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Abstract

We examine the small-sample accuracy of impulse responses obtained using local pro-
jections (LP) and vector autoregressive (VAR) models. In view of the fact that im-
pulse responses are differences between multistep predictors, we propose to assess the
relative performance of impulse-response estimators using tests for equal predictive
accuracy. In our Monte Carlo experiments, LP-based and VAR-based estimators are
found to be equally accurate in large samples under a mean squared error risk func-
tion. VAR-based estimators tend to have an advantage over LP-based ones in small

and moderately sized samples, particularly at long horizons.
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1 Introduction

Estimating impulse responses by the method of local projections (LP), as proposed by
Jorda (2005), has become an increasingly popular alternative to the conventional approach
based on vector autoregressive (VAR) models. For a wide range of empirically relevant
data-generating processes (DGPs), the two approaches are known to agree approximately,
both in population and in large samples, especially at impulse-response horizons of short
length (see Plagborg-Mgller and Wolf (2021)). Nevertheless, there is ongoing debate as to
whether LP-based estimators fare better or worse than VAR-based estimators, in terms of
bias and efficiency, in samples of relatively small or intermediate sizes like those that are
often used in empirical work (see Brugnolini (2018), Herbst and Johannsen (2021) and Li
et al. (2024), inter alia).

This paper contributes to the expanding literature on the relative merits of LP-based
and VAR-based approaches to impulse-response estimation by considering finite-sample
accuracy from a new perspective. Specifically, motivated by the observation that impulse
responses are forecasts conditional on specific innovations, we propose to assess the relative
performance of LP-based and VAR-based estimators by means of tests for equal predictive
accuracy (cf. Diebold and Mariano (1995), Harvey et al. (1997)). This way of evaluating
the accuracy of the two approaches, based on their relative performance with respect to
a mean squared error risk function, allows us to draw conclusions about the statistical
significance, or otherwise, of the differences between the estimation errors associated with
the two competing methods of impulse-response estimation. The approach is, to our
knowledge, novel and a useful addition to the more familiar bias/efficiency comparisons
that are found in the literature.

By means of Monte Carlo experiments, we demonstrate that, under a finite-order VAR
DGP, there is not much to choose between the two estimators of impulse responses in
large samples in terms of predictive ability (evaluated with a quadratic loss function). By
contrast, in small and moderately sized samples, VAR-based estimators outperform LP-
based ones, particularly at long horizons where LP-based estimators of impulse responses

tend to be significantly biased.



The organization of the paper is as follows. Section 2 introduces the impulse-response
estimators of interest. Section 3 presents and discusses the results of a simulation study
that compares LP-based and VAR-based estimators of impulse responses in terms of finite-

sample bias and predictive accuracy. Section 4 summarizes and concludes.

2 VAR-Based and LP-Based Impulse-Response Estimators

Consider the first-order VAR model for the K-dimensional time series y; = (Y1, ..., Yit)
given by
p=p+Py_1+¢e, t=1,2,...,T, (1)

where p is a K-dimensional vector of constants, ® is a K x K parameter matrix, and
et = (e14, ..., ext)" are K-dimensional random vectors such that E[g;] = 0, E[g£l.] = 0 for
t # r and Elge}] = X, with ¥ being a finite and positive definite matrix. Higher-order
VAR models can be written in this form with appropriate redefinition of 3, u, ® and &;.

For any nonnegative integer 7, the impulse response of y; at horizon 7 to a shock
of size 6 = (01,...,0x)" at date ¢ may be defined in general as the difference between
two conditional expectations of 3;1,, one which is conditional on the information set
Yi—1 = {yt—1,Yt—2, ...} and on a shock of size  to &; and one which is conditional on Y;_;
alone (Koop et al. (1996)). More formally, the impulse response function of y; to a shock

of size J is
R(T, 5) = E[yt+7-|5t = 5, thl] — E[yt+7|5t = 0, thl], T = 0, 1, 2, e (2)

Hence, when the DGP is the model in (1) with parameter matrix ® of spectral radius less

than 1, it can be easily verified that
R(7,0) = ®76. (3)

Evidently, R(7,d) is invariant with respect to Y;_; in this case and tends to the zero vector
as 7 tends to infinity.
Given any horizon 7, the conventional approach to estimating impulse responses (under

a maintained first-order VAR model) amounts to replacing ¢ in (3) with its ordinary least-



squares estimator ® to obtain the VAR-based estimator
Ryar(7,8) = ®76.

