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A BRIDGE BETWEEN CONVEXITY AND
QUASICONVEXITY

PABLO BLANC, MIKKO PARVIAINEN, AND JULIO ROSSI

ABSTRACT. We introduce a notion of convexity with respect to a one-
dimensional operator and with this notion find a one-parameter family
of different convexities that interpolates between classical convexity and
quasiconvexity. We show that, for this interpolation family, the convex
envelope of a continuous boundary datum in a strictly convex domain is
continuous up to the boundary and is characterized as being the unique
viscosity solution to the Dirichlet problem in the domain for a certain
fully nonlinear partial differential equation that involves the associated
operator. In addition we prove that the convex envelopes of a boundary
datum constitute a one-parameter curve of functions that goes from
the quasiconvex envelope to the convex envelope being continuous with
respect to uniform convergence. Finally, we also show some regularity
results for the convex envelopes proving that there is an analogous to a
supporting hyperplane at every point and that convex envelopes are C!
if the boundary data satisfies in particular NV-condition we introduce.

1. INTRODUCTION

The main goal of this paper is to build a bridge connecting the notions of
convexity and quasiconvexity for functions defined in the Euclidean space.
We begin by recalling the basic definitions of convex and quasiconvex func-
tions. Then, we introduce the notion of convexity with respect to an opera-
tor. This notion allows us to build the bridge by presenting a one-parameter
family of operators so that the notion of convexity with respect to them in-
terpolates between convexity and quasiconvexity.

1.1. Classical convexity. First, let us recall the usual notion of convexity.
Let 2 C RY be a convex domain. A function v : © — R is said to be convex
in Q if for any two points x,y € € it holds that

(1.1) u(te + (1 —t)y) < tu(z) + (1 — t)u(y), for all t € (0,1).
We refer to [22] for a general reference on convex structures.
Notice that v(t) = tu(z) + (1 — t)u(y) is just the solution to the equation

v”(t) = 0 in the interval (0,1) that verifies v(1) = u(z) and v(0) = u(y) at
the endpoints. Therefore, one can rewrite (1.1) as

u(ter + (1 —t)y) < o(t), for all ¢ € (0,1),
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with v(t) the solution to

V" (t) =0, t€(0,1),
v(0) = u(y),
v(1) = u(x)

Given a boundary datum g : 92 — R one can define the convex envelope
of ¢ inside €2 as the largest convex function that is below g on 92, that is,
we take

u*(z) = sup {v(z) : v is convex in € and verifies v|pq < g}, z € ().

When (2 is bounded and strictly convex and the boundary datum g is con-
tinuous, the convex envelope u* is continuous in €, see [5]. Recall that €2 is
strictly convex if ot + y(1 —t) € Q for every x,y € Q and t € (0,1). The
convex envelope can be characterized as the unique solution (the equation
has to be interpreted in viscosity sense) to

{ M (D*u)(2) := inf (D*u(z)v,v) = 0, z€Q,

v|=1

u(z) = g(2), 2 €9,

see [17, 18]. Here A1 (D?u) is the smallest eigenvalue of the Hessian matrix,
D?u. We also refer to [5, 13, 14, 16, 17, 18, 19] for extra information and
applications of these results. For a fractional version of these ideas, see [11].

1.2. Quasiconvexity. A notion weaker than convexity is quasiconvexity. A
function u: Q — R is called quasiconvex if for all z,y € Q and any ¢ € (0, 1),
we have

(1.2) u(te + (1 —t)y) < max {u(x), u(y)}

An alternative and more geometric way of defining a quasiconvex function
u is to require that each sublevel set Sy(u) = {z € Q : u(z) < A} is a
convex set in RY. Quasiconvex functions have applications in mathematical
analysis, optimization, game theory, and economics. See, for example, [9,
10, 20, 15, 21] and [12] and references therein for an overview.

Now, going back to (1.2), we notice that v(t) = max {u(x), u(y)} is the vis-
cosity solution to the equation [v/(¢)| = 0 in the interval (0, 1) with boundary
conditions v(1) = u(z) and v(0) = u(y), see Remark 2.18 below. Therefore,
one can rewrite (1.2) as

u(te + (1 —t)y) < o(t), for all ¢ € (0,1),
with v(¢) the solution to

') =0,  te(0,1),
v(0) = u(y),
v(1) = u(x)

Associated with the quasiconvex envelope of a boundary datum ¢ : 02 —
R, that is defined as

u*(z) = sup {v(z) : v is quasiconvex in Q and verifies v|gq < g}, z € Q,
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there is a partial differential equation. In fact, the quasiconvex envelope is
characterized as the unique quasiconvex viscosity solution to
(1.3) ‘H‘lin (D*u(x)v,v) = 0.
v|=1,

(v,Du(x))=0
This equation is studied in [1, 2, 3]. In particular, in [3] it is proved that
there is no uniqueness for general viscosity solutions, but nonetheless, there
is uniqueness among quasiconvex solutions.

1.3. Convexity with respect to an operator. Now, let us introduce
a general definition of convexity that will be the key to build a family of
notions interpolating between convexity and quasiconvexity.

We fix a 1-dimensional operator L = L(v”,v") and we propose the follow-
ing definition for convexity with respect to the operator L.

Definition 1.1. A function u : Q — R is said to be L-convex if for any two
points x,y € € it holds that

u(te + (1 —t)y) < v(t), for all t € (0,1),

where v is just the solution to

Notice that this definition works well when we have solvability of the
one-dimensional Dirichlet problem for the operator L in the interval (0,1).
Remark that the usual notions of convexity and quasiconvexity fit into this
definition. In fact, as we have mentioned, with the choice L(v) = v” we
recover the usual notion of convexity and with L(v) = [v/| we obtain quasi-
convexity.

1.4. A bridge between convexity and quasiconvexity. We consider
the one-parameter family of operators

La(v)(t) = av"(t) + (1 — )/ (1),

with 0 < v < 1 in Definition 1.1. Notice that for o« = 0 we have quasicon-
vexity and for o« = 1 we obtain convexity. We call a function v : 2 — R
a-convex if it is L,-convex in the sense of Definition 1.1.

Notice that this operator L, behaves well under the scaling w(t) = v(Rt),
in fact we have

La(w)(t) = aw”(t) + (1 — o) ' ()|
= R?2av"(Rt) + (1 — a)|v'(Rt)|?R? = R®L,(v)(Rt).

This fact is the key to obtain the second part of our first theorem that gives
a characterization of being a-convex in {2 in terms of a PDE.
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Theorem 1.2. Let o # 0. Then, an a-convex function u : Q — R s
Lipschitz continuous in . Moreover, a function u : @ — R is a-conver if
and only if it satisfies
Lou(z) = inf  Ly(u)(tg) >0, z €},
z,y€
z=tox+(1—1to)y

in the viscosity sense. Here Ly (u)(to) stands for L, applied to u(tx+(1—t)y)
as a function of t € (0,1) at the point tg.

In the previous theorem the inequality has to be interpreted in the viscos-
ity sense touching with 1—dimensional test functions as explained in Defi-
nition 2.17.

Observe that the result does not hold for & = 0 (the quasiconvex case)
since there are quasiconvex functions that are discontinuous. Moreover, as
was pointed out in [4], it holds that

u(z1,29) = —(21)*

is a solution to the associated PDE, (1.3), that is not quasiconvex.

In Section 2 we prove Theorem 1.2 and obtain other results concerning
a-convex functions. Among them we prove an analogous to the well known
fact that the graph of a convex function can be touched from below with
a supporting hyperplane in the context of a-convex functions, see Theo-
rem 2.21.

We also establish in Proposition 2.24 that a-convex functions can be
decomposed by suitable monotone functions. This is related to the well
known fact that convexity and quasiconvexity differ in how they behave
under monotone transformations.

In Section 2.2, we derive some basic properties of a-convex functions.
We observe that notions of convexity associated with L, are stronger as
« increases. This is naturally consistent with the fact that convexity (the
concept for o = 1) implies quasiconvexity (o = 0). We also observe that the
supremum of a-convex functions is a-convex, and that a-convex function
attains its infimum under suitable conditions.

1.5. The a-convex envelope. Using the definition of a-convexity one can
define the a-convex envelope of a boundary datum g.

Definition 1.3. Let g : Q) — R be a continuous function. Then, the
a-convex envelope of g in €2 is given by

us(2) = sup {v(z) : v is a-convex and verifies v|gg < g}, z € (.

Notice that the definition of the convex envelope makes sense even when g
is not continuous, for example we can ask for g bounded below, or when the
domain is not strictly convex. However, we aim at proving regularity results
that require a continuity assumption and the strict convexity of the domain
in order to have a convex envelope that attains the boundary condition
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with continuity. Notice that for a non-strictly convex domain, the convex
envelope may be discontinuous even when g is continuous (see Example 12

in [5]).

In an interval (a, b), the a-convex envelope is explicit, it is just the solution
to the equation L, (u) = 0 with boundary data g(a), g(b). Thus we assume
N > 2 in what follows.

Theorem 1.4. Assume that Q C RY is a strictly convex bounded domain,
N > 2, and that g : 0Q — R is continuous. Then, the family of a-conver
envelopes {uf, }aeo,1) 8 equicontinuous in €.

Observe that the operator £, that appears in Theorem 1.2 can be written
as
Lou(z) == inf Lo (u)(to)

z,yeQ
z=tox+(1—to)y

= |i|r1:f1 {a(Dzu(z)v,w +(1- a)](Du(z),vHQ}, z €.

We use this formulation here since it streamlines the exposition.

