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A VISCOSITY FRAMEWORK FOR DYNAMIC PROGRAMMING

PRINCIPLES AND APPLICATIONS

FÉLIX DEL TESO, JULIO D. ROSSI, AND JORGE RUIZ-CASES

Abstract. In this work we introduce a viscosity-based notion of solution for general approx-
imation schemes associated with partial differential equations, such as dynamic programming
principles (DPPs). A key feature of our approach is that it bypasses any measurability requirement
on solutions of the DPP, an assumption that is often difficult to verify and may even fail in relevant
examples. We establish a comparison principle between classical strict supersolutions and viscosity
subsolutions of the DPP, which yields stability results under minimal and natural hypotheses. As a
consequence, we prove existence of viscosity solutions of the DPP and their convergence to viscosity
solutions of a PDE that is consistent with the underlying approximation scheme. Moreover, we show
that solutions of the limiting PDE admit an asymptotic expansion encoded by the approximation
operator. Finally, we demonstrate that a broad class of local, nonlocal, and nonlinear partial
differential equations fits into our framework, recovering known examples in the literature and
completing gaps in the existing literature.
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1. Introduction

We consider a family of operators aρ, typically of average-type and possibly arising from an
approximation of a differential operator. A classical example is provided by the asymptotic expansion
of the Laplacian: for any smooth function φ,

−∆φ(x) =
2(N + 2)

ρ
(φ(x)− aρ(x, φ)) + oρ(1), where aρ(x, φ) = −

∫
B√

ρ(x)
φ(y) dy.

The operator Aρ defined by

Aρ(x, φ, φ(x)) :=
2(N + 2)

ρ
(φ(x)− aρ(x, φ))

is usually referred in the literature as a consistent approximation of −∆ in the sense that

−∆φ(x) = Aρ(x, φ, φ(x) + o(ρ)).
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More generally, let F be a second–order elliptic operator and assume that Aρ provides a consistent
approximation of F in the sense that for every smooth test function φ,

F
(
x, φ(x),∇φ(x), D2φ(x)

)
= Aρ(x, φ, φ(x) + o(ρ)), with Aρ(x, φ, φ(x)) =

c

ρ
(φ(x)− aρ(x, φ)) .

It has been systematically observed in the literature that the aforementioned consistency property
closely relates the following two statements:

(I) Approximation schemes. The family of solutions {uρ}ρ>0 of

(1.1)

{
Aρ(x, uρ, uρ(x)) = 0, x ∈ Ω,

uρ(x) = g(x), x ∈ RN \ Ω,

(
or,

{
uρ(x) = aρ(x, uρ), x ∈ Ω,

uρ(x) = g(x), x ∈ RN \ Ω,

)
converges uniformly, as ρ→ 0+, to the unique viscosity solution of

(1.2)

{
F
(
x, u(x),∇u(x), D2u(x)

)
= 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω.
Here we put a greater emphasis on solutions of the approximation scheme, and how those are related
to solutions of the equation. This property is typically known as “convergence” in the context of
numerical analysis.
(II) Asymptotic mean value property. A function u is a solution of

(1.3) F
(
x, u(x),∇u(x), D2u(x)

)
= 0 in Ω

if and only if it satisfies the asymptotic mean value formula,

(1.4) Aρ(x, u, u(x) + o(ρ)) = 0, (or, u(x) = aρ(x, u) + o(ρ)) , as ρ→ 0+ for all x ∈ Ω.

Solutions to both the PDE and the asymptotic mean value formula are understood in the viscosity
sense. Here the emphasis is on the solutions the PDE, and how they are almost solutions to the
approximation scheme. This property is sometimes referred as “local truncation error” in the
context of numerical analysis.

Remark 1.1. Problem (1.1) provides a unifying framework for game theory, optimal control and
numerical analysis. In game theory, they naturally arise as an intermediate step between the game
and the PDEs, as they characterize the value of the game. In optimal control, they encode optimal
decision-making over time. And in numerical analysis, DPPs work as approximation schemes that
converge to the continuous solution of the PDE. Following the terminology used in some of these
areas, we will refer to problem (1.1) as Dynamic Programming Principle (DPP).

Relevance of problems (I) and (II). The relevance of both problems (I) and (II) is well established;
nevertheless, we briefly recall them for the reader’s convenience. Concerning problem (I), it is
often significantly easier to analyze solutions of the DPP than to deal directly with solutions of the
corresponding PDE. By passing to the limit in the approximation scheme, solutions of the DPP can
be used not only to establish existence results for the PDE, but also to infer qualitative properties
that may be considerably more difficult to obtain through purely PDE-based arguments.

Regarding problem (II), characterizing solutions of the PDE through an asymptotic mean value
property often provides valuable structural insight into the nature of the solutions. Among other
consequences, since the operator Aρ typically does not impose differentiability requirements, this
characterization allows one to extend the notion of solution of the PDE to more general functional
settings, where classical differentiability may not be available.

The present paper has four main goals related to problems (I) and (II).

Objective 1. One of the main challenges in the study of dynamic programming principles is to
prove the existence of solutions to (1.1). A typical approach consists in looking for a fixed point of
the operator

T [u](x) := aρ(x, u).
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For this purpose, one needs to identify a suitable functional space X such that T : X → X . Since
the operator T usually involves some form of integral averaging, the space X is often required to be
contained in the set of measurable functions. However, this requirement may fail to hold even in
relatively simple examples. Indeed, there exist DPPs (associated with meaningful PDEs) for which
no existence theory of classical solutions is available precisely due to measurability issues.

A simple representative case is given by the averaging operator

aρ(x, u) = α −
∫
B√

ρ(x)
u(y) dy + (1− α) sup

y∈Bρ(x)

u(y),

with α ∈ (0, 1), which arises naturally in the study of the equation −∆u − |∇u| = 0. While the
integral term clearly maps measurable functions into measurable functions, it was shown in [44] that
the supremum term supy∈Bρ(x)

u(y) may fail to be Borel measurable, even when u itself is Borel

measurable.

Another prominent and more recent example is provided by the averaging operator associated to
the infinity fractional Laplacian, see [8]. There, the approximation operator found in [21] involves
directional suprema and infima along one-dimensional integrals on rays. The question of existence of
solutions to the DPP is open since it is not known whether this averaging operator maps measurable
functions to measurable functions. Using the theory developed in this paper, we solve the existence
problem in Section 8, Example 8.6.

The present work is motivated by the observation that these measurability requirements constitute
a genuine obstruction, rather than a merely technical inconvenience. Avoiding such complications is
a main goal of this paper. To overcome this difficulty, we introduce a notion of viscosity solution to
the DPP (1.1) that completely avoids measurability issues. Even in situations where measurability
can be guaranteed, verifying it may require delicate and technically involved arguments.

An additional motivation for introducing a viscosity-type notion of solutions for the DPP is that
it completes the viscosity framework underlying problems (I) and (II). Indeed, the boundary value
problem (1.2) appearing in problem (I), as well as the PDE (1.3), and the asymptotic mean value
formula (1.4) in problem (II) are all interpreted in the viscosity sense. It is therefore natural and
conceptually consistent to extend the notion of viscosity solutions to the DPP (1.1) as well.

Our new notion of solution for (1.1) is inspired by the classical theory of viscosity solutions for
elliptic PDEs: sub- and supersolutions are defined using smooth test functions, and a solution is
understood as a function that is both a subsolution and a supersolution.

The main strengths of this approach can be summarized as follows:

• It eliminates the need to verify measurability (or any other structural property of the solution
space) altogether.

• It is naturally suited to Perron-type arguments and is designed to guarantee existence of
solutions under minimal assumptions on Aρ (or, equivalently, on aρ).

• Just as in the PDE case, there is an easy-to-check comparison result, under minimal
hypotheses, between a classical strict supersolution and a viscosity subsolution (and vice
versa) of the DPP.

The present work can be regarded as a follow-up to [43]. There, the authors also provide a
systematic approach to solving explicit DPPs in the classical sense. However, their approach relies
on the hypothesis that the pointwise supremum of nice subsolutions remains nice, where nice could
mean, for instance, measurable. We consider this to be a very strong assumption, which our method
completely bypasses.