An alternative approach, put forward by Jorda (2005), is to rely on the linear projection
model

yt+T:CT+BTyt+uT7t+T7 t:1727"‘7T_T7 (4)

where ¢, is a K-dimensional vector of constants, B, is a K x K parameter matrix, and
Ur 4+ is a K-dimensional projection error that is autocorrelated in general (for instance,
Urptr = 9 1y ®"*e, ;. when y; satisfies (1) and ® has spectral radius less than 1). The

standard LP estimator of R(7,0d) is
Rip(r,8) = Byd,

where B; is the ordinary least-squares estimator of B in (4) (with By equal to the identity
matrix of order K). Note that, unless it is maintained that the DGP is the VAR model
in (1), LP impulse response estimates may be obtained from linear projections of ;4
onto a constant and (¢, y¢t—1,...,Yt—p) for some positive integer p that need not be the
same for different horizons 7 (in practice, p may be determined by means of conventional

information-based criteria).

3 Bias and Predictive Accuracy of Impulse-Response Esti-

mators

This section presents and discusses the results of Monte Carlo experiments designed to
shed light on the comparative performance of VAR-based and LP-based impulse responses
in terms of bias and predictive accuracy. In order to focus on these two aspects of impulse
responses, we abstract from issues associated with structural identification of impulse
responses (by assuming that the covariance matrix of the Wold innovations is diagonal),
as well as from issues related to model misspecification (by assuming that VAR-based

impulse responses are obtained from a correctly specified model).



The DGP used in the experiments is a bivariate version (K = 2) of the VAR model in
(1), with p = (0.4,0.4)" and &; being normally distributed with identity covariance matrix.

We consider two stable parameter configurations:

; DGP-2: & =

0.36 0.49

DGP-1: & — 0.49 0.36
0.75 0.40

0.80 0.10 ]

Letting e; = (1,0)" and es = (0,1)’, the objects of interest are the horizon-7 impulse
responses R;(T,ej) = e,R(T,e;) = €;®7e; (i,j = 1,2) and their VAR-based and LP-based
estimators EVAR7Z‘(7', ej) = e;ﬁVAR(T, e;) and }?{vai(T, ej) = e’i}A%Lp(T, e;), respectively. All

reported simulation results are obtained from 1000 artificial samples.

3.1 Bias

Monte Carlo estimates of the bias of VAR-based and LP-based estimators of impulse
responses at each horizon 7 = 1,2,...,15 are shown in Figure 1 for sample sizes T" =
100, 400, 1600. The clear pattern that emerges from these plots is that the finite-sample
bias of both estimators is a decreasing function of the sample size and that the VAR-based
estimator has an advantage at all horizons. A notable difference between the two estima-
tors is that the bias of the VAR-based estimators of impulse responses tends to decrease
in general (albeit not necessarily monotonically) as 7 increases. By contrast, the bias of
LP-based estimators has a tendency to increase as the horizon length 7 becomes longer.
In the next sub-section we consider whether the differences in the observed estimation
errors committed by the two approaches are significant enough for one procedure to be

considered to outperform the other.

3.2 Predictive Accuracy

Since horizon-7 impulse responses are in essence differences between 7-step-ahead pre-
dictors, the relative accuracy of VAR-based and LP-based estimators may be assessed
by comparing their predictive accuracy using the methodology of Diebold and Mariano

(1995), or its small-sample modification discussed in Harvey et al. (1997). Specifically, let

dij(T) = {Ri(T? ej) - ELP,i(Tv ej)}2 - {Ri(Tﬂ ej) - EVAR,i(Tv ej)}2v 1,J=1,2,



be the difference between the squared errors associated with the LP-based and VAR-based
estimators of the horizon-7 impulse response of Yj; to €;;. The hypothesis of equal accuracy,
with respect to the mean squared error risk function, may be formulated as E[d;;(7)] = 0,
whereas E[d;;(7)] > 0 implies that VAR-based impulse responses are more accurate than
LP-based ones.