Theorem 1.5. Let o # 0. Assume that 2 is a strictly convexr bounded
domain and that g : 9Q — R is continuous. Then, the a-convex envelope is
continuous in ) and is characterized as the unique viscosity solution to

Lou(2)= iflzfl{a<D2u(z)v, v)+(1 — a)[(Du(z), v>|2}:0, 2eQ,

u(z) = 9(2), 2€0Q.

It is also worth noting that the definition of viscosity solutions in the
theorem above is nonstandard, and uses one dimensional test functions for
subsolutions. However, we later observe in Remark 3.7 that such a definition
coincides with the usual definition with N-dimensional test functions.

Recall that, as we have already mentioned, for the quasiconvex envelope
(that corresponds to a = 0), the PDE does not have a unique solution.
In this case it is known that, for ) a strictly convex bounded domain and
g : 092 = R a continuous function, then, the quasiconvex envelope is char-
acterized as the unique quasiconvex viscosity solution to

lnllin (D*u(z)v,v) =0, z€Q,
v|=1,

(v,Du(x))=0

u(z) = g(z), z € 0N

See Theorem 5.5 in [3]. Moreover, a comparison principle holds (Corollary
5.6 in [3]) if subsolutions are required to be quasiconvex.

Our next result says that the a-convex envelopes of a fixed boundary
continuous datum g : 92 — R inside €2 is a continuous one-parameter curve
that goes from the quasiconvex envelope at a = 0 to the usual convex enve-
lope at @ = 1. Therefore, this notion of a-convexity allows us to construct
a continuous bridge that has quasiconvexity and convexity at its endpoints.
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Theorem 1.6. Assume that Q C RY is a strictly convex bounded domain,
N > 2 and that g : 9Q — R is continuous. Then, the map

*
o Uy,

18 non-increasing, and continuous with respect to the sup-norm, that is, as
a — & €0,1], it holds that

uniformly in €.

Observe that, in particular, we have the convex envelope at one end
up, — uj, as o — 1,
and the quasiconvex envelope at other end of the curve,

* * )
U, — Ug, as a — 0.

We study a-convex envelopes in Section 3. We prove that the envelope is
a solution to the PDE; in Section 3.4 we prove Theorem 1.6.

Finally, in the last section, Section 4, we prove a C'! regularity result for
the a—convex envelope for o # 0. This result needs a technical assumption
on the boundary datum that we call NV (see Definition 4.2 in Section 4). The
idea behind this condition is to prevent a wedge-like behavior propagating
from the boundary inside the domain. We observe that when 9 is C'! and
g is C! condition NV holds, but more general situations are possible.

Our regularity result reads as follows.

Theorem 1.7. Let o # 0. If Q is strictly convex and the boundary data g
is continuous and satisfies NV, then the a-convex envelope u?, is C*(Q).

Concerning C' regularity for the usual convex envelope, condition NV
is more general than the smoothness assumptions in [17] by Oberman and
Silvestre but in that reference the authors prove C1®-regularity.

2. a-CONVEX FUNCTIONS

In this section we begin by studying the 1—dimensional problem associ-
ated with the operator Lo (v)(t) = av”(t) + (1 — a)]v/(t)|? for a € (0,1).
Note that for @« = 0 and for a = 1 we already know the explicit solution.

2.1. 1-dimensional equation. We begin by computing the explicit solu-
tion of the 1-dimensional equation. Below we assume b > a, since a > b is
analogous and a = b gives a constant solution.

Lemma 2.1. Let o € (0,1) and b > a. The solution to

Lo(0)(t) = a”(t) + (1 — a)|v' ()] = 0, te(0,1),
(2.1) v(0) = aq,
v(1) = b,
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s given by

(2.2) u(t) = KL In(1 + (e®~9Ke _ 1)) + q,

with K, = 4=2)

«

Proof. Call v(t) = v/(t), then = is a solution to

1l -«
Yo+ Dhmp =0 re)
A simple integration of this equation gives that
1
H=—
)= 6T r

with K, = % and C a constant.

Then, the solutions to av”(t) + (1 — a)|v'(t)|? = 0 are given by

1
’U(t) = K_ ln(Cl + Kat) + CQ.

Now, we only have to choose C7 and C5 in order to fulfil v(0) = a and
v(1) = b. We obtain, after some computations,

Ka ln(Cl)

Cl—m and CQ—G—K—G.
Finally, we can use these constants to rearrange the expression for v to get
(2.2). O

Now, we state some consequences that follow from the previous explicit
formula.

Remark 2.2. The problem behaves well under scaling, that is, w(t) = v(Rt)
is the solution to

Lo(w)(t) = aw’(t) + (L - )/ ()P =0, t€ (0,1/R),

w(0) = a,
w(1/R) =b.
Therefore, given x,y €  and tg < t; we have
t—t t1 —t
U 0,4 y ) <o), for all ¢t € (tg, 1),
t1 —to t1 —to
where v is the solution to
Lv(t) = 0, t e (to,tl),
v(to) = u(y),
v(ty) = u(x).

Concerning the comparison principle for L, we have the following lemma.

Lemma 2.3. For a # 0, the operator L, has a comparison principle: if
the boundary values are ordered, so are the solutions. Fven more, L, has
a strong comparison principle, if v1 and vy are two solutions to (2.1) such
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that v1 > va in (0,1) and they touch at one point, vi(ty) = va(ty) then vy
and vy coincide in the whole (0,1),

’Ul(t) = ’Ug(t), t e (0, 1)

Proof. The comparison principle follows from the explicit formula for the
solution to the equation. We have to prove that we have a strong comparison
principle. Observe that solutions are smooth, therefore, if we have two
solutions v; and vy to (2.1) such that v; > vy in (0,1) and they touch at one
point, v1(tg) = va(tp) then we also have v/ (ty) = v5(to). Then, we conclude
that

’Ul(t) = ’Ug(t), t e (0, 1),

from the uniqueness of solutions to the second order ODE
av”(t) + (1 = a)[' (1)* = 0,

with initial conditions at tg, v(tg) = c1, v'(tg) = c2, (see Theorem 7 in
Section 8 of [8]). O

Remark 2.4. From the explicit expression we obtain that v,(t) is con-
tinuous with respect to the boundary values a, b and also with respect to
a € (0,1]. Therefore, if we have sequences a,, — a, b, — b and «,, = o # 0
the corresponding solutions verify

v (t) = v(t)

uniformly for ¢ € [0,1]. For a = 0 we have the pointwise convergence but it
is not necessarily uniform.

Remark 2.5. Also notice that since the explicit expression involves a log-
arithm,
1
v(@) = —In(1 + (DK — 1)t) +q,
K,

we can extend v to a maximal interval of the form (—d,+oc) when b > a,
or of the form (—o0,d) when a > b and when a = b the solution is constant
and the maximal interval where it is defined is (—o0,+00). Here § depends
on |b — a| and «a, and it is given by

1
0(b—al,0) = e —-
Notice that 6 — 0 when o« — 0 and 6 — oo when @ — 1 or when |b—a| — 0.

Remark 2.6. We have stated as part of our definition of being a-convex
that if u is a-convex, then

t—t t —1
" 0 . 1 y Sv(t)v for all ¢t € (t07t1)7
t1 — o tr —to

where v is the solution to
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We also have that
t—1 t1—t
u 054 — y | >o(t)
t—to |t —to
for every t € I\ (tp,t1) where I is the maximal interval where both functions

are defined. In fact, suppose, for the sake of contradiction, that it does not
hold. Then, there exist t5 such that

to —t t1 —1
u| 2= p+ L2y < v(ta).

t—to |t —to
Assume without loss of generality that ¢; < to and consider w such that

Lw(t) =0,  te€ (to,t2),

w(to) = u(y),

ta—t b —t

w(ty) = u <ti—t2x + ti_éy) .
Then, by the comparison principle, Lemma 2.3, we have v > w in (tg,t2).
And we get u(z) = v(t1) > w(t1) which is a contradiction since u is a-convex.

Finally we need to consider an approximate solution to the problem. We
compute the explicit solution to the equation aw” (t)+ (1—a)|w’(t)|? = —n?
with 7 small. We include the details in the case o € (0,1) and we leave the

cases @ = 0 and o = 1 to the reader.

Lemma 2.7. Let o € (0,1), b > a and n > 0 small enough. The solution
to

Law(t) = aw"(t) + (1 =)' ()] = =%, £ €(0,1),
(2.3) w(0) = a,

w(l) =b,

w(t) = Kialn <COS (C’l + %—a)&) + Ch.

with K, = % for an appropriate C; = C1(n,a,b) and Cy = Ca(n,a,b).

s given by

Proof. That the function is a solution follows from direct computation. We
have to show that we can choose C; and Cs in order to fulfil w(0) = a,
w(1) = b and for the function to be defined for ¢ € (0,1). We have

1
’a In(cos(C1)) +Ca2 =a

«

Lln <COS (Cl —{—7717_0[)) + Cy =b.
K «

«

and

By subtracting the equations, after some computations, we get that

cos <C1 + n—(l);a) Ka(—a)
2.4 = ene\07Y,
(24) cos(Ch) °
Assume that 7 is small enough such that "—V;_O‘ < /2, then the LHS, that
we call F'(Ch), is defined for Cy € (—n/2,0]. Observe that it is decreasing
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in C1, F(0) <1 and limg, ,_r/o+ F'(C1) = +00. Then, since the RHS is
greater than 1, we get that there exists a unique C; such that the equality
holds. Moreover, we also have —7/2 < C; < Cy + @ < 7/2 so the
function is defined for every ¢ € (0,1). Finally, we conclude by taking
Cy=a— 7111((3(;201))_
O

Lemma 2.8. Let o € (0,1) and b > a. The solution w to (2.3) converges
uniformly to v the solution to (2.1) as n — 0.