Objective 2. One of the hypotheses required both for the previous existence result for the DPP
and for the convergence result toward solutions of the PDE (Objective 3) is that of stability : namely,
we require the existence of an upper bound for any viscosity subsolution (resp. a lower bound for
any viscosity supersolution) uρ of the DPP.
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In the context of the DPP, these bounds may depend on ρ; however, in order to obtain convergence
to the PDE, they must be uniform with respect to ρ. We address this issue by means of the comparison
result for the DPP mentioned above, under the assumption of the existence of a classical strict
supersolution (resp. subsolution).

In order to check stability properties of the DPP, we provide a systematic approach to constructing
such strict supersolutions, based on smooth solutions of the limiting PDE together with a consistency
property of the scheme. This technique is useful to establish the hypotheses of both Objective 1
and also in the forthcoming Objective 3.

Objective 3. Here, our aim is to study the convergence of viscosity solutions uρ of the DPP
toward solutions of the PDE. The tools developed above allow us to recover property (I) within the
framework of viscosity solutions of the DPP (1.1), under weaker assumptions than those traditionally
imposed.

In particular, this result can be viewed as a refinement of the classical work of Barles and
Souganidis [7], where the existence of classical solutions of (1.1) was required in order to guarantee
convergence of the approximation scheme. Moreover, by exploiting the method described in
Objective 2, we are able to dispense with the stability assumption altogether.

Objective 4. Our final goal is to present a general and systematic treatment of the equivalence
between being a solution to the PDE

F
(
x, u(x),∇u(x), D2u(x)

)
= 0,

and being a solution to the asymptotic mean value property

(1.5) Aρ(x, u, u(x) + o(ρ)) = 0, (or u(x) = aρ(x, u)− o(ρ)) , as ρ→ 0+,

both notions being understood in the viscosity sense. We define viscosity solutions for the asymptotic
mean value formula giving a rigorous interpretation of formula (1.5) in the weakest natural way.

Adopting this interpretation of viscosity solutions for the mean value formula allows us to prove
that the following consistency condition

lim
ρ→0+

Aρ(x, φ, φ(x) + o(ρ)) = F (x, φ(x),∇φ(x), D2φ(x)) for all φ ∈ C∞
b (RN ).

In fact a weaker version of it, see Theorem 2.20, already yields the equivalence between viscosity
solutions of the PDE and viscosity solutions of the asymptotic mean value formula, essentially by
definition.

1.1. Comments on related literature. Mean value formulas for linear operators beyond the
Laplacian have been studied in the literature. Littman et al. [42] proved a mean value theorem
for linear divergence-form operators with bounded measurable coefficients. Caffarelli [17] (see
also [14, 18]) highlighted a related result in terms of mean value sets.

They are also widely known for nonlinear operators. The most classical example in this setting is
the normalized (also called 1-homogeneous or game-theoretic) p-Laplacian, see [46, 48]. For historical
context and further reading, we refer to the works [1, 2, 9, 10, 11, 16, 19, 23, 24, 26, 27, 28, 29, 30,
34, 36, 37, 40, 41, 43, 44, 45, 46], as well as to the recently published books [13, 39]. These works
cover a wide range of nonlinear equations, including Monge–Ampère equations, k-Hessians, Bellman
equations, geometric flows, and more, for which mean value formulas satisfying properties (I) and (II)
are available.

It is also worth mentioning that there are cases in which the asymptotic mean value formula (1.4)
(and also others) holds pointwise. Examples can be found in [2, 23, 41].
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1.2. Structure of the paper. In Section 2, we introduce the main definitions and state our main
results. Section 3 is devoted to the proof of existence of viscosity solutions to the DPP. In Section 4,
we establish a comparison principle and discuss its role within the overall framework. Section 5
addresses the convergence of solutions of the DPP to solutions of the limiting PDE. In Section 6, we
prove the equivalence between solutions of the asymptotic mean value formula and solutions of the
PDE. Finally, Section 7 presents several possible extensions of the theory, while Section 8 illustrates
the scope of our results by showing that our theory covers and extends most of the known examples
in the literature.

2. Definitions and main results

Consider X to be set of bounded functions from RN to R, that is

X := {f : RN → R such that sup
x∈Ω

{|f(x)|} <∞},

and let X be a fixed subset of X .

Remark 2.1. Throughout the paper, and in view of the previous examples, one may think of X as
the set of bounded measurable functions from RN to R. Moreover, the extra inclusion C∞

b (Ω) ⊂ X
will sometimes be required. For example, it will be useful when dealing with test functions in the
study of the convergence of DPP solutions towards the solution of the associated PDE.

Remark 2.2. Using RN in the definitions of X and X plays no role in when discussing a viscosity
solution of the DPPs, and could be easily change to any other set. However, we keep RN for
simplicity.

Given a function A : RN × X × R → R we consider the associated implicit DPP through the
following definition.

Definition 2.3. Let A : Ω×X × R → R. We say that u ∈ X is a classical solution of associated
implicit DPP inside an open domain Ω if

A(x, u, u(x)) = 0 for all x ∈ Ω.

Remark 2.4. The terminology “implicit” in the previous definition is used to emphasize that, in
general, it may not be possible to identify an explicit averaging operator a such that u(x) = a(x, u).
This is the case, for instance, for the implicit DPP introduced in [23], which is valid for the p-
Laplacian operator div

(
|∇u|p−2∇u

)
, and is given by

Aρ(x, u, u(x)) =
C

ρp
−
∫
Bρ

|u(x+ y)− u(x)|p−2
(
u(x+ y)− u(x)

)
dy

for some constant C > 0 depending only on N and p.

The existence of an associated averaging operator a can nevertheless be guaranteed under very
mild assumptions on A, which are the following:

(a) A is nonincreasing in the second variable; that is, for every (x, s) ∈ Ω×R and every φ1, φ2 ∈
X such that φ1 ≤ φ2 in RN , we have

A(x, φ2, s) ≤ A(x, φ1, s).

(b) A is nondecreasing in the third variable; that is, for every (x, φ) ∈ Ω×X and every s1, s2 ∈ R
such that s1 ≤ s2, we have

A(x, φ, s1) ≤ A(x, φ, s2).

(c) For every (x, φ) ∈ RN × X , the function θ : R → R defined by θ(s) := A(x, φ, s) admits a
unique zero; that is, there exists a unique s0 ∈ R such that θ(s0) = 0.
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Remark 2.5. If in assumption (b) we additionally assume that A is strictly increasing in the third
variable, then in (c) it would be sufficient to require existence of a solution s to A(x, φ, s) = 0, since
uniqueness would then follow from (b).

Remark 2.6. Observe that, thanks to assumption (c) on A, we can define a : RN ×X → R by

a(x, φ) := sx,φ,

where sx,φ is the unique value such that A(x, φ, sx,φ) = 0. This gives rise to an equivalent “explicit”
DPP, namely,

A(x, u, u(x)) = 0 ⇐⇒ u(x) = a(x, u).

Note that, thanks to the monotonicity assumptions (a) and (b) on A, the operator a is nonde-
creasing in its second variable. Indeed, if φ1 ≤ φ2, then

A(x, φ2, sx,φ1) ≤ A(x, φ1, sx,φ1) = 0 = A(x, φ2, sx,φ2),

and by the monotonicity of A with respect to the third variable we conclude that

a(x, φ1) = sx,φ1 ≤ sx,φ2 = a(x, φ2).

Remark 2.7. Conversely, if a mapping a : Ω×X → R that is nondecreasing in the second variable
is given, we can define

A : Ω×X × R → R
by

A(x, φ, s) := s− a(x, φ).

Observe that A trivially satisfies assumptions (a)–(b)–(c). However, this is not the only way to
define A from a, and sometimes there may be other convenient choices, depending on the consistency
assumptions. We postpone this discussion to the end of Section 5.

We can now define classical solutions to the following DPP with boundary values:

(2.6)

{
A(x, u, u(x)) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

(
or equivalently,

{
u(x) = a(x, u), x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω.

)
Definition 2.8 (Classical solution of the DPP with boundary values). Let Ω ⊂ RN be an open
domain, let g : RN \ Ω → R, and let A : Ω × X × R → R satisfy assumptions (a)–(b)–(c).
Let a : RN ×X → R be defined as in Remark 2.6.

We say that u ∈ X is a classical supersolution of (2.6) if u(x) ≥ g(x) for all x ∈ RN \ Ω, and

A(x, u, u(x)) ≥ 0
(
equivalently, u(x) ≥ a(x, u)

)
, for all x ∈ Ω.