Following Harvey et al. (1997), when N horizon-7 differentials d;; s(7), s =1,2,..., N

)

(N > 7), are available, with arithmetic mean d;;(7) = N~ 32N dy; o(7), a test for equal

accuracy may be based on the statistic

N+1—2T+N1T(T—1)}1/2—

Dyr) = { -5 Bi(r), )

where @W;;(7) is the estimator of the asymptotic variance of N 1/ 2d,;; (1) given by

N 7—1 N
Bij(1) = N1 {dijs(r) —dig(M)YP+2N"D > {dija(7) = dij () Hdij s (1) — dij (1) }.
s=1

k=1 s=k+1

The null hypothesis of equal accuracy is rejected at level «, in favour of the one-sided
alternative that VAR-based responses are superior, if D;;(7) exceeds the (1 —«)th quantile
of the Student-¢ distribution with N — 1 degrees of freedom.

The differentials d;; s(7), s = 1, ..., N, are constructed in our analysis using a recursive
scheme. More specifically, for each artificial time series of length 7" = 100, 200, 400, 800, 1600
from DGP-1 or DGP-2 and each horizon 7 = 1,2,...,15, impulse responses ]?EVAR,i(T, e;)
and ELP77;(T, ej) are computed using the first Ty = 60 data points to obtain d and ET.
This is then repeated for the first Ty +1,Tp+2,...,T data points to obtain N =T —Ty+1
differentials d;; s(7) in total.

Tables 1 and 2 show the percentage of artificial samples in which VAR-based impulse
responses are found to be more accurate than LP-based responses according to a 5%-level
test based on the statistic in (5). The results suggest that the use of VAR-based impulse
responses is preferable in samples comprising 200 observations or less, especially so at long
horizons; at such horizons, VAR-based responses have a clear advantage over LP-based
responses under both DGPs. For medium-sized samples of 400 observations, there is
not much to choose between the two competing estimators, although VAR-based impulse

responses tend to have a slight advantage the longer the impulse horizon is. Finally,



for samples of 800 observations or more, the hypothesis of equal accuracy is very rarely
rejected.

Simulation results (not shown) for a 5%-level test of the hypothesis of equal accuracy
(E[d;j(7)] = 0) against the one-sided alternative that VAR-based impulse responses are
less accurate than LP-based responses (E[d;;(7)] < 0) reveal that the null hypothesis is
very rarely rejected. The highest rejection rates (ranging between 8% and 13%) were
obtained for R;(7,e1) and Ra(7,e1) under DGP-2, when 7 > 2 and T = 100.

We note that these results based on predictive accuracy tests are generally in agree-
ment with the findings in the simulation exercises of Brugnolini (2018) and Herbst and
Johannsen (2021), who also report that VAR-based estimators of impulse responses have
superior performance when using well-specified models that contain the DGP. For DGPs
that do not admit a finite-order VAR representation, the results in Li et al. (2024) sug-
gest that while LP-based and VAR-based estimators tend to perform similarly at short
horizons, they behave differently at intermediate and long horizons, with VAR-based es-

timators being a more attractive choice in terms of mean squared error loss.

4 Conclusion

This paper has investigated the comparative performance of VAR-based and LP-based
estimators of impulse responses in terms of finite-sample predictive accuracy. Motivated
by the observation that impulse responses are differences between optimal predictors, we
have examined whether VAR-based and LP-based estimators of impulse responses have
equal predictive ability (with respect to the mean squared error risk function) using a mod-
ification of the Diebold—Mariano approach. This is a novel way of assessing the statistical
significance of the differences in the estimation errors associated with the two compet-
ing approaches. The results of a simulation study have shown that there is not much to
choose between the two estimators of impulse responses in large samples. However, in
small and moderately sizes samples similar to those commonly used in applied macroe-
conomics, VAR-based estimators have an advantage over LP-based ones, particularly at

long horizons where LP-based estimators tend to be significantly biased.