Proof. We have

o 1 | cos (Cn—i- "—V};at)
w(t) = K, . cos(Cy)

+ a.

where C,, := C is given by (2.4), that is

1«
cos <Cn + = ) _ Kalba)
cos(Cy) '

cos <Cn + "—V;at)
t p—

n(t) cos(Cy)

and we want to show that it converges uniformly to

F(t) =1+ (eb-9Ka _ 1)

We consider

asn — 0.
Observe that the cosine function, cos(-), is concave in (—m/2,0). Hence,

we have
V1-— Vv1-—
cos <Cn + %) < cos (Cy) — sin(Cn)u.

(07

Therefore, bounding sin(-) by 1 we get

nv1i—a
Ka(oma) _ cos <Cn + ) c1a T—a

° cos(Ch) =1 acos (Cy)’
and then we obtain
cos (Cp) < vl-a .
n—= a(eKa(b—a) _ 1)
From this, we conclude that
) T
O =5

By the implicit function theorem we get

il sin(Cy, + nYi=a)vi=a

a

o —sin(Cy + n¥I=2) + sin(C,))eKalb-a)

o
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Then

lim — = a .

n—0 dn  efalb—a) _q

With this result, applying L’Hopital’s rule to the quotient in the definition
of I, we get

lim F,(t) = F(t).

n—0
Finally, to conclude that the convergence is uniform we consider

OF,(t)  —sin(C, + n¥=2ppyi=e

o cos(Cy)
Since
V1=
sin (Cn—i—n at) — -1
o
uniformly and by using again L’Hopital’s rule we obtain that

i
lim @& — ¢Kalb-a) _ 1,
n—0 cos(Cy)

so the derivatives converge uniformly to e(’~®%e — 1 which is the derivative

of F' and then we conclude the same convergence for the functions, F; — F
uniformly as n — 0. (]

2.2. Basic properties. We begin observing that the notions of convexity
associated with L, are stronger as « increases. As we mentioned in the
introduction, this is naturally consistent with the fact that convexity (the
concept for o = 1) implies quasiconvexity (a = 0). We also observe that the
supremum of a-convex functions is a-convex.

Proposition 2.9. Let o > &. If u is a-convex, then u is &-convex.

Proof. Using the explicit expression found in Lemma 2.1 we obtain that
when we fix the boundary values a, b, then v,(t), the solution to

La(o)(t) = a0 (t) + (L= )/ (D =0,  te(0,1),

v(0) = a,
v(l) =0,
is decreasing with respect to . This implies the claim. U

Alternatively the above proof could be obtained from the observation
that v/ < 0 (this follows from the equation), and thus v, is a subsolution to
Lav > 0 for o > &. Then, the result follows using the comparison principle
from Lemma 2.3.

Lemma 2.10. Let {u,} be a family of a-convex functions. Then

(=) = sup {un(2)},

18 also a-convex.
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Proof. For each uy, in the family, since u,, is a-convex, we have that for any
pair of points z, y in €2 it holds that
un(tz + (1 —t)y) < o(t)
with v the solution to
( ) =0, te(0,1),
= un(y),
(z).

un(y) by the comparison principle for L, in
we have that

u
= Up T
As u(z) > up(x) and u(y )2
Lemma 2.3 in the interval (0,

)

with © the solution to

Therefore, we arrive to

(2.5) up(tz + (1 —t)y) < 0(t).

Taking supremum in the left hand side of (2.5) we obtain
u(te + (1 —t)y) < o(t).

This proves that @ is a-convex. O

Remark 2.11. Also observe that the same proof shows that, for a general
1-dimensional operator L, the supremum of L-convex functions is L-convex
if the operator L has a comparison principle.

2.3. First part of the proof of Theorem 1.2: Lipschitz continuity.
We show that for a # 0, a-convex functions are Lipschitz continuous in-
side the domain 2. This is the first part of Theorem 1.2, but as it is of
independent interest, we formulate the result separately.

Theorem 2.12. Let a # 0. A bounded a-convex function w is Lipschitz
continuous in €.

Proof. First we estimate u from above. Let zy € 2 and r > 0 be such that
B, (zp) C Q. Since u is a-convex and bounded it turns out that for every
point 2 € 9B, j5(20) and every t € [0, 1] we have

u(tz + (1 —1t)z0) < w(t)
with v the solution to

Lov(t) =0, te(0,1),

v(0) = u(20),
v(1) = maxu > u(2).

Next we estimate v from below. Recall that v as above is defined for
t > —d where 6 = 6(| maxu — u(zp)], @) > 0, see Remark 2.5. We have that

u(tz + (1 —1t)z0) > v(t)
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for t € (—0,0), see Remark 2.6.

We conclude that
v(=lz = 20l) <u(z) <o(lz = 2l)
for every z € Br(zp) with R = min{r/2,rd/4}. Since the derivative of v in

[—9/2,1] is bounded we obtain that the graph of u is outside a cone with
center at (zp,u(z0)), see Figure 1. We have proved that

lu(z) — u(z0)| < L|z — 20|

FiGURE 1. We have v in black, the limit of the cone in red
and the graph of u must be inside the light blue region.

Remark 2.13. For o = 0 the previous result does not hold. There are
quasiconvex functions that are not continuous. For example, take

0, te€[0,1/2),
u(z) =
1, te1/2,1],
that is quasiconvex in [0, 1].
Remark 2.14. The obtained Lipschitz regularity is optimal since a cone
u(z) = |z|
is convex, and hence a-convex for every «, but it is not better than Lipschitz.
Also notice that the optimal § in the previous proofs goes to zero as
o — 0. Therefore, we do not have a local Lipschitz constant that is uniform

in «. This is natural (and expected) since for &« = 0 we have quasiconvex
functions that can be discontinuous inside Q.

Remark 2.15. A bounded a-convex function u may not be Lipschitz con-
tinuous in Q. In fact, it may not be continuous up to the boundary, for
example u given by u(z) = 0 in [0,1) and u(1) = 1 is not continuous and,
since it is convex, it is a-convex for every a € [0, 1].

Also, it may happen that the Lipschitz constant deteriorates when ap-
proaching the boundary. For example, take u(z) = —/x in [0, 1].

Remark 2.16. For a general operator L the previous proof works provided
L satisfies that solutions to

Lo(t) =0, te(0,1),
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are Lipschitz continuous and depend continuously on the boundary data

a,b.

2.4. Second part of the proof of Theorem 1.2: Viscosity subsolu-
tion. Now we will prove the second part of Theorem 1.2. We have already
proven in Theorem 2.12 that a-convex functions are Lipschitz continuous.
It remains for us to show that a function is a-convex if and only if it is a
subsolution to

Lou(z): = inf  Lq(u)(to)
z,y€)
z=toxz+(1—to)y
(2.6) = lj}?:fl{a(Dzu(z)v,W—i—(l - a)](Du(z),v>]2} =0, z€Q,

in terms of one dimensional test functions as in Definition 2.17.

Actually we notice that we have two natural notions of viscosity solution
to this equation. In Definition 3.3 (that corresponds to what is usual in the
viscosity theory), we test with N—dimensional functions ¢ : @ — R that
touches u from above at z € ) and we ask for

a(D?¢(2)v,v)+(1 — a)|(Do(2), v)[* > 0

for any direction v € SV~!. We also assume the reverse inequality when the
test function touches u from below at z in the N —dimensional set ).

The alternative definition (Definition 2.17 below) changes the definition of
a subsolution: we first take a direction v € SV~! and then a 1—dimensional
test function ¢ that touches u from above at z in the 1—dimensional set
{z+tv}NQ. Notice that now ¢ needs only to be defined in the 1—dimensional
set and not in the whole (2. Here we ask for

ad”(2)+(1 - a)l¢'(2)|* > 0.

Observe that if u is a viscosity solution according to this second defini-
tion then it is a solution according to the first one. This is due to the fact
that when an N —dimensional test function ¢ touches u from above/below
at z in €, then the restriction of ¢ to any line {z + tv}, touches u from
above/below at z inside the line. The converse is more delicate since given
a 1—dimensional test function that touches w in a segment there is no im-
mediate way of obtaining an N —dimensional test function 1 that touches u
in © and such that the restriction of ¢ to the segment is ¢. However, both
notions of solution are equivalent as later recorded in Remark 3.7 since we
can prove uniqueness in Corollary 3.6 in the sense of Definition 3.3.

Definition 2.17 (Viscosity solutions using 1-d tests for subsolutions). An
upper semicontinuous function u: RV — R is a wiscosity subsolution of (2.6)
if for any z € Q, any pair z,y € Q, such that z = toz + (1 — )y for some
top € (0,1), any test function ¢ € C?(R) such that

6(to) = u(z) and ¢(t) > u(te + (1 - t)y) ¢ € (0,1),

we have

Lod(to) > 0.
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A lower semicontinuous function u : Q — R is a viscosity supersolution of
(2.6) if for any z € Q, any test function ¢ € C?(2) such that

¢(2) = u(2) and ¢(y) < u(y) in Q,
we have

Lod(z) <0

Finally, we say that w is a viscosity solution of (2.6) when it is both a
viscosity subsolution and a viscosity supersolution of (2.6).

A function u : Q@ — R is a viscosity subsolution of (2.6) if only if for any
z € Qand any x,y € Q with 2z = tgx + (1 — o)y for some ¢y € (0,1) we have
that the function w(t) = u(tz+ (1—1t)y), t € (0,1), is a viscosity subsolution
of the one-dimensional problem

Low(t) =0 forte (0,1).

Remark 2.18. In the introduction we claimed that v(t) = max {u(z), u(y)}
is the viscosity solution to the equation |v'(¢)| = 0 in the interval (0,1) with
boundary conditions v(1) = u(z) and v(0) = u(y). To be more precise, if
u(z) > u(y) the solution is given by v(t) = max {u(z),u(y)} for t € (0,1]
and v(0) = u(y).