We say that u ∈ X is a classical subsolution of (2.6) if u(x) ≤ g(x) for all x ∈ RN \ Ω, and

A(x, u, u(x)) ≤ 0
(
equivalently, u(x) ≤ a(x, u)

)
, for all x ∈ Ω.

Finally, u ∈ X is called a classical solution if it is both a classical subsolution and a classical
supersolution.

Note that we assume that we have an explicit A but, in general, a is not explicit, the only
information we have about a is through its relation with A.

Remark 2.9. One may regard the exterior datum g either as part of the operator A or as part of
the mean value operator a. To this end, we define

B(x, φ, s) :=

{
A(x, φ, s), x ∈ Ω,

s− g(x), x ∈ RN \ Ω,
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or, equivalently,

b(x, φ) :=

{
a(x, φ), x ∈ Ω,

g(x), x ∈ RN \ Ω.

Then, u ∈ X is a classical supersolution of (2.6) if and only if

B(x, u, u(x)) ≥ 0
(
equivalently, u(x) ≥ b(x, u)

)
for all x ∈ RN ,

and analogously for classical subsolutions. Thus, solving the DPP with boundary values (2.6)
according to Definition 2.8 is equivalent to solving B(x, u, u(x)) = 0 (or equivalently, u(x) = b(x, u))
for all x ∈ RN .

Note that assumptions (a)–(b)–(c) are also satisfied by B, and that the operator b remains
nondecreasing in its second variable.

We now introduce a relaxation of the previous definition based on the ideas of viscosity solutions
for PDEs. Recall that we work with the spaces X and X , with the inclusion

X ⊂ X .

Definition 2.10 (Viscosity solutions of the DPP). Let Ω ⊂ RN be an open domain, let g : RN \Ω →
R, and let A : Ω× X × R → R satisfy assumptions (a)–(b)–(c). Let a : Ω × X → R be defined as
in Remark 2.6.

We say that u ∈ X is a viscosity supersolution of (2.6) if u(x) ≥ g(x) for all x ∈ RN \ Ω, and
for all x ∈ Ω we have that

A(x, φ, u(x)) ≥ 0 (or equivalently, u(x) ≥ a(x, φ)), for all φ ∈ X such that φ ≤ u.

We say that u ∈ X is a viscosity subsolution of (2.6) if u(x) ≤ g(x) for all x ∈ RN \ Ω, and for
all x ∈ Ω we have that

A(x, φ, u(x)) ≤ 0 (or equivalently, u(x) ≤ a(x, φ)), for all φ ∈ X such that φ ≥ u.

Finally, a function u ∈ X is called a viscosity solution if it is both a viscosity subsolution and a
viscosity supersolution.

Although at first glance this may seem different from the usual definition of viscosity solutions
for PDEs (see Definition 5.1 below), it is based on the same fundamental idea. Namely, one tests
the equation against suitably “good” functions for which the operator is well defined, and then
characterizes super- and subsolutions via comparison, taking advantage of the monotonicity of the
equation.

The key point of the above definition is that, for viscosity subsolutions or supersolutions, only
boundedness of u (u ∈ X ) is required, and the quantity a(x, u) may not even be well defined
(since a : Ω×X → R), for instance due to measurability issues, as discussed above.

There is another possible definition of a viscosity notion of solution to the DPP (although later
shown to be equivalent), which allows us to treat the solution in a pointwise sense. Given an
operator A : Ω×X × R (resp. a : Ω×X → R), we define the extended operators

A,A : Ω×X × R (resp. a, a : Ω× X → R)

as follows:

A(x, ψ, s) := inf
φ∈X
φ≤ψ

A(x, φ, s), (resp. a(x, ψ) := sup
φ∈X
φ≤ψ

a(x, φ), )

and

A(x, ψ, s) := sup
φ∈X
φ≥ψ

A(x, φ, s), (resp. a(x, ψ) := inf
φ∈X
φ≥ψ

a(x, φ).)
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Remark 2.11. It is straightforward to verify that both A and A are nonincreasing (resp. a and a
are nondecreasing) in the second variable. Moreover, one easily checks that

A(x, ψ, s) ≤ A(x, ψ, s) (resp. a(x, ψ) ≤ a(x, ψ)) for all ψ ∈ X .
Finally, if ψ ∈ X , the monotonicity of a in the second variable implies that

A(x, ψ, s) = A(x, ψ, s) = A(x, ψ, s) (resp. a(x, ψ) = a(x, ψ) = a(x, ψ)).

In particular, this implies that any classical subsolution (respectively, supersolution) is also a viscosity
subsolution (respectively, supersolution).

Remark 2.12. The idea of using the monotonicity of an operator to extend its definition to a more
general class of functions via a supremum or an infimum is widespread in analysis. For instance, in
the definition of the Lebesgue integral, one first defines the integral for simple functions and then
extends it to general nonnegative functions f by setting∫

f = sup

{∫
ϕ : ϕ ≤ f, ϕ simple

}
.

Only when f is measurable does this quantity coincide with the usual Lebesgue integral. Since we will
observe that this definition is essentially of viscosity type, it can be regarded as a viscosity approach
to integration.

We are now ready to give a second equivalent generalized notion of solution for the DPP with
boundary values (2.6).

Definition 2.13 (Viscosity solution of the DPP). Let Ω ⊂ RN be an open domain, let g : RN \Ω → R,
and let A : Ω × X × R → R satisfy assumptions (a)–(b)–(c). Let a : Ω × X → R be defined as
in Remark 2.6, and let a, a : RN ×X → R denote the corresponding extensions.

We say that u ∈ X is a viscosity supersolution of (2.6) if u(x) ≥ g(x) for all x ∈ RN \ Ω, and
A(x, u, u(x)) ≥ 0 (resp. u(x) ≥ a(x, u)), for all x ∈ Ω.

We say that u ∈ X is a viscosity subsolution of (2.6) if u(x) ≤ g(x) for all x ∈ RN \ Ω, and
A(x, u, u(x)) ≤ 0 (resp. u(x) ≤ a(x, u)), for all x ∈ Ω.

Finally, a function u ∈ X is called a viscosity solution if it is both a viscosity subsolution and a
viscosity supersolution.

We will verify that both definitions of viscosity solutions are equivalent in Proposition 3.1.

2.1. Existence of viscosity solutions of the DPP. Our first objective is to establish the
existence of viscosity solutions to the DPP with boundary values (2.6). The hypotheses of the
following result are based on the classical Perron method and on ideas from [43]. The proof is given
in Section 3.

Theorem 2.14. Let Ω ⊂ RN be an open domain, let g : RN \Ω → R bounded, and let A : Ω×X×R →
R satisfy assumptions (a)–(b)–(c). Assume that either

there exists at least one viscosity subsolution of (2.6),(H1)

and all viscosity subsolutions of (2.6) are uniformly bounded from above,(H2)

or

there exists at least one viscosity supersolution of (2.6),(H∗
1)

and all viscosity supersolutions of (2.6) are uniformly bounded from below.(H∗
2)

Then, there exists at least one viscosity solution of (2.6).

It is important to note that the previous result is not concerned with neither uniqueness nor
comparison of solutions. We will discuss this in Section 4, providing some counterexamples.
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2.2. Comparison results and stability. Next, we establish a comparison result between a
classical strict supersolution (resp. subsolution) and a viscosity subsolution (resp. supersolution).

Theorem 2.15. Let Ω ⊂ RN be an open domain, let g : RN \ Ω → R be bounded, and let
A : RN ×X × R → R satisfy assumptions (a)–(b)–(c). Additionally, assume the following:

(1) Stability of X by translations. We have X + c ⊂ X , in the sense that if φ ∈ X ,
then φ+ c ∈ X for any c ∈ R.

(2) Translation invariance. Given ϕ ∈ X and C ∈ R, we have

A(x, ϕ+ C, ϕ(x) + C) = A(x, ϕ, ϕ(x)).

(3) Continuity in the third variable. Given ϕ ∈ X , there exists a modulus of continuity Λ
such that

|A(x, ϕ, ϕ(x))−A(x, ϕ, ϕ(x)− ε)| ≤ Λ(ε) as ε→ 0+ for all x ∈ Ω.

Let u ∈ X (resp. u ∈ X ) be a classical strict supersolution (resp. subsolution), that is, there
exists δ > 0 such that{

A(x, u, u(x)) ≥ δ, x ∈ Ω,

u(x) ≥ g(x), x ∈ RN \ Ω,

(
resp.

