atys. Also note, that lCéq) - ’ng) is equal to Koy in Ao and equal to —K1o in Ajs; also
ngq)(b_) - K((Jq)(b) = Ky and Kgq)(b_) - IC(()q)(b) = K1 because (y4,b) is the second component of the
non-action zone. As in the previous examples, Ing) has a downward jump at y, and, in this case, ]ng)
has a downward jump at y4 because this point is the boundary between the switching zone A1 = [y1, y4]
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and the non-action zone (yq4,b).
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Figure 12: Third example, total cost. Figure 13: Third example, holding cost.
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Figure 14: Third example, shortage cost. Figure 15: Third example, switching cost.
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