This function verifies the boundary condition in the following sense. For
any test function ¢ that touches the upper envelope of u from above we have
max{|¢'|,g — ¢} > 0. And for any test function ¢ that touches the lower
envelope of u from below we have min{|¢'|, g — ¢} < 0.

Proof of Theorem 1.2. We already showed in Theorem 2.12 that a-convex
functions are Lipschitz continuous. To show that a function is a-convex if
and only if it is a subsolution to (2.6) assume first that u is a-convex. To
show that
Lou(z) = inf  Ly(u)(tg) >0, z €},
z,yef)
z=tox+(1—to)y

in the viscosity sense we argue by contradiction. Hence, assume that there
exists a point zy € €2, two other points g, 3o € Q with 2y = tozo + (1—1t0)yo
and a smooth 1-dimensional test function ¢ that touches t — wu(tzg + (1 —
t)yo) from above in the interval (0,1) at ¢y with

Laop(tg) < 0.

As ¢ is smooth we have that there exists § > 0 such that
Lop(t) <0

for every t € (tg — 0,tp + 9).

Now, consider the segment tzy + (1 — t)yo with t € (tg — d,t0 + J) and v
the solution to

av(t) te€(0,1),
= (to —d)xo + (1 — (to — 9))vo),
u((to + 0)xo + (1 — (to + 9))yo)-

()
v(1)

=N ||
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Since L, behaves well under scaling (see Remark 2.2) we know that

w(t) = v( 55t — (1o — )

solves the equation L,w = 0 for ¢t € (tg—9,t9+9) and ¢ is a strict supersolu-
tion to the same equation in that interval. Since L, has a strict comparison
principle (see Lemma 2.3), and we have

u((to — 6)zo — (1 — (to — 0)yo) < ¢(to —9)
and
u((to +6)zo — (1 — (to + 0)yo) < ¢(to +9)

(recall that ¢ touches u from above at tozg + (1 — t9)yo on the line tzg +
(1 —t)yp) we obtain

w(t) < (t), for all t € (tg — d,to + ).
In particular, it holds that

v(1/2) = w(to) < ¢(to) = u(zo)
a contradiction with the fact that v is a-convex.

Next we show that the property of being a subsolution implies the a-
convexity. We assume that u solves

(2.7) Lou(z) = inf  Lq(u)(to) >0, z € Q.
z,y€)
z:tomi(lfto)y

To show that u is a-convex we argue again by contradiction. Assume that

there are two points xg,yg € Q and zy = toxg + (1 — t9)yo such that

u(zp) > v(to)

with v the solution to

Consider w the solution to
Low(t) = —n?, te(0,1),

w(0) = u(yo),
w(1) = u(xo),

with a small n > 0, see Lemma 2.7. By Lemma 2.8, the solution w converges
uniformly to v. Hence, if 1 is small we still have that

u(zp) > w(tp).

Now take k£ > 0 such that w + k touches u from above at some point ¢; in
the segment tzg + (1 — t)yo (notice that at the extreme points ¢ = 0 and
t =1 we have w + k > u for any k > 0, hence ¢t; € (0,1). At this point
t1 we have Low(t) = —772 that contradicts the fact that « is a solution to
(2.7). O



A BRIDGE BETWEEN CONVEXITY AND QUASICONVEXITY 17

2.5. Supporting o-hyperplane. Next we define a concept that will be
analogous to a supporting hyperplane for convex functions. We look at a
hyperplane as a function that is affine in one direction and does not depend
on the orthogonal coordinates. Hence, in the context of a-convex functions,
the following is a natural generalization.

Definition 2.19 (a-hyperplane). An a-hyperplane passing through zy with
direction v is defined as a function of the form

ma(2) = v((z — 20, )
with v a solution to
La(v)(t) = av"(t) + (1 = ) ()* = 0
for ¢ in some interval of the form I = (-4, +00).

Remark 2.20. If we have a function that depends only on the first co-
ordinate, then it is a-convex in a multidimensional domain if and only if
it is a-convex in the 1-dimensional projection of the domain into the first
coordinate. Indeed, if we have

w(z1,29,...,2n) = f(21)

then for every v # 0: w is a-convex in 2 C R™ can be equivalently stated
by saying that f is a-convex in I C R. In fact, we have that

Lou(z) = o (or. mf)n) ot a(D*u(2)v,v) + a|(Du(z),v)|?
= inf af’(z1)of + (1= a)(f'(21))%01,

v=(v1,02,...,un): |v|=1
and hence we have
Lou(z) > 0 is equivalent to Ly f(z1) > 0.

In particular, an a-hyperplane is a-convex.

Observe that an a-hyperplane can be determined by choosing a base point
20, the value of 74(2), the direction v and v'(0), or equivalently by zg, 74 (20)
and D7, (z9). Now, notice that, recalling Remark 2.5, that this function is
defined in a half-space that contains zq in its interior.

Next we show that an a-convex function has supporting a-hyperplanes
at every point inside © (that is, given a point z € €, there exists an a-
hyperplane touching the a-convex function from below at z). The idea is to
take the comparison function v and the two suitable points in the definition
of the a-convexity, let the second point approach the first one in Lemma
2.22, and then show that v tends to the desired function. To show that v
indeed is the function that defines the a-hyperplane that twe look for, we
first assume differentiability of v in Lemma 2.23 and then complete the proof
by an approximation argument.

Theorem 2.21 (Supporting a-hyperplane). For o # 0 let u be a bounded
a-convex function in . Then, given zg € (), there exists an a-hyperplane
o that touches u from below at zg.
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In the case of quasiconvex functions we have that the level sets are convex.
So given zy we can consider the set {x : u(x) < u(z9)} and we get that there
exists v such that

{z :u(z) <u(z)} C {z: (x — 2,v) <0}

Therefore if we consider 7 the constant function u(zp) we have that u > 7 in
the half-space {z : (x — 2zp,v) > 0}. We can see the existence of supporting
a-hyperplanes for a-convex functions interpolating between what can be
obtained for convex and quasiconvex functions.

We begin our way to the proof of Theorem 2.21 with the following lemma.

Lemma 2.22. Let u: Q — R be an a-convex function, zg € Q and v € RY.
Then there exists v such that Lov(t) =0, v(0) = u(z9) and

v(t) < u(zp + vt)
for every t such that both functions are defined.

Proof. We consider v, the solution to the equation L,v, = 0 with v,(0) =
u(z0) and v, (1/n) = u(zp + v/n). Since u is Lipschitz, we get that v/,(0)
is uniformly bounded by looking at the explicit formula. Therefore, there
exists § > 0 such that v, is defined in [—§,d] for every n. Also, we can take
a subsequence such that it converges uniformly, that is, there exists v such
that v,, — v uniformly in [—4,d]. By stability of viscosity solutions, v is
a solution to the equation and for the limit it holds that v(¢) < u(zo + vt)
recalling Remark 2.6. O

Now, let us show that at every point where an a-convex function v is
differentiable there is a supporting a-hyperplane that touches u from below
(and next we will extend this property to every point in by an approxi-
mation argument).

Lemma 2.23. For a # 0 let u be a bounded a-convex function. Assume
that u is differentiable at zg € §2, then there exists an a-hyperplane . that
touches u from below at zg.

Proof. First, assume that Du(zp) # 0. Let v = %(zo). By Lemma 2.22

we know that there is a solution to L,v(t) = 0 in (—d,+00) that touches u
from below in the line zy 4 tv. We have u(zp) = v(0) and u(zy + tv) > v(t)
for t € (=0, +00) such that u is defined. Take as m,(z) the a-hyperplane
associated with this solution and the direction v, that is,

Ta(z) = v({z — 20,V)).
We have that
Ta(20) = v(20) = u(20).

Moreover, we have that t — (u — m,)(20 + tv) attains a minimum at ¢t = 0.
Therefore, since u is differentiable at zy we have

0

a(u — o) (20 + t)|t=0 = 0.
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Hence, since v is the direction of the gradient of u we get

0
Eﬂa(zo + tv)|i=0 = (Dma(20),v) = (Du(zg),v) = |Du(zg)|.
Therefore, we have

Do (20) = |Du(zo)|v = Du(zp).

Let us show that
Ta(2) < u(2)
for every z € Q with —6 < (z — 29,v). To this end take any such z and
consider w the direction of z — z9. Since we have D7, (29) = Du(zp) if we
compute derivatives in the direction w we have

0 0
(2.8) au(zo +tw)|—o = (Du(zp),w) = (Dma(20),w) = awa(zo + tw)]=o.
Hence, the functions
t — u(zo + tw) and t — ma (20 + tw)

are a subsolution and a solution to L,v = 0 that coincide at ¢t = 0 and has
the same derivative at ¢ = 0. We claim that u(zp + tw) < 7o (20 + tw). In
fact, for the sake of contradiction, suppose that u(zg + tow) < 74 (20 + tow)
and consider

L,o(t) =0, t € (0,tg),

0(0) = u(z0),

?N)(to) = u(zo + tow).
Since t — 4 (20 4 tw) solves the equation, u(zg) = ma(20) and u(zo +tow) <
Ta(z0 + tow), from Lemma 2.3 we get 0(t) < mo(z0 + tw) and therefore
7(0) < w20 + tw)li—o. If ¥'(0) = Zma(20 + tw)|i—o by the uniqueness
of solution to the 1-dimensional problem we get that the functions coincide
everywhere, which does not hold, so we conclude that

s 3}
7'(0) < aﬂ'a(zo + tw)|=o.

But since u is a-convex, it is is a subsolution to the PDE. Then, from a
comparison argument we get u < ¥ and therefore

0
—u(20 + tw) =g < 7'(0)

ot
which contradicts (2.8). Hence we have shown that u(zo+tw) > m4(20 + tw)
and we conclude that u(z) > m4(2). O

Now, let us remove the assumption that u is differentiable at the point
by using an approximation argument.