{
A(x, u, u(x)) ≤ −δ, x ∈ Ω,

u(x) ≤ g(x), x ∈ RN \ Ω

)
.

Then, given any viscosity subsolution (resp. supersolution) v ∈ X , we have v ≤ u in RN (resp. v ≥ u
in RN ).

This result is proved in Section 4. As a consequence, if there exists a classical strict supersolution
(resp. subsolution), then (H2) and (H∗

1) (resp. (H
∗
2) and (H1)) hold.

2.3. Convergence of viscosity solutions of the DPP. Next, we assume that the DPP is
related to an approximation of a certain elliptic PDE boundary value problem

(2.7)

{
F
(
x, u(x),∇u(x), D2u(x)

)
= 0, x ∈ Ω,

u(x) = g(x), x ∈ ∂Ω.

We will show that the stability hypothesis of the seminal paper of Barles and Souganidis [7] can
be relaxed so as to require only the existence of viscosity solutions of the approximation scheme
(instead of classical ones) in order to ensure convergence of the scheme. Furthermore, if there exists
a classical strict supersolution and a classical strict subsolution, both bounded independently of ρ,
then we can easily check the stability hypothesis thanks to the result of the previous section.

The following hypotheses on F are standard when working in the framework of viscosity solutions,
although we do not make any explicit use of them in our work. More precisely, assume F is proper,
that is, nondecreasing in the second variable, and that F is elliptic, that is, for all (x, s, p) ∈
Ω× R× RN ,

F (x, s, p,M) ≤ F (x, s, p,M) for all M,M ∈ SN such that M ≥M,

where M ≥ N denotes the usual partial ordering in SN , the space of N ×N symmetric matrices.

Remark 2.16. Under this definition of ellipticity, observe that our model becomes F (x, s, p,X) =
− trace(X), associated with the PDE −∆u(x) = 0.

Let Bρ be the scheme that incorporates the boundary condition (see Remark 2.9), that is,

Bρ(x, φ, s) :=

{
Aρ(x, φ, s), x ∈ Ω,

s− g(x), x ∈ RN \ Ω.
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The scheme Bρ is related to the PDE with boundary values (2.7) through the following consistency
assumption: For all x ∈ RN and φ ∈ C∞

b (RN ), there exists a positive modulus of continuity ω such
that

lim sup
ρ→0+, y→x, ξ→0

Bρ(y, φ+ ξ, φ(y) + ξ + ω(ρ))(2.8)

≤

{
F ∗(x, φ(x),∇φ(x), D2φ(x)), if x ∈ Ω,

max{φ(x)− g∗(x), F
∗(x, φ(x),∇φ(x), D2φ(x))} if x ∈ ∂Ω,

and

lim inf
ρ→0+, y→x, ξ→0

Bρ(y, φ+ ξ, φ(y) + ξ − ω(ρ))(2.9)

≥

{
F∗(x, φ(x),∇φ(x), D2φ(x)), if x ∈ Ω,

min{φ(x)− g∗(x), F∗(x, φ(x),∇φ(x), D2φ(x))} if x ∈ ∂Ω.

The precise definitions of the upper and lower envelopes F ∗, F∗, g
∗ and g∗ will be stated in Section 5.

With a positive modulus of continuity we mean a continuous and strictly increasing function ω :
R+ → R+ such that ω(0) = 0 (so that w(ρ) > 0 for all ρ > 0).

Finally, we introduce the relaxed weak stability hypothesis:

For all ρ > 0, there exists a viscosity solution uρ ∈ X of (2.6), with a bound independent of ρ.

The following result allows one to construct viscosity subsolutions and supersolutions as half-
relaxed limits of solutions to the approximation scheme. The definition of viscosity solutions will be
given later in Section 5, together with the proofs of the results.

Theorem 2.17. Let Ω ⊂ RN be an open domain, C∞
b (RN ) ⊂ X , g ∈ X , and Aρ : Ω×X × R → R

satisfy assumptions (a)–(b)–(c) for each ρ > 0. Additionally, assume that the scheme is consistent
and weakly stable. Then,

u(x) := lim sup
ρ→0, y→x

uρ(y) and u(x) := lim inf
ρ→0, y→x

uρ(y)

are, respectively, an usc. viscosity subsolution and a lsc. viscosity supersolution of problem (2.7).

Remark 2.18. Note that, in some cases, the definition of viscosity solution involves test functions
that are more restrictive than C∞

b (RN ). For instance, in the case of p-harmonic functions, one can
additionally assume that ∇φ(x) ̸= 0 (see [35, 46]). In general, given a class of test functions T that
defines a notion of viscosity solution, the previous equivalence still holds as long as T ⊂ X . The
same observation applies in nonlocal problems, where the concept of viscosity solution may vary
from the standard local one.

Finally, if the limit problem satisfies a special type of comparison principle (introduced in [7] as
the strong uniqueness property), then the scheme converges.

Corollary 2.19. Let the assumptions of Theorem 2.17 hold. Additionally, assume the following
strong uniqueness property: If u is an usc. viscosity subsolution and v is a lsc. viscosity supersolution
of problem (2.7), then u ≤ v in Ω.

Then, the sequence of viscosity solutions {uρ}ρ>0 of (2.6) converges locally uniformly to the
unique viscosity solution of (2.7).

The previous results (and their proofs) are similar to the ones in [7]. This is precisely what we
were aiming for: even though we are using an extended notion of solution for the approximating
problem, the convergence result remains valid. This is a consequence of the fact that C∞

b (RN ) ⊂ X ,

which implies that results that only depend on test functions φ ∈ C∞
b (RN ), such as the previous one,

remain true when considering viscosity solutions (since a(x, φ) = a(x, φ) = a(x, φ) for all φ ∈ X ).
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2.4. Asymptotic mean value formulas in the viscosity sense. The final goal of this paper
is to prove that there exists an asymptotic mean value formula given by the DPP such that it
characterizes viscosity solutions to the PDE. In order to do so, first we give a precise meaning to
being a viscosity super- and subsolution of the asymptotic mean value formula

(2.10) Aρ(x, u, u(x) + o(ρ)) = 0, (or u(x) = aρ(x, u)− o(ρ)) , as ρ→ 0+.

To show that u is a viscosity solution of this problem if and only if it is a viscosity solution of the
PDE, we require a consistency property linking the two notions. In this setting, for any x ∈ Ω,
any ϕ ∈ C∞

b (RN ) and some Λ: R+×Ω → R such that limρ→0 Λ(ρ, x) = 0, the consistency assumption
can be divided in the following two:

(2.11)

lim inf
ρ→0

Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≤ F ∗(x, ϕ(x),∇ϕ(x), D2ϕ(x)),(
resp. lim sup

ρ→0
Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≥ F∗(x, ϕ(x),∇ϕ(x), D2ϕ(x))

)
,

and

(2.12)

lim inf
ρ→0

Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≥ F ∗(x, ϕ(x),∇ϕ(x), D2ϕ(x)).(
resp. lim sup

ρ→0
Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≤ F∗(x, ϕ(x),∇ϕ(x), D2ϕ(x))

)
.

Under these conditions we have the result below.

Theorem 2.20. If u is a viscosity solution of (2.10) and the consistency condition (2.11) holds,
then u is a viscosity solution of the PDE (2.7). Reciprocally, if u is a viscosity solution of the
PDE (2.7) and the consistency condition (2.12) holds, then u is a viscosity solution of (2.10).

A more accurate statement of this result, together with the precise notion of viscosity solution
of (2.10), will be given in Section 6.

3. Existence of viscosity solutions to the DPP

First, we prove that the two definitions of viscosity solution of the DPP are equivalent.

Proposition 3.1. The notions of viscosity supersolutions (resp. subsolutions) given in Definitions 2.8
and 2.10 are equivalent.

Proof. We prove the result for viscosity supersolutions. The boundary data are the same in both
definitions, so we focus on what happens inside Ω. If u is a viscosity supersolution in the sense
of Definition 2.8, then for every x ∈ Ω and every φ ∈ X such that φ ≤ u we have that

u(x) ≥ a(x, u) = sup
ψ∈X
ψ≤u

a(x, ψ) ≥ a(x, φ).

Hence, u is a viscosity supersolution in the sense of Definition 2.10. Conversely, assume that for
all x ∈ Ω we have that

u(x) ≥ a(x, φ),

for every φ ∈ X with φ ≤ u. Taking the supremum over all such φ yields u(x) ≥ a(x, u), which
shows that u is a viscosity supersolution in the sense of Definition 2.8.