Obvious potential extensions of the approach put forward in this paper involve ex-
ploration of the properties of VAR-based and LP-based estimators, and of bias-corrected
variants of them, under more general DGPs, different structural identification schemes,

and potential VAR model misspecification.
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Figure 1: Simulation-Estimated Bias of LP-Based and VAR-Based Estimators
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Table 1:

Percentage Rejections of the Hypothesis of Equal Accuracy Under DGP-1

Ri(7,e1)

-, It 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 00 245 265 301 325 349 383 392 425 46.7 514 542 605 66.1 69.6
200 | 0.0 121 124 15.0 146 163 17.8 17.9 19.9 227 246 269 293 32.6 345
400 |00 57 52 68 68 65 70 66 79 94 109 139 13.6 140 174
800 |00 20 24 33 33 19 37 40 57 49 60 67 62 67 75
1600 | 00 1.0 10 07 08 10 17 22 22 26 26 22 21 29 31

Ri(7,e2)

, Iy 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15
100 | 0.0 201 227 245 27.8 295 360 389 424 454 484 55.1 61.8 654 70.9
200 | 0.0 89 96 114 134 145 161 182 198 23.1 26.3 302 320 3.7 36.9
400 | 00 41 52 50 49 61 72 7.8 95 92 113 113 12.8 140 16.2
80000 19 20 23 23 27 31 34 30 45 42 43 54 56 65
1600 |00 0.7 12 08 13 15 22 10 15 16 22 22 32 32 33

R2(77€1)

. It 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 00 22.0 253 255 27.6 335 362 389 404 475 524 572 609 67.3 70.0
200 | 0.0 84 114 124 138 162 167 18.6 182 216 245 276 291 324 349
400 | 00 45 64 52 53 61 56 71 79 103 124 118 145 142 16.1
800 |00 22 28 24 28 30 38 38 50 48 61 61 57 62 69
1600 | 00 0.7 08 12 08 14 16 16 23 19 20 22 28 23 34

Ry (T, e2)

) Iy 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 00 25.1 25.0 253 30.8 343 365 39.9 432 460 496 543 616 645 694
200 | 0.0 12.3 114 136 146 17.0 183 179 188 23.1 27.7 290 317 32.2 358
400 |00 49 51 52 61 61 67 7.9 89 103 123 126 133 135 154
800 |00 23 23 23 27 28 38 35 37 41 48 42 59 60 67
1600 | 00 05 04 16 09 14 11 20 16 21 28 25 27 28 21
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Table 2: Percentage Rejections of the Hypothesis of Equal Accuracy Under DGP-2

Ri(7,e1)

-, It 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 0.0 21.0 221 219 250 274 29.1 30.8 32.2 356 394 423 456 496 5L5
200 | 0.0 7.8 94 107 102 10.6 108 11.8 11.4 134 152 173 192 21.5 237
400 | 0.0 31 39 42 43 34 37 44 44 56 52 66 72 83 89
80000 17 11 1.8 12 11 14 14 14 16 14 15 22 20 27
1600 | 00 06 07 05 05 04 04 04 05 04 04 03 02 04 05

Ri(7,e2)

, Iy 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15
100 | 0.0 194 223 241 26.7 298 344 385 425 480 504 554 61.1 632 689
200 | 0.0 87 107 122 121 14.0 153 167 186 214 233 27.3 289 30.7 34.3
400 | 00 35 37 49 46 49 65 64 T4 70 84 100 105 12.0 13.3
80000 25 13 19 20 23 33 28 32 32 33 34 34 39 43
1600 |00 12 06 09 15 15 18 16 18 21 20 18 14 20 25

Ry (T,e1)

. It 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 0.0 17.9 170 184 21.1 221 246 265 293 32.8 339 39.9 42.9 439 495
20000 81 75 79 90 82 94 89 105 124 132 157 176 169 20.3
400 |00 34 35 38 36 26 24 30 39 50 59 62 72 79 73
80000 18 21 14 18 13 13 13 18 13 11 16 21 23 22
1600 |00 03 06 07 06 06 04 04 09 07 06 06 06 07 02

Ry (T, e2)

) Iy 2 3 4 5 6 7 8 9 10 11 12 13 14 15
100 | 00 23.7 23.0 252 27.7 312 344 383 396 47.2 499 552 59.9 639 66.8
200 | 0.0 104 114 125 139 13.9 162 165 17.0 20.1 23.8 267 304 312 34.6
400 |00 36 55 52 51 57 66 69 64 83 7.6 100 107 134 136
800 | 00 20 23 20 23 20 27 26 35 39 35 41 35 39 45
1600 |00 05 08 17 14 13 15 13 15 17 14 21 10 17 17
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