Proof of Theorem 2.21. Take the supremal convolution of wu,
1 2
U~ () = sup <u — T — >
() e (y) 27’ Yl

Since u is continuous by Theorem 1.2, these functions u, verify that

lim u, = u
y—0



20 BLANC, PARVIAINEN, AND ROSSI

uniformly in . Moreover, u, is semiconvex (and hence differentiable a.e.
in Q) and, since u is a subsolution to
Lou(z) = inf  Lq(u)(to)

z,y€e)
z=tox+(1—to)y

= lilnf o D*u(2)v,v) + (1 — a)[(Du(z),v)|* >0,
v|=1
then u is also a subsolution in a slightly smaller domain, see [7]. Therefore,
U is also a-convex.

Choose zy a sequence of points such that z, is a differentiability point of
u, and

lim z., = zp.
v—0 K

Using our previous result we have that there exist directions v, and solutions
vy of Lo (vy)(t) = 01in (=6, +00) such that the corresponding a—hyperplanes
given by

Taq(2) = vy((2 = 2y, 1))

touch . from below at z,, that is,

(2.9) Tany(2y) = Uuqy(2y)
and
(2.10) Taq(2) < uy(2), for (z — z,,1vy) > —4.

Now, from compactness of {v : |[v| = 1} we can extract a subsequence ; — 0
such that v, — 1. Moreover, since u is bounded so is u, and v, then from
the explicit formula for the solutions to L,vy, = 0, we can also extract a
subsequence such that

Uny, — V0
locally uniformly in (-4, +00) with vy also a solution to L,vg = 0 by stability
of viscosity solutions. Therefore, we have that

Tan(2) = v3((2 = 2y, 1)) = Ta,0(2) = vo({z — 20, 10))
locally uniformly in {z : (z — z,,19) > —d}.
Now, we can pass to the limit in (2.9) and (2.10) and obtain

Ta0(20) = vo(0) = u(z0)
and
Ta,0(2) = vo({z — 20, 10)) < u(z), for (z — z9,19) > —0,

that is, m4,0 is an a-hyperplane that touches u from below at 2. O

2.6. Other properties. Convexity and quasiconvexity differ in how they
behave under monotone transformations. In fact, whether or not a function
is convex depends on the numbers which the function assigns to its level
sets, not just on the shape of these level sets. Then, a monotone transfor-
mation of a convex function need not be convex. That is, if u is convex
and f : R — R is increasing then f owu may fail to be convex (however, it
is convex when f is also convex). For instance, u(z) = z? is convex and
f(z) = arctan(z) is increasing but f o u(z) is not convex. However, the
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weaker notion of quasiconvexity keeps this property under monotonic trans-
formations. Moreover, every monotonic transformation of a convex function
is quasiconvex, although it is not true that every quasiconvex function can
be written as a monotonic transformation of a convex function.

Concerning the composition of an a-convex function with a smooth func-
tion f: R — R we have the following result.

Proposition 2.24. For 0 < a < 1, let u: Q — R be an a-convex function
and f: R — R be such that

f'(5)20,  and  af’(s)+(1—a)[(f(s))” = f'(s)] = 0.
Then, the composition
fou:Q—R

18 also a-convex.

Proof. Since u is a-convex we have that for every z,y € Q,
u(te + (1 —t)y) <o(t), te(0,1),

with v the solution to

Lov(t) =0, t€(0,1),

v(0) = u(yo),

v(1) = u(xp).
Now, as f’(s) > 0, we get that

flu)(tz + (1 =t)y) < f(o)(t),  t€(0,1).

Take

We have that
(1= )" () = (1= a)(f' (v())]'(t)[?

and
at(t) = af" ()0 ()] + af (v(t))o" (t).

Therefore, we get

ad” (t) + (1 — a) |7/ (6)?

= af" ()W (OF + (1 = a)(f'(v(®)* ' (O = (1= a)f ()] (1)

= [0/ ()] [eef"(v(t)) + (1 = ) (f'(v(1))* = (1 = a) f'(v(t))] = 0,
provided f verifies

af"(s)+ (1= a)[(F'()) = £(s)] > 0.
Then, ¥ is a subsolution to
L,o(t) =0, t € (0,1),

(2.11) 5(0) = f(u)(yo),
(1) = f(u)(xo),

and hence we get

flu)(te + (1 =t)y) < f0)(@) <o) t€(0,1),
with ¢ the solution to (2.11). This shows that f o u is a-convex. O



22 BLANC, PARVIAINEN, AND ROSSI

We also have the desirable property that an a-convex function attains its
minimum inside 2 when the infou can be localized inside some compact
subset (as for usual convex functions some coercivity is needed).

Proposition 2.25. Let v : Q — R be an a-convez function such that there
exists a compact K C Q) such that

infu = inf u.
K Q
Then u attains its minimum in Q. If, moreover, u is strictly a-convex (the

inequality in Definition 1.1 is strict), then there is a unique minimum point
in Q unless u is constant.

Proof. Since there exists a compact K C €2 such that
inf « = inf u,
K Q
and u is continuous the existence of a minimum point in K C € follows.

Now, assume that w is strictly a-convex and that there are two different
points x,y € Q with u(x) = u(y) = A that attain the minimum value A.
Then, since u is strictly a-convex we have

u(tr + (1 —t)y) < v(t) = A.
Here we used that the solution to
Lov(t) =0, t€(0,1),

v(0) = A,
v(l) = A,
is just the constant
u(t) = A
Now (2.6) contradicts the fact that A was the minimum. O

Remark 2.26. The condition that there exists a compact K C € such that
inf u = inf u,
K Q

is needed since the function

1 t=0,
u(t):{

t t € (0,1],

is convex in [0, 1] and also a-convex for all o but it does not attain a mini-
mum in [0, 1].

3. THE a-CONVEX ENVELOPE

In this section we deal with the a-convex envelope of a continuous bound-
ary datum g in a strictly convex domain @ C RY (with N > 2) as in
Definition 1.3:

(3.1) u*(z) = sup {w(z) s w is a-convex and verifies w|gn < g}.

Recall that € is strictly convex if 2t 4+ y(1 —t) € Q for every z,y € Q and
t € (0,1). We begin by proving that these functions are continuous (up to
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the boundary). Then we obtain a comparison principle for £,, (with viscosity
solutions understood in the classical sense, testing with /N-dimensional test
functions). Finally, we characterize the a-convex envelope as the unique
solution to the equation L,u = 0 inside {2 with boundary datum g on 0f).

3.1. Proof of Theorem 1.4: equicontinuity of the a-convex enve-
lope. We begin with two preliminary lemmas.

Lemma 3.1. Let V C Q be strictly convex, and g : 0Q — R a continuous
function. Let u* be the a-convex envelope of g, then the a-convex envelope
of u*lay in V is just u*|y.

Proof. We consider
u™*(z) = sup {w(z) cw:V — Ris a—convex and verifies w|gy < u*[av}.

Since u*|y is a-convex we have u** > u* in V.

We consider u defined in € given by

u(z) = {u**(m) ifzeV
u(z) ifzgV.

We claim that this function is a-convex. Then v < u* and we conclude
™ < u* in V as desired.

It remains to prove the claim. Let z,y € Q and ¢t € (0,1), we have to
show that u(tx + (1 — t)y) < v(t) where v is the solution to

Lo(t) =0, te(0,1),
v(0) = u(y),
v(1) = u(x).
Since u** > u*, we always have
v(0) = u(y), v(1) = u'(z),

and thus v(t) > u*(tx+ (1 —1t)y) always. Since on 9V it holds that u* = u™*,
we deduce that

o(t) > u*(te + (1 —t)y)

on the part that is contained in V. Thus by combining the facts, it holds
that v(t) > u(tz + (1 — t)y) i.e. the claim follows. O

Lemma 3.2. Let {uq}taca be a family of functions defined in V. Assume
that the family is equicontinuous in a compact set K. Then, given € >
0, there exists 6 > 0 such that for every x,y € V with |x — y| < 0 and
dist(z, K) < § and dist(y, K) < 0 we have |uq(x) — ua(y)| < € for every
a € A.

Proof. Since u,, is equicontinuous, for every € K, there exists d, > 0 such
that |uq(x) —ua(y)| < e/2 for every a € A and y € V' with |z — y| < 0.
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We consider the following cover of K,
K c | B; (2)
reK

where 0, = 0, /3. Since K is compact there exists a finite number of points
{x;}}¥, such that

N
(3.2) Kc|/J B, (x1).
=1

We take 0 = min;—; . n 5i.

Let z,y € V with dist(z, K), dist(y, K) < ¢ and |z — y| < §, we want to
prove that |uq () —uq(y)| < e. Since dist(z, K) < J there exists £ € K such
that |z — Z| < d. Then, since we have (3.2), there exists ¢ € {1,..., N} such
that |Z — x5 < §,,. We get

2 — 2] < |z — &+ |& — 23] <0+ ba, < 204, < 6,
therefore |uq () — ua(zi)| < €/2 for every a € A.
Since |z — y| < §, we have
ly— x| < |y — o + |2 — &+ & — 24| <6+ 6+ 6y, < 30y, < 0a,
80 |u(y) — ua(x;)| < €/2 and we conclude that
[ua(r) = ua(y)| < |ua(®) = va(i)| + |ual(zi) — ualy)] <e.
for every a € A O

Proof of Theorem 1.4. The first step is to obtain the equicontinuity on the
boundary of the domain. We begin by observing that since €2 is strictly
convex, given y € 9 there exists a unitary vector w € RV, |w| = 1, such
that for every § > 0 there exists 6 > 0 such that

{r € Q:(w,x —y) <0} C Bs(y)

see Lemma 6 in [6]. Then given a continuous boundary datum g, a boundary
point y € 012, and € > 0, we can consider § > 0 arising from the continuity
of g at y so that
w, T — w, T — )
€+ %maxg and —e+ %mmg

are barriers. Since these functions are affine they are both convex and
quasiconvex, we get that both uj and u] are continuous at the boundary.
Since 02 is compact both u( and u] are equicontinuous on 9€). Finally, since
uj < uy < ug we conclude that the family {uj, }aejo,1] s equicontinuous on
the boundary.