Finally, let us verify the equivalence of the notions of viscosity solutions in the formulation given
by A. First, observe that for any φ ∈ X such that φ ≤ u, the following statements are equivalent:

u(x) ≥ a(x, φ),

and

A(x, φ, u(x)) ≥ 0.
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This follows from the fact that A is nondecreasing in its last variable and A(x, φ, a(x, φ)) = 0 by
definition. Moreover, the latter condition is also equivalent to

A(x, u, u(x)) ≥ 0,

by the very definition of A as an infimum over admissible test functions (in the second variable). □

We now establish the existence of solutions to the DPP stated in Theorem 2.14 by means of
Perron’s method. The solution is given as the supremum of viscosity subsolutions. For the reader’s
convenience, we recall the assumptions under consideration:

there exists at least one viscosity subsolution of (2.6),(H1)

all viscosity subsolutions of (2.6) are uniformly bounded from above.(H2)

The proof under assumptions (H∗
1) and (H∗

2) follows analogously.

Theorem 3.2 (Extended Perron’s method). Let Ω ⊂ RN be an open domain, let g : RN \ Ω → R
bounded, and let A : RN × X × R → R satisfy assumptions (a)–(b)–(c). Assume (H1) and (H2)
(resp. (H∗

1) and (H∗
2)). Let S (resp. S) be the set of all viscosity subsolutions (resp. supersolutions)

of (2.6). Then,

u(x) =

sup
v∈S

v(x), for x ∈ Ω,

g(x), for x ∈ RN \ Ω

resp. u(x) =

 inf
v∈S

v(x), for x ∈ Ω,

g(x), for x ∈ RN \ Ω


is a viscosity solution of (2.6).

Remark 3.3. For a result like the one above to hold in the classical framework, the supremum must
belong to the class of functions on which A is well defined, namely u ∈ X . This requirement is not
satisfied in general. In [43], the authors address this difficulty by assuming that X is closed under
pointwise suprema. In contrast, this assumption is not needed here, since u ∈ X suffices for our
definition.

Proof of Theorem 3.2. We first show that u, which is well defined thanks to hypotheses (H1)
and (H2), is a viscosity subsolution of (2.6). Let u ∈ S, which is nonempty by assumption (H1).
This implies that u is bounded from below by u and bounded from above due to assumption (H2).
Thus, u ∈ X . Now, for every x ∈ Ω, since u is a viscosity subsolution, we have

u(x) ≤ a(x, u).

Since u ≤ u and a is nondecreasing in its second argument (see Remark 2.11), it follows that

u(x) ≤ a(x, u).

Taking the pointwise supremum over all u ∈ S yields

u(x) ≤ a(x, u), x ∈ Ω,

and therefore u is a viscosity subsolution of (2.6).

We now prove that u is also a viscosity supersolution of (2.6). Define the function v : RN → R
given by

v(x) = a(x, u), x ∈ Ω and v(x) = g(x), x ∈ RN \ Ω.
By construction, v ∈ X . Moreover, from the previous inequality we already know that

u(x) ≤ v(x).

Using again the monotonicity of a, we obtain

v(x) = a(x, u) ≤ a(x, v),
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which shows that v is a viscosity subsolution of (2.6), that is, v ∈ S. By definition of u as the
pointwise supremum in S, this implies v ≤ u. Hence, v = u. Finally, using Remark 2.11, we conclude
that

u(x) = v(x) = a(x, u) ≥ a(x, u),

so that u is a viscosity supersolution. Together with the boundary condition u = g in RN \ Ω, this
completes the proof.

□

Remark 3.4. Notice that for an exterior datum g that is not measurable, we cannot even consider
classical solutions. However, the measurability of g does not affect at all the previous result of
existence for viscosity solutions

4. Comparison result and weak stability for the DPP

The aim of this section is to provide tools to establish a comparison result, and hence stability
properties, for viscosity solutions of the DPP.

In general, without additional assumptions on the DPP one cannot expect a comparison result to
hold. Nevertheless, under very mild and natural assumptions on A, it is still possible to compare
viscosity subsolutions (resp. supersolutions) with classical strict supersolutions (resp. subsolutions).

Recall that we assume the following extra conditions:

(1) Stability of X by translations. We have X + c ⊂ X , in the sense that if φ ∈ X ,
then φ+ c ∈ X for any c ∈ R.

(2) Translation invariance. Given ϕ ∈ X and C ∈ R, we have

A(x, ϕ+ C, ϕ(x) + C) = A(x, ϕ, ϕ(x)).

(3) Continuity in the third variable. Given ϕ ∈ X , there exists a modulus of continuity Λ
such that

|A(x, ϕ, ϕ(x))−A(x, ϕ, ϕ(x)− ε)| ≤ Λ(ε) as ε→ 0+ for all x ∈ Ω.

Proof of Theorem 2.15. We do it only for the classical strict supersolution case. Assume, by
contradiction, that

M := sup
RN

(v − u) > 0.

Due to the ordering in RN \ Ω, we have

M = sup
Ω

(v − u).

By definition of the supremum, there exists a sequence {xε}ε>0 ⊂ Ω such that for all ε > 0 we have

M − ε ≤ v(xε)− u(xε) ≤M.

Finally, note that v ≤ u +M ∈ X by (1). Thus, u +M can be used as a test function in the
definition of viscosity subsolution of the DPP. Then,

0 ≥ A(xε, u+M, v(xε))

≥ A(xε, u+M,u(xε) +M − ε)

(2)
= A(xε, u, u(xε)− ε)

(3)

≥ A(xε, u, u(xε))− Λ(ε)

≥ δ − Λ(ε).

This is a contradiction since we can take ε > 0 small enough so that δ − Λ(ε) > 0. □
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Remark 4.1. Note that the above result ensures (H2) and (H∗
2) as long as one can construct

a classical strict supersolution and a classical strict subsolution respectively. Additionally, since
classical sub- and supersolutions are viscosity sub- and supersolutions, (H1) and (H∗

1) are also
satisfied.

A possible simple strategy is the following: find a smooth function ϕ satisfyingF
(
x, ϕ(x),∇ϕ(x), D2ϕ(x)

)
≥ 1, x ∈ Ω,

ϕ(x) ≥ sup
RN\Ω

g, x ∈ RN \ Ω.

Then, by the following consistency assumption (which is weaker than the ones typically needed for
other results in the paper),

sup
x∈Ω

∣∣F (x, ϕ(x),∇ϕ(x), D2ϕ(x)
)
−Aρ(x, ϕ, ϕ(x))

∣∣ ≤ ∥ϕ∥Ck(RN ) Λ(ρ),

for some modulus of continuity Λ, we can choose ρ > 0 small enough so that ϕ satisfies

Aρ(x, ϕ, ϕ(x)) ≥
1

2
in Ω.

Even under the previous conditions (1)–(2)–(3), the comparison principle or even a uniqueness
result will not hold, as we show in the following examples.

Example 4.2 (No uniqueness nor comparison). Let us define a : B1(0)×X → R as

a(x, φ) = φ(0),

and also A : B1(0)×X × R → R in the standard way,

A(x, φ, s) = s− a(x, φ) =: s− φ(0).

Choose the exterior datum g ≡ 0 in RN \ B1(0). In this example, it is natural that X = X since
there is no measurability involved. Observe that the defined A satisfies (a)–(b)–(c), (1)–(2)–(3) and
is even linear. However, there is no comparison principle nor uniqueness for the corresponding DPP
equation A(x, u, u(x)) = 0, even though we are using classical solutions, since any function defined
as

u(x) =

{
C, for x ∈ B1(0),

0, for x ∈ RN \B1(0)

is a solution for any C ∈ R (and these are the only solutions).

Example 4.3 (Uniqueness but no comparison). If in the prior example we consider X as the set of
continuous functions on RN , notice that the only solution is u ≡ 0. However, even in this restricted
setting there is no comparison principle between continuous super- and subsolution. Define

u(x) =

{
1− |x|2, for x ∈ B1(0),

0, for x ∈ RN \B1(0),
v(x) =

{
|x|2 − 1, for x ∈ B1(0),

0, for x ∈ RN \B1(0).

Then, u is a continuous subsolution and v a continuous supersolution, but u ≥ v in the whole RN .

This example is degenerate, in the sense that the DPP operator A(x, φ, s) does not see the
exterior datum g for any point x ∈ Ω, and thus cannot translate the ordering in RN \B1(0) to the
interior properly, not even when restricting ourselves to the set of continuous functions.
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5. Convergence of the solutions to the DPP towards the solution to a PDE

We consider the boundary value problem

(5.13)

{
F
(
x, u(x),∇u(x), D2u(x)

)
= 0, x ∈ Ω,

u(x) = g(x), x ∈ ∂Ω.

Let us briefly recall the notions of upper semi-continuous and lower semi-continuous envelopes of
a function z : C → R where C is any subset of Rd. They are functions z∗, z∗ : C → R defined as

z∗(x) = lim sup
y→x , y∈C

z(y) and z∗(x) = lim inf
y→x , y∈C

z(y).

We can define now the concept of viscosity solution.

Definition 5.1. Let Ω be an open domain, let F : Ω × R × RN × SN be elliptic and proper,
and let g ∈ X . A function u ∈ X is a viscosity subsolution (resp. supersolution) of (5.13) if
for all φ ∈ C∞

b (RN ) and all x ∈ Ω such that u∗ − φ (resp. u∗ − φ) has a global maximum (resp.
minimum) at x, we have

F∗(x, u
∗(x),∇φ(x), D2φ(x)) ≤ 0 if x ∈ Ω,

(resp. F ∗(x, u∗(x),∇φ(x), D2φ(x)) ≥ 0),

and

min{u∗(x)− g∗(x), F∗(x, u
∗(x),∇φ(x), D2φ(x))} ≤ 0 if x ∈ ∂Ω,

(resp. max{u∗(x)− g∗(x), F
∗(x, u∗(x),∇φ(x), D2φ(x))} ≥ 0).

We are now ready to prove the convergence results.

Proof of Theorem 2.17. We consider the case of u. Since u is upper semicontinuous, we have u = u∗.
Let x0 be a maximum point of u − ϕ on Ω for some ϕ ∈ C∞

b (RN ). We assume, without loss of
generality, that x0 is a strict global maximum and that u(x0) = ϕ(x0). Furthermore, fix r > 0
and choose ϕ so that ϕ(x) ≥ 2 supρ ∥uρ∥∞ for all x /∈ Br(x0). Then there exist sequences {ρn}n∈N
and {yn}n∈N such that

(ρn, yn) → (0+, x0) and uρn(yn) → u(x0) as n→ +∞.

Moreover, passing to a subsequence if necessary, we may assume that for every n the point yn
is chosen sufficiently close to the global supremum of uρn − ϕ so that, for any given modulus of
continuity ω, we have

ξn := uρn(yn)− ϕ(yn) + ω(ρn) > sup
Br(x0)

{uρn − ϕ}.

It follows that limn→∞ ξn = 0 and

uρn(x) ≤ ϕ(x) + ξn for all x ∈ Ω.

At this point, a slight difference with the original proof in [7] appears. Since uρn is a viscosity
solution of the DPP (and in particular a viscosity subsolution), for every yn ∈ Ω we have

uρn(yn) ≤ aρn(yn, uρn) ≤ aρn(yn, ϕ+ ξn) = aρn(yn, ϕ+ ξn),

where we used that aρn is nondecreasing in its second variable and that ϕ+ ξn ∈ C∞
b (RN ) ⊂ X , so

that aρn(yn, ϕ+ ξn) = aρn(yn, ϕ+ ξn) = aρn(yn, ϕ+ ξn). Thus,

ϕ(yn) + ξn − ω(ρn) ≤ aρn(yn, ϕ+ ξn).

Thus, if yn ∈ Ω, this implies

Bρn(yn, ϕ+ ξn, ϕ(yn) + ξn − ω(ρn)) = Aρn(yn, ϕ+ ξn, ϕ(yn) + ξn − ω(ρn))

≤ Aρn(yn, ϕ+ ξn, aρn(yn, ϕ+ ξn)) = 0.



16 F. DEL TESO, J. D. ROSSI, AND J. RUIZ-CASES

On the other hand, if yn ∈ RN \ Ω, then
Bρn(yn, ϕ+ ξn, ϕ(yn) + ξn − ω(ρn)) = ϕ(yn) + ξn − ω(ρn)− g(yn)

= uρn(yn)− g(yn) = 0.

Finally, using the consistency assumption, we obtain

0 ≥ lim inf
n→+∞

Bρn(yn, ϕ+ ξn, ϕ(yn) + ξn − ω(ρn))

≥ lim inf
ρ→0+, y→x0, ξ→0

Bρ(y, ϕ+ ξ, ϕ(y) + ξ − ω(ρ))

≥

{
F∗(x0, ϕ(x0),∇ϕ(x0), D2ϕ(x0)), if x0 ∈ Ω,

min{ϕ(x0)− g∗(x0), F∗(x0, ϕ(x0),∇ϕ(x0), D2ϕ(x0))}, if x0 ∈ ∂Ω.

Since u∗(x0) = u(x0) = ϕ(x0), this shows that u is an upper semicontinuous viscosity subsolution. □

Proof of Corollary 2.19. By construction, we have u ≤ u. By Theorem 2.17, u is an upper semicon-
tinuous viscosity subsolution and u is a lower semicontinuous viscosity supersolution of problem (2.7).
Thus, by the strong uniqueness property, we obtain u ≥ u, and therefore

u := u = u,

where u is the unique viscosity solution of (2.7). Pointwise convergence follows since

lim sup
ρ→0+

uρ(x) ≤ lim sup
ρ→0+
y→x

uρ(y) = u(x) = lim inf
ρ→0+
y→x

uρ(y) ≤ lim inf
ρ→0+

uρ(x).

Finally, locally uniform convergence follows by standard arguments; see, for instance, Lemma 4.1
in [3]. □

6. Asymptotic mean value formulas in the viscosity sense

Recall that the goal of this section is to understand the equivalence between being a viscosity
solution of the PDE

F
(
x, u(x),∇u(x), D2u(x)

)
= 0,

and being a viscosity solution of the asymptotic mean value property

(6.14) Aρ(x, u, u(x) + o(ρ)) = 0, (or u(x) = aρ(x, u)− o(ρ)) , as ρ→ 0+.

However, we consider that the above formal definition of solution to the asymptotic mean value
formula allows for several possible interpretations.

We start the section by defining below what we consider the most natural concept of viscosity
solution to the asymptotic mean value formula (6.14).

Definition 6.1. Let Ω ⊂ RN be an open domain, C∞
b (RN ) ⊂ X , let Aρ : Ω × X × R → R

satisfy assumptions (a)–(b)–(c) for each ρ > 0, and let ω := R+ × Ω → R+ be a function such
that limρ→0 ω(ρ, x) = 0 for all x ∈ Ω.

A function u ∈ X is a viscosity subsolution associated to ω of (6.14) if, for any function Λ : R+×
Ω → R satisfying |Λ(ρ, x)| ≤ ω(ρ, x), and for any φ ∈ C2

b (RN ) satisfying u∗ ≤ φ, u∗(x0) = φ(x0),
we have that

(6.15) lim sup
ρ→0

Aρ(x0, φ, φ(x0) + Λ(ρ, x0)) ≤ 0.

A function u ∈ X is a viscosity supersolution associated to ω of (6.14) if, for any function Λ : R+×
Ω → R satisfying |Λ(ρ, x)| ≤ ω(ρ, x), and for any φ ∈ C2

b (RN ) satisfying u∗ ≥ φ, u∗(x0) = φ(x0),
we have that

(6.16) lim inf
ρ→0

Aρ(x0, φ, φ(x0) + Λ(ρ, x0)) ≥ 0.
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A function u ∈ X is a viscosity solution associated to ω of (6.14) in x0 ∈ Ω if it is both a viscosity
supersolution and a viscosity subsolution in x0 ∈ Ω associated to ω.

Remark 6.2. In the previous definition, one may consider the appearance of Λ in the last variable
of the limits (6.15) and (6.16) unnecessary, and thus the hypothesis involving the existence of ω not
required. This concern is justified when restricting ourselves to the case where a is given explicitly.
This alternative definition can be recovered considering ω = 0, however we keep ω to allow for more
generality, specifically for the implicit cases.