Now, let € > 0, since €2 is compact and {u}, }4c[o,1] is equicontinuous at
the points of that set, by Lemma 3.2, we have that there exists § > 0 so
that

(3-3) |ua(2) = ug(y)| < e
whenever |z — y| < ¢ and dist(x, 99), dist(y, 02) < § for every a € [0, 1].
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Now we show that in fact
ua(z) = ug(y)| < e
whenever |z —y| < §/2 for every a € [0,1]. We consider a slightly smaller
domain
Q={zeQ : dist(z,00) > §/2}
and
F=0\Q={zeQ : dist(z,00) < §/2}.
Suppose that z,y € Q with |z —y| < §/2. If z or y are in I" then we have
dist(x,09) < § and dist(y,02) < § and hence we can employ (3.3). Finally,
let z,y € Q such that |z — y| < §/2, we want to prove that v’ (y) < uf,(z)+e.
We consider
u(z) =uy(z —x+y) —e,
it is defined in © and it is a-convex. Since u is the a-convex envelope in
of it self restricted to A (see Lemma 3.1, observe that € is strictly convex),
and u < u}, on o0, we get u < u, in Q. In particular, evaluating at z, we
get ul(y) —e = u(z) < u}(x) as we wanted to prove. O

3.2. Comparison principle for L£,. Here our goal is to prove that the
equation
Lou(z) = li?fl{a(D2u(z)v,v> + (1 — a)|(Du(z),v)[*} = 0.
v|l=
has a comparison principle between classical sub and supersolutions (testing
with N-dimensional functions). This subsection does not assume convexity
of the domain.

Let us now state a second definition of viscosity sub/supersolution to the
equation (notice that here we test with N-dimensional test functions).

Definition 3.3 (Viscosity solutions using N-dimensional test functions).
An upper semicontinuous function u: Q — R is a wviscosity subsolution of
(2.6) if for any z € Q, any test function ¢ € C%(2) such that

¢(2) = u(2) and ¢(y) > u(y) in Q,
we have

Lod(z) > 0.

A lower semicontinuous function u: €2 — R is a viscosity supersolution of
(2.6) if for any z € Q, any test function ¢ € C?(2) such that

¢(2) = u(2) and ¢(y) < u(y) in Q,
we have

Loo(z) <0.

Finally, we say that w is a viscosity solution of (2.6) when it is both a
viscosity subsolution and a viscosity supersolution of (2.6).

First, we show that we can perturb a subsolution in order to make it a
strict subsolution. This is one of the key steps in the proof of the comparison
principle.
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Lemma 3.4. Let a # 0 and u be a subsolution to Lou(z) = 0, that is, it
holds that

Lou(z) = inf {a(D*u(z)o,v) + (1 = @)|(Du(z), o) } 20,

in the viscosity sense (testing with N -dimensional test functions). Then, for
k>1,0>0 with § << k —1 the function

up,5(2) = ku(z) + 6]z
s a strict subsolution, that s, there exists ¢ > 0 such that

Lougs(z) = inf {a(D2uk,5(z)v,v> +(1- a)](Dukﬁ(z),vH?} >c>0,

v]=1

in the viscosity sense (testing with N -dimensional test functions).

Proof. We have that
Duy, 5(z) = kDu(z) + 20z
and
D?uy 5(2) = kD*u(2) + 201,

Therefore, we have (the following computations can be justified in the vis-
cosity sense)

Lok s(z) = |inf {a(D2uk75(z)v,v> +(1- a)\(Duk,g(z),vHQ}

o iTﬁ‘l{a((klgg_gl(z) + 261w, v) + (1 — a)|(kDu(z) + 26z, v)|*}
= |i|r1:fl{ak<D2g(z)v,v> + (1 = @)k?*[{Du(z),v)|?

+(1 — @)4kd(Du(2),v)(z,v) + (1 — @)46?|(z,v)|* + 26a}
> |i|n:f1{(1 —a)(k* = k)(Du(z),v)|?

+(1 — @)4kd(Du(z), v){(z,v) + (1 — @)46|(z,v)|* + 26a}

. k 2
= inf {(1- a)‘\/kQ - kliDg(z),v> 2 (z0)
+(1 — a)46? (1 - m) [(z,v)[* + 260}
>da >0

provided that
k
(1- a)452<1 ~ m) (2, 0)]% + da > 0.
This is immediate for a = 1, while for o # 1 we take ¢ such that

! z(k_1)< < >Z5-

4max |(z,v)] 11—«
z2€Q

This ends the proof. U

With this result at hand we can prove a comparison lemma.
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Lemma 3.5. Let a #0, T : Q — R and u : Q — R be a supersolution and
a subsolution to

Lou(z) = ‘zi)‘n:fl {a(DQu(z)v,v> +(1-— a)](Du(z),vH?} =0.

Then, if w > u on 0N we get that

u > u, imn Q.

Proof. We argue by contradiction. Assume that
max{u(z) —u(z)} > 6 > 0.
z2€Q

From Lemma 3.4 we can assume that u is a strict subsolution.

By taking the supremal convolution of wu,

1
w,(2) = sup (uly) - 5|z yP?),

7 yeN 27

and the infimal convolution of w,
7, (2) = inf (W) + oz — of?)
Uy(z) = inf (T —|z —

Y yEQ y 27 y )

we obtain a pair of a strict subsolution and a supersolution that are semi-
convex and semiconceve and such that the difference attains a positive max-
imum inside €2,

max{u.(z) —u~(2)} > 6 > 0.

nax{u, (2) — Wy (2)} >

Now we need the following statement (see Lemma 5.2 in [3]). Let W be
semiconvex and V be semiconcave. Suppose that zp € Q is a maximum
point of W — V such that

W(z9) — V(z0) — I%%X(W -V)>o0.

Then there exists a sequence of points z, — 2o, and (pg, Ax) € J>TW (2),
and (qi, By) € J>~V(z) and a constant K >0, which may depend on the
semiconvexity constant of W — V| such that

bk — gkl >0 as  k— oo,
K
A — B < _ZL
Here J?% ad J%>~ denote the semijets.

Using this statement with W = w, and V' = u, we obtain a sequence
2k — 20, (P, Ax) and (gx, Bk), such that the previous conditions hold and

min {o{ Ay, ) + (1= )] (s, o)} 2 ¢ >0,

and
min{a(Bgv,v) + (1 — oz)|<qk,v>|2} <0.

jo]=1

Take v such that the minimum is achieved in the second inequality, so that

a(Brug, vg) + (1 — )| {qe, vi)|* < 0
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and it always also holds that
alApvg, ) + (1 — a)|[(pr, ve)|? > ¢ > 0.
Now, using
Ay—Be< o

we get
K
of (A + T1) v vi) + (1= ) (o, ve)

K
= a{Apvg, vg) + % +(1— a)|<pkavk>|2

< a(Brog vi) + (1= @)k, o) 2 + (1= @) (| v 2 = aw, o)),
Hence, we obtain

K K
c+ i’ < a(Agvg, vg) + i + (1 - a)‘(pk,kaQ

< (1= ) (1ok o) = aw, v)]?).

In general the constant of semiconvexity K = K(y) — 0 as v — 0. There-
fore, sending v — 0 and k — oo we reach a contradiction. O

Using the comparison lemma we get uniqueness of solutions.

Corollary 3.6. Let o # 0. There exists a unique viscosity solution (testing
with N-dimensional test functions) to

Lou(z) = ‘zi}‘n:fl {a(DQu(z)v,v> +(1-— a)\(Du(z),sz} =0, in Q,

u(z) = g(2), on 0f).

Remark 3.7. At this point we highlight that both notions of solution to
the PDE coincide. Remark that, as we already explained before Definition
2.17, if u is a viscosity solution testing with 1-dimensional from above and
N-dimensional from below then it is a viscosity solution testing with N-
dimensional functions from both sides. Since we have uniqueness of viscosity
solutions testing with N-dimensional functions from both sides we obtain
that both notions of viscosity solutions are equivalent whenever a # 0.

In fact, assume that we have a continuous solution u to the PDE testing
with IN-dimensional functions. Take a ball By inside 2 and look for the
convex envelope inside the ball of u|sp,, (call this convex envelope v). Then
v, as the ball is strictly convex, v is a solution of the PDE inside Bp testing 1-
dimensional functions (this follows from our results since v is the a—convex
envelope of u|pp, in Bp, see below). Then, v is also a solution testing
with N-dimensional functions and, from the comparison result (that implies
uniqueness) we obtain that v = v in Bg. Therefore, it turns out that u
is also a solution to the PDE in Bpg testing with 1-dimensional functions.
Hence, both notions of solution coincide, a continuous function is a solution
testing with N-d functions if and only if it is a solution testing with 1-d
functions.



A BRIDGE BETWEEN CONVEXITY AND QUASICONVEXITY 29

Notice that we are using that the domain is strictly convex just to obtain
continuity up to the boundary of the a-convex envelope of a continuous
boundary datum, however the fact that the a-convex envelope is a solution
to the PDE inside 2 is a local property that holds testing both with N-d or
with 1-d functions regardless of the strict convexity of (2.