Our following result shows that, under certain consistency conditions, u a viscosity solution
to (6.14) if and only if it is a viscosity solution to

(6.17) F
(
x, u(x),∇u(x), D2u(x)

)
= 0, x ∈ Ω.

Theorem 6.3 (Asymptotic expansion ⇐⇒ PDE). Let Ω ⊂ RN be an open domain, C∞
b (RN ) ⊂ X ,

and Aρ : RN ×X × R → R satisfy assumptions (a)–(b)–(c) for each ρ > 0. The following holds:

(a) Assume the following consistency condition: For any ϕ ∈ C∞
b (RN ) and any x ∈ Ω we have

that

lim inf
ρ→0

Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≤ F ∗(x, ϕ(x),∇ϕ(x), D2ϕ(x)),(
resp. lim sup

ρ→0
Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≥ F∗(x, ϕ(x),∇ϕ(x), D2ϕ(x))

)
,

for some function Λ : R+ × Ω → R. Then, if u is a viscosity supersolution associated to ω
(resp. subsolution) as in Definition 6.1, and |Λ| ≤ ω, it is also a viscosity supersolution
(resp. subsolution) of (6.17).

(b) Assume the following consistency condition: For any ϕ ∈ C∞
b (RN ) and any x ∈ Ω we have

that

lim inf
ρ→0

Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≥ F ∗(x, ϕ(x),∇ϕ(x), D2ϕ(x)),(
resp. lim sup

ρ→0
Aρ(x, ϕ, ϕ(x) + Λ(ρ, x)) ≤ F∗(x, ϕ(x),∇ϕ(x), D2ϕ(x))

)
,

for any Λ such that |Λ| ≤ ω for some ω as in Definition 6.1. Then, if u is a viscosity
supersolution (resp. subsolution) of (6.17), it is also a viscosity supersolution associated
to ω (resp. subsolution) as in Definition 6.1.

Proof. The proof is straightforward and follows from the definitions. □

7. Extensions

Let us show some natural extensions to the theory developed throughout the paper.

7.1. Parabolic problems. Our results can be trivially extended to cover parabolic equations of
the form

ut(x̂, t) + F (x̂, t, u(x̂, t),∇xu(x̂, t), D
2u(x̂, t)) = 0

for (x̂, t) ∈ Ω̂ × (0,∞), with initial data u(x̂, 0) = u0(x̂) and boundary conditions u(x̂, t) = ĝ(x̂)

for x̂ ∈ ∂Ω̂ and t ∈ (0,∞). This lies directly in our framework by taking x := (x̂, t) and Ω :=

Ω̂× (0,∞), considering the boundary condition

g(x) :=

{
u0(x̂) if x ∈ Ω̂× {0},
ĝ(x̂) if x ∈ ∂Ω̂× (0,∞),

and adopting the terminology ∇u(x, t) = (∇xu(x, t), ∂t(x, t)). In this case we have to deal with
equations of the form

uρ(x̂, t) = aρ(x̂, t, uρ)
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in Ω̂ × (0,∞) with exterior values uρ(x̂, t) = ĝ(x̂) in RN \ Ω = (RN \ Ω̂) × (0,∞) and initial
condition uρ(x, t) = u0(x) for x ∈ Ω, t ≤ 0. For previous references on mean value formulas for
parabolic problems we refer to [13, 36, 37, 45].

We will discuss an example of this type in Section 8.

7.2. Fractional/nonlocal problems. We can also think of equations with a nonlocal term.
More precisely, one can consider exterior boundary problems of the form{

F
(
x, u(x),∇u(x), D2u(x), Iu(x)

)
= 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

where I is nonlocal operator with the right monotonicity properties and F : Ω× R× RN × SN × R
is nondecreasing in the last variable. The class of admissible nonlocal operators is wide and
we will discuss some examples in the next section. If we restrict ourselves to symmetric linear
operators F = I, a natural class that one could consider is the class of the so-called Lévy operators,
defined for a smooth function ϕ by

Iϕ(x) := P.V.

∫
|z|>0

(ϕ(x)− ϕ(x+ z))dµ(z),

where µ is a nonnegative Radon measure in RN \ {0} such that∫
RN

min{|z|2, 1}dµ(z) < +∞.

A simple consistent approximation of I is given by

Aρ(x, ϕ, ϕ(x)) =

∫
|z|>fµ(ρ)

(ϕ(x)− ϕ(x+ z))dµ(z),

for some nondecreasing fµ such that fµ(0) = 0 and is strictly increasing in a neighborhood of 0.
Note that once we have removed the set where µ is singular, we can rewrite

Aρ(x, ϕ, ϕ(x)) = µ(|z| > fµ(ρ)) (ϕ(x)− aρ(x, ϕ)) with aρ(x, ϕ) := −
∫
|z|>fµ(ρ)

ϕ(x+ z) dµ(z).

This lies precisely in the framework and notation of this paper by choosing fµ such that

ρ =
1

µ(|z| > fµ(ρ))
.

We could also consider nonlocal quasilinear operators, as we will discuss later in Section 8.

7.3. Spaces more general that RN As we already mentioned in Remark 2.2, there is no reason

to restrict ourselves to working on RN , since many of our results hold on more general spaces such
as metric spaces, see [43]. This choice was meant to keep the presentation simple. For sections 3
and 4 where no PDE is yet involved, the adaptation is trivial.

8. Examples

In this section we will always assume that X is the set of bounded measurable functions in RN .
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8.1. The Laplacian. Our starting point is the boundary value problem

(8.18)

{
−∆u(x)− f(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

where f, g ∈ X and Ω ⊂ RN is an open, bounded domain. It is a classical and standard computation
that for ϕ ∈ C4

b (RN ) we have the following consistent approximation of the Laplacian, valid for
all ρ ∈ (0, 1),

−∆ϕ(x)− f(x) =
2(N + 2)

ρ

(
ϕ(x)− −

∫
B√

ρ(x)
ϕ(y) dy

)
− f(x) + Λ(x, ρ),

with

(8.19) sup
x∈Ω

|Λ(x, ρ)| ≤ cN∥D4ϕ∥L∞(Ω1)ρ,

where Ω1 := {x ∈ RN : dist(x,Ω) < 1}. In the notation of this paper, this corresponds to

Aρ(x, ϕ, ϕ(x)) =
2(N + 2)

ρ

(
ϕ(x)− −

∫
B√

ρ(x)
ϕ(y) dy

)
− f(x),

and

aρ(x, ϕ) = −
∫
B√

ρ(x)
ϕ(y) dy +

ρ

2(N + 2)
f(x).

Clearly, Aρ satisfies the structural assumptions (a)–(b)–(c).

To verify the existence of viscosity solutions of the DPP, we check hypotheses (H1) and (H2)
in Theorem 3.2. Choose R > 0 large enough so that Ω1 ⊂ BR/2 and define

u(x) :=
∥f∥L∞(Ω) + 1

2N
(R2 − |x|2)+ + ∥g∥∞, and u(x) := −u(x).

It is standard to check that u, u ∈ C4
b (Ω1), and that{

−∆u(x) = ∥f∥L∞(Ω) + 1, x ∈ Ω,

u(x) ≥ ∥g∥∞, x ∈ RN \ Ω,
and

{
−∆u(x) = −∥f∥L∞(Ω) − 1, x ∈ Ω,

u(x) ≤ −∥g∥∞, x ∈ RN \ Ω.

By the consistency estimate (8.19), for ρ > 0 small enough we obtain{
Aρ(x, u, u(x)) ≥ 1

2 , x ∈ Ω,

u(x) ≥ g(x), x ∈ RN \ Ω,
and

{
Aρ(x, u, u(x)) ≤ −1

2 , x ∈ Ω,

u(x) ≤ g(x), x ∈ RN \ Ω.

Thus, u (resp. u) is a classical strict supersolution (resp. subsolution) of the DPP. In particular,
it is a viscosity supersolution (resp. subsolution), and hence hypothesis (H∗

1) (resp. (H1)) holds.
Moreover, by the comparison result in Theorem 2.15 (it is straightforward to check that X and Aρ

satisfy assumptions (1)–(2)–(3)), any viscosity subsolution (resp. supersolution) v satisfies v ≤ u
(resp. v ≥ u), which implies (H2) (resp. (H

∗
2)).