Now, we show that the a-convex envelope is in fact a solution to the PDE

Lou(z) = inf  Ly(u)(tg) =0, z €},
z,y€
z=tox+(1—1to)y

in the viscosity sense given in Definition 2.17.

3.3. Proof of Theorem 1.5: viscosity solutions and the a-convex
envelope.

Proof of Theorem 1.5. The statement of continuity in Q follows from The-
orem 1.4. Then we recall that the supremum of a-convex functions is a-
convex as shown in Lemma 2.10. By Theorem 1.2 we obtain that w}, verifies

Lou(z) = inf  Ly(u)(tg) >0, z €},
z,y€
z=tox+(1—to)y

touching with 1-dimensional test functions from above.

To show the reverse inequality we argue by contradiction. Assume that
there exists a point 2y € (2 and a smooth N—dimensional test function
such that u}, — 1 has a strict minimum at zy with

inf La(d)(to) > ¢ > 0.
z,y€e)
Z0=t0$+(17t0)y

As 1 is smooth there exists r > 0 small such that
inf_ La(¥)(to) >

x,yeﬁ
z=tox+(1—to)y

> 0, for all z € B,(zg) C Q.

N O

Now we take
a(z) = max {u},(z); ¥ (x) + 0}

with ¢ > 0 small such that v} (x) > ¢ (z) + 0 for every x € Q\ B,(2). This
function @ is a-convex since it coincides with w}, in Q \ B.(zp) and both
u} and 1 are a-convex in B,(z9). Then, we have that 4 is a-convex with
iloo < g and

@(z0) = max {u,(20);1(20) + 6} = 1(20) + 6 > u(20)-
This contradicts the fact that u}, is defined as the supremum in (3.1).

Finally the theorem follows from the uniqueness of solution for the equa-
tion with the Dirichlet boundary condition. O
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3.4. Proof of Theorem 1.6: A bridge between convex and quasi-
convex envelopes. In this section we show that the a-convex envelopes u},
in Definition 1.3 constitute a non-increasing and continuous (with respect
to sup-norm) curve a — u,. Moreover, it goes from quasiconvexity (uf is
the quasiconvex envelope) to convexity (uj is the convex envelope).

Proof of Theorem 1.6. First, let us show that the a-convex envelopes are
non-increasing with a.

Take u, an a-convex function. Then by Proposition 2.9, u, is also &-
convex function for & < a. From this fact it follows that

up () = sup {v(az) : v is a—convex and verifies v|gn < g}
< sup {v(x) : v is &—convex and verifies v|gn < g} = u}(z)

and then we conclude that a — u}, is non-increasing. By using Theorem
1.4 together with Arzela-Ascoli’s theorem, and passing to a subsequence if
necessary, we get that

w(z) = lim ug (2)

J—00

uniformly to a continuous limit on € where oj — @&. Moreover, as uy,; is
aj-convex we have that

ul, (t + (1 - t)y) < ()
with v; the solution to

Lo, (vj)(t) = ajuj (t) + (1 = a) ()7 =0,  t€(0,1),
vj(o) = Uqy; (y)a
Uj(l) - uOéj(x)a

and since the equation is stable by Remark 2.4 we get
w(te + (1 —t)y) < o(t)

where ¥ satisfies

Thus the limit is W is &-convex.

First case: «; increasing. Now, we just observe that u’ < u and
passing to the limit as a; — & we obtain

uy(z) < w(z) z €.
Since u}, is defined as a supremum of &-convex functions, we conclude that

and hence
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Second case: «; decreasing with limit & # 0. Since now uzj < u,
we immediately have

lim u}, (z) = w(z) < ui(z), z €Q,
j—oo Y

and it remains to show that @ > u’. Let ¢) be a smooth N —dimensional
function that touches w from below at zg € €. From the uniform con-
vergence of uy, to 1w we obtain the existence of a sequence of points with
zn — 2o and such that w — v has a minimum at z,,. Next we denote

(Lan Jv(Ua, ) (2) = O‘n<D2uan (2)v,0)+(1 — o) [(Dua, (Z),U>|2-
Now, using that u}, is by Theorem 1.5 a viscosity solution to

|1T1f1(La")v(ua")(z) =0, z €,

we obtain that

inf (La,)u()(z0) < 0.

Since v is smooth, the infimum is attained. This means that there is a
sequence of directions vy, |v,| = 1, such that

(Lo o (¥)(2n) < 0.

We can assume (extracting a subsequence if necessary) that v, — v with
|vao| = 1. Passing to the limit we obtain that

(La)vs (¥)(20) <0,

and hence we get

‘qi)‘fgl(L&)v(w)(zo) <0.

Alto-

Then, we use the comparison principle Lemma 3.5 to get w > u
gether, we have shown

*
&

w

o %

Ug -

Third case: «; decreasing with o; — 0. As before, we consider
j—oo Y

Since uzj < uyg, it follows that @ < wug. To establish the reverse in-
equality, we use the comparison principle for quasiconvex viscosity sub-
/supersolution, Corollary 5.6 in [3] instead of Lemma 3.5. Let 1) be a smooth
N —dimensional function that touches w from below at zg € . From the
uniform convergence of uf, to w we obtain the existence of a sequence of
points with z,, — zp and such that @ — ¢ has a minimum at z,. Next we
denote (La,, )v(Ua, )(2) := an(D?uq,, (2)v,v)+(1 — ay)|[{Dug,, (2),v)|>. Now,
using that uy, is by Theorem 1.5 a viscosity solution to

|1T1f1(La")v(ua")(z) =0, z €,

we obtain

inf (D)0, 0) + (1= @) |(Du(n). o) <0
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Since v is smooth, the infimum is attained. This means that there is a
sequence of directions vy, |v,| = 1, such that

(Lay v, (1) (2n) < 0.

We can assume (extracting a subsequence if necessary) that v, — v with
|veo| = 1. Passing to the limit we obtain that

[{(Dt)(20), Voo) > = (L0)va (¥)(20) < 0.
Since
0> an(D*(20)vn, vn) +(1 = an) (DY (2n), va)[* = (D (20 )0n, vn)
and v is smooth, it also follows that
(D*(20) V00, Voo) < 0.

Thus we have shown

(v, DY(20))=0

i.e. W is a quasiconvex viscosity supersolution with boundary values g. Since
uy) is the quasiconvex solution to the same equation with the boundary values
g, the comparison principle, Corollary 5.6 in [3], implies @ > uf. Altogether,
we have shown

W =uy. O

4. REGULARITY OF THE a-CONVEX ENVELOPE

Now our goal is to prove that the a-convex envelope is C! for o # 0 in
a strictly convex domain a suitable boundary data. This result could be
compared to the C1%result of Oberman and Silvestre [17] for the convex
envelope. We follow a similar path but our result is different and we make
a weaker assumption on the boundary data.

First, we introduce the following definition to state our assumptions on
the boundary data. The idea of this assumption is to prevent a wedge-
like behavior propagating from the boundary into the domain: we call the
desired behaviour, i.e. that the boundary function cannot be touched from
below by a V-shaped function, by NV (Not V).

Definition 4.1 (V-shaped touching). Given g : 922 — R we say that we can
touch g from below at xy with a V shaped function if there exist two smooth
functions 7 and 7 such that g(xg) = 7(x¢) = 7(x0), D (o) # D7(x0), and
for some r > 0 we have

max{r(z), 7 ()} < g(z)
for every x € B,(z9) NI and By(xo) N{z € Q : w(z) = 7(x)} = LN
B, (z9) N Q # ) for some hyperplane L.

Definition 4.2 (NV-property). We say that g : 9Q — R is NV or has
the NV-property if it cannot be touched from below at any point with a V
shaped function according to Definition 4.1.
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FiGURE 2. The function in Example 4.5.

We illustrate the need of the last condition in the definition of V-shaped
touching in the following example.

Example 4.3. We consider Q = B; C R% The function g(z,y) = = —
1 is NV (this will follow from Lemma 4.8). Consider 7(z) = x — 1 and

7(x) = 2 —x. This pair does not constitute a V-shaped touching since

{xeQ:nm(x) =7(x)} =0.

A differentiable function defined in an open set cannot be touched from
below at any point with a V shaped function. Since g is only defined in
0L, the definition of NV does not only involve the regularity of g but also
the regularity of the boundary of the domain. We illustrate the undesirable
behavior in the following examples.

Example 4.4. We consider Q2 = B; C R%. The function g(z,y) = || it is
not NV since we can touch it with a V shape function. We can verify this,
according to the Definition 4.1, by considering 7(z) = z and 7(z) = —=x.

Example 4.5. We consider = {(z,y) € R? : 22 — 1 <y < 1 — 22} and
g(z,y) = 1 — 22, see Figure 2. Even though g is smooth it is not NV. This
follows immediately by observing that g(x,y) = |y| on 9f.

Definition 4.6. We say that g is upper differentiable at zq if there exists a
linear transformation 7" such that

9(x) = g(wo) = T(x — o) < o]z — xol).

Observe that for a differentiable function we have that there exists T" such
that
l9(x) = g(wo) — T'(x — x0)| < o]z — o]).
So, in particular it is upper differentiable.
Also observe that an upper differentiable function may not be differen-

tiable. For example g(z) = —|z| is upper differentiable at 0 since the in-
equality holds for T' = 0.
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Lemma 4.7. If f and h are differentiable at xg, g is upper differentiable at
h(zo), f(xo) = g(h(zo)) and
f<goh

in a neighborhood of xo, then Df(xg) = TDh(xy) where T is the linear
transformation given by the definition of upper differentiable for g.

Proof. On the one hand, by the definition of diferentiable and upper differ-
entiable, we have

|h(z) — h(zo) + Dh(z0)(z — 20)| < 0(|2 — 20])

and

9(y) < g(h(zo)) + T(y — h(wo)) + ol|y — h(wo)])-
So we get, choosing y = h(x),
g(h(z)) < g(h(z0)) + T((Dh(zo)(z — o) + o]z — zol))
+ o(|Dh(zo)(z — zo)| + 0|z — z0[)])
= g(M(z0)) + TDh(z0)(x — 0) + of|z — zol).

On the other hand we have
f(x) = f(xo) + D f(xo)(z — x0) + o(|lz — zol),
and then we get
f(x) < goh(x)
f(xo) + Df(x0)(z — x0) < g(h(x0)) + T Dh(z0)(x — x0) + 0|z — o).
Since f(xo) = g(h(xo)) we obtain
D f(zo)(xz — zo) < TDh(xo)(x — x0) + o(|x — x¢])

(here we interpret T as the matrix corresponding to the linear transformation
so that T'Dh(xo) immediately makes sense) and we conclude that

D f(zo) = TDh(xo)
as desired. O

Lemma 4.8. Let Q be strictly convex with a differentiable boundary and g
upper differentiable, then g is NV.

Proof. Suppose not. Then there exists xg € d€) and two differentiable func-
tions 7 and 7 such that g(xg) = w(z) = 7(xg), Dr(zg) # D7(x¢) and for
some r > 0 we have

max{n(z), #(2)} < g(x)
for every x € B,(xo) N 0N and By(xg) N{zx € Q : w(z) = 7(x)} = LN
By(z9) N Q # 0 for some hyperplane L.

Since 0 is differentiable there exists a domain V' C RY¥~! and a regular
differentiable function h : V — RN (we consider smaller 7 if needed) that
parametrize B, (zg) N 0. We have

moh,Toh <goh.
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If T is the linear transformation given by the definition of upper differentia-
bility for g, by Lemma 4.7 the inequalities imply that at xg

DnDh =TDh = DwDh.

We have that at xg
(Dm — D7)Dh = 0.

Since h parametrices the boundary and is regular, Dh spans the tangent to
the boundary, so Dm — D7 is normal to the boundary. The hyperplane L
(the set where 7 and 7 coincide) is normal to Dm — D, so we get that L
has to be tangent to the boundary. Since {2 is strictly convex the tangent
plane is outside Q. We have reached a contradiction since L N § # (). (]

As an example where this result can be applied we mention the following.

Example 4.9. By Lemma 4.8, the function g(z,y) = —|z| on 0B; is NV
even though it is not smooth.

The NV-property can hold for non smooth domains as illustrated by the
following example.

Example 4.10. We consider Q = {(z,y) € R? : 22 — 1 <y <1 — 2%} and
g(x,y) = —+/|y|. Here we have the same domain as in Example 4.5 but the
function g is different.

Let us show that this function is NV. We do that at (1,0), the point (-1,0)
is analogous and in the rest of the points the domain is smooth. Suppose not.
Then we have the functions 7, 7 and the line L given by Definition 4.1,but
on the other hand it is impossible that such functions 7, 7 touch ¢ from
below at (1,0) since derivative of g is infinity there.

To be more precise, in a neighborhood of (1,0) we have that 7 or 7 is larger
than the other for the points of the boundary with a positive y, suppose 7 is.
Then 7(x,1—22) < —/1 — 22 with equality for x = 1, but this is impossible
since the derivative of the RHS at 1 is infinity and the LHS is smooth.

This shows that the concept of NV functions is quite rich as it contains
not only smooth functions in smooth domains (there are also other curious
examples).

Observe that the singularity of g plays an important role in Example 4.10.
A similar shaped function may fail. For example g(x,y) = —|y| is not NV.
This can be proved by considering 7(z,y) = 4(x — 1) + y and 7(z,y) =
4x—1)—y.

The next lemma states existence of a unique supporting a-hyperplane
for a-convex envelope under suitable assumptions. For the definition of an
a-hyperplane, see Definition 2.19.

Lemma 4.11. Let o # 0. If Q) is strictly convex and the boundary data g is
continuous and NV then the a-convex envelope u}, has a unique supporting
a-hyperplane at every point.
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FI1GURE 3. The function 7 in red.

Proof. The idea of the proof is as follows. If there are two supporting
a-hyperplanes, by the NV-property, we may find another a-hyperplane
such that the supremum of this a-hyperplane and the two supporting a-
hyperplanes would give a strictly larger a-convex envelope, a contradiction.

Observe that since u}, is a-convex we know that there is at least one
supporting a-hyperplane by Theorem 2.21. For the sake of contradiction,
suppose that there are two different ones at zy. That is we have

To(2) = v((z — 20,v)) and 7o(2) = 0({(z — 20,7))
where v, 7 € RN, Lov = Lot = 0, v(0) = 9(0) = u’,(20) and 74, 7o < ul.

Using the explicit representation found in Lemma 2.1, we write

1 1 ~
v(t) = a In(1+Ct) +u,(z) and o(t) = I In(1 + Ct) + u,(20).

(6%
We can select v and v (possible by changing them for —v and —7) such that
C,C >0.

Then, we can compute the set where 7, and 7, coincide, we have

o (14 Ol = 20,5) + w3 o),

Cz — z9,v) = Clz — 29, ),

(z — 29,Cv — CD) = 0.

Obse§ve that Cv # Cv (otherwise the functions m, and 7, would be the
same).

1
7o 1+ C(z = 20,v)) +ug(20) =

Now we construct a third a-hyperplane 7, see Figure 3. We want m =
Mo = g in L and
m < max{my, Ta }

and we want the equality to hold only on L.

We consider
m(z) = V((z — 20, p))
+ ug,

u}(z0), k > 0 and p is a unitary vector.

where V(t) = K%X In(1 + kt)

Observe that, since In(+) is a monotone function, the set where 7, is larger
than 7, is given by
Clz — z0,v) > Clz — 29, D)
that is,
(z — 2z9,Cv — C) > 0.
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There we want to have that m, is larger than m, and this set is given by
(z — 29,Cv — kp) > 0. So we need to impose that Cv — kp = p(Cv — C7)
for some p > 0. In a similar way we get Co — kp = q(é’l) — Cv) for some
g > 0. Thus we take kp = % and the equalities hold for p = ¢ = 1/2.
Observe that since Cv # CD we have kp # Ci and kp # Cv. Therefore
7w only coincide with the other two a-hyperplanes in L and we get that
m < max{my, T} outside L.

Let o € L N 0Q such that both 7, and 7, are defined there. If g(x¢) =
Ta(Z0) = Ta(xp) this contradicts the NV-property: This contradiction can
be obtained by observing that since the segment between zy and zq is con-
tained in €2, the last part of the definition of V-shape touching is verified,
LN contains points arbitrarily close to zg. Thus, we have g(zg) > 7 (xg) =
Ta(zo) and we can take € > 0 small enough such that 7 +¢ < g in a neigh-
borhood of zg. Since 912 is compact we can take € > 0 small enough such
that m 4+ ¢ < g everywhere.

Finally, we consider v = max{ming,e + m, 74, 7o }. By the above con-
struction we have v < g everywhere and we reach a contradiction since
v(20) = € + ug (20) > ud(20)- O

Next we prove Theorem 1.7 stating that if the boundary datum g is
continuous and NV then the a-convex envelope, u¥, is C*(Q).

Proof of Theorem 1.7. Let us start showing that v}, is differentiable inside 2.
From our previous result, Lemma 4.11, we know that the a-convex envelope
u}, has a unique supporting a-hyperplane at every point. Then, the natural
candidate to be the tangent plane for v} at z € Qis u’ (2) + (z — 29, D7, (2))
with 7, is the supporting a-hyperplane at z. Since m, is differentiable at z
we have

ue () = ug(2) = (& — 2, Dm2(2))
> ma(x) = ma(2) = (& — 2, D72(2)) = of|z — 2[)
as r — 2.

To show that
ui() — ul(2) — (@ — 2 Dr(2)) < ol — 2])

a

as © — z, we argue by contradiction. Assume that {z,} is such that z,, — z
and

(4.1) up (xy) — uh(2) — (xy — 2, Dy (2)) > clxy, — 2|.

Then, take {7, } the sequence of supporting a-hyperplanes at x,,. We have
that

(4.2) ug(y) > 72, (y) and ug(Tn) = g, (Tn).

Since u}, is Lipschitz we can extract a subsequence that we still denote by
{7z, } that converges uniformly in a neigbourhood of z to an a-hyperplane
o as n — oo. Passing to the limit in (4.2) we get

ua(y) Zm(y)  and  ug(z) = mo(z).
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Hence, the limit 7 is a supporting a-hyperplane at z. But now we observe
that, using (4.1), we have my # 7, a contradiction with the fact that the
supporting a-hyperplane at z is unique. This proves that

ug (%) — ug(2) — (z — 2, Dmz(2)) = o(|x — z)
as © — z and then u}, is differentiable at z (and its gradient is just the
gradient of the supporting a-hyperplane at z).

To end the proof we observe that the supporting a-hyperplane changes
continuously. To see this fact we can argue as before, take a convergent
sequence x,, — z and let {m,, } be the sequence of supporting a-hyperplanes
at x,,. As before, we have that 7., — 7 (first along a subsequence and since
the limit is unique eventually for all) and we conclude that the limit 7o must
be the supporting a-hyperplane at z, 7, (here we use again the uniqueness
result, Lemma 4.11). This shows that the supporting a-hyperplane varies
continuously: in particular observe that by the explicit form of supporting
hyperplanes, 75, — mp implies that also the gradients converge.

Now, we observe that the gradient of the a-convex envelope v, coincides
with the gradient of the supporting a-hyperplane at z that varies continu-
ously and we conclude that u}, € C1(€). O
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