Once existence of viscosity solutions is established, convergence of viscosity solutions of the DPP
to the solution of (8.18) follows readily. Indeed, the barriers u and u are bounded independently
of ρ, and therefore any viscosity solution of the DPP is uniformly bounded. This yields the
weak stability required in Theorem 2.17. Furthermore, property (8.19) implies the consistency
conditions (2.8)–(2.9) required in Theorem 2.17 (for instance with ω(ρ) = ρ2) and Corollary 2.19,
ensuring convergence of the DPP under the hypothesis of the strong uniqueness property (assuming
sufficient regularity of f , g and Ω, cf. [7]).

Finally, Theorem 2.20 also follows, since (8.19) implies the consistency assumption therein, which
yields the equivalence between viscosity solutions of the PDE and the asymptotic mean value
expansion.
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8.2. The Heat Equation. Our starting point is the parabolic boundary value problem
∂tu−∆u− f(x, t) = 0, (x, t) ∈ Ω× (0, T ),

u(x, t) = g(x, t), (x, t) ∈ (RN \ Ω)× (0, T ),

u(x, 0) = u0(x), x ∈ Ω.

By a Taylor expansion, it follows that for ϕ ∈ C4
b (RN × (0,∞)) we have the following consistent

approximation of the heat operator:

∂tϕ(x, t)−∆ϕ(x, t) =
2(N + 2)

ρ

(
ϕ(x, t)− −

∫ t

t− ρ
N+2

−
∫
B√

ρ(x)
ϕ(y, s) dy ds

)
− f(x, t) + Λ(x, t, ρ).

Moreover,

(8.20) sup
(x,t)∈Ω×[0,T ]

|Λ(x, t, ρ)| ≤ cN
(
∥D4ϕ∥L∞(Ω1×[0,T+1]) + ∥∂ttϕ∥L∞(Ω1×[0,T+1])

)
ρ,

where Ω1 := {x ∈ RN : dist(x,Ω) < 1}. In the notation of this paper, this corresponds to

Aρ(x, t, ϕ, ϕ(x, t)) =
2(N + 2)

ρ

(
ϕ(x, t)− −

∫ t

t− ρ
N+2

−
∫
B√

ρ(x)
ϕ(y, s) dy ds

)
− f(x, t),

and

aρ(x, t, ϕ) = −
∫ t

t− ρ
N+2

−
∫
B√

ρ(x)
ϕ(y, s) dy ds+

ρ

2(N + 2)
f(x, t).

Let us now observe that, given a smooth and bounded nonnegative function ψ such that

∂tψ −∆ψ = ∥f∥L∞(Ω×(0,T )) + 1 for all (x, t) ∈ BR × (0, T + 1),

the function u := ψ + ∥g∥L∞(Ω×(0,T )) + ∥u0∥L∞(Ω) satisfies
∂tu−∆u = ∥f∥L∞(Ω×(0,T )) + 1, (x, t) ∈ Ω× (0, T ),

u(x, t) ≥ ∥g∥L∞(Ω×(0,T )), (x, t) ∈ (RN \ Ω)× [0, T ),

u(x, 0) ≥ ∥u0∥L∞(Ω), x ∈ Ω,

provided that Ω1 ⊂ BR/2. Moreover, u is smooth enough in Ω1 × [0, T + 1] so that the consistency
estimate (8.20) applies.

From this point on, conclusions analogous to those obtained in the elliptic case can be carried
out for the parabolic setting.

8.3. p-harmonic functions. Our starting point is the equation, for p > 1,{
−∆pu(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω.

In this case, we first need to point out the equivalence between viscosity solutions of the above
problem and those of {

−∆N
p u(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

where

∆N
p u := |∇u|2−p∆pu = ∆u+ (p− 2)

〈
D2u

∇u
|∇u|

,
∇u
|∇u|

〉
.
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A consistent approximation was found in [46] and is given, for all ϕ ∈ C4
b (RN ) such that ∇ϕ ≠ 0

in Ω1, by

∆N
p ϕ(x) =

1

ρ
(ϕ(x)− aρ(x, ϕ))︸ ︷︷ ︸

Aρ(x,ϕ,ϕ(x))

+Λ(x, ρ),

where

aρ(x, ϕ) :=
p− 2

p+N

(
1

2
sup

Bγ
√
ρ(x)

ϕ+
1

2
inf

Bγ
√
ρ(x)

ϕ

)
+
N + 2

N + p
−
∫
Bγ

√
ρ(x)

ϕ(y) dy,

and

sup
x∈Ω

|Λ(x, ρ)| ≤ cN,p
∥ϕ∥C4(Ω1)

infx∈Ω1 |∇ϕ(x)|
ρ1/2.

Note that in this case structural property (a) only holds for p ≥ 2, but analogous ideas can be
found in the literature for p ∈ (1, 2).

Remark 2.18 is particularly important in this setting: although consistency only holds for test
functions with nonvanishing gradient, in the viscosity framework one only needs to test against such
functions (see [46]).

To construct the barriers, let x0 /∈ Ω1 and R > 0 be so that

Ω1 ⊂ BR(x0) and Ω1 ∩BR/4(x0) = ∅.
We then consider a function u satisfying{

−∆N
p u(x) ≥ 1, x ∈ BR(x0),

u(x) ≥ g(x), x ∈ RN \ Ω.

An explicit example, given for instance in [23], is

u(x) = C1|x0 − x|
p

p−1 + C2,

for appropriate choices of the constants C1 and C2, depending on R, Ω, p, and N . Note that u is
smooth, has nonvanishing gradient in Ω1 ⊂ RN \BR/4(x0), and is bounded in Ω1.

From here, consequences analogous to those obtained in the harmonic case can be derived. Let
us finally observe that the strong uniqueness property was proved in [24].

8.4. The p-Laplacian. The idea used in the previous example only works for the homogeneous
problem. Let us consider the non-homogeneous problem{

−∆pu(x)− f(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω.

It was shown in [23, 25] that the following consistent approximation holds for all ϕ ∈ C4(BR(x0)):

−∆pϕ(x)− f(x) = Aρ(x, ϕ, ϕ(x)) + Λ(x, ρ),

where

Aρ(x, ϕ, ϕ(x)) =
C

ρ
−
∫
B

ρ
1
p

|ϕ(x)− ϕ(x+ y)|p−2
(
ϕ(x)− ϕ(x+ y)

)
dy − f(x)

and
sup
x∈Ω

|Λ(x, ρ)| ≤ cN,p∥ϕ∥C4(Ω1)ρ
α
p ,

with α = 2 if p ≥ 4 and α = p− 2 if p ∈ (2, 4), and where Ω1 := {x ∈ RN : dist(x,Ω) < 1}.
Using the same barrier functions as in the previous section, one can obtain results analogous to

those derived in the homogeneous case. Let us finally observe that the strong uniqueness property
was proved in [23].

Note that, in this setting, there is no explicit formulation for the associated averaging operator aρ.
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8.5. The fractional Laplacian. Our starting point is the equation{
(−∆)su(x)− f(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

where s ∈ (0, 1) and

(−∆)sϕ(x) = cN,s P.V.

∫
RN

(
ϕ(x)− ϕ(x+ z)

) dz

|z|N+2s
,

with cN,s a positive normalization constant. It is standard to check that for ϕ ∈ C2
b (RN ) the

following consistency relation holds:

(−∆)sϕ(x)− f(x) = cN,s

∫
|z|>ε

(
ϕ(x)− ϕ(x+ z)

) dz

|z|N+2s
− f(x) + Λ(x, ε),

with

(8.21) sup
x∈Ω

|Λ(x, ε)| ≤ kN,s∥D2ϕ∥L∞(Ω1)ε
2−2s,

where Ω1 := {x ∈ RN : dist(x,Ω) < 1}.
Introducing the measure dµs(z) = |z|−N−2s dz and setting ρ = ε2s, we obtain, in the notation of

this paper,

Aρ(x, ϕ, ϕ(x)) =
|∂B1| cN,s

2s

1

ρ

(
ϕ(x)− −

∫
|z|>ρ

1
2s

ϕ(x+ z) dµs(z)

)
− f(x),

and

aρ(x, ϕ) = −
∫
|z|>ρ

1
2s

ϕ(x+ z) dµs(z) + f(x).

As usual, we construct a barrier for the DPP by choosing R > 0 large enough so that Ω1 ⊂ BR/2
and defining

(8.22) u(x) := CN,s
(
∥f∥L∞(Ω) + 1

)
(R2 − |x|2) s+ + ∥g∥L∞(RN ), with CN,s =

2−2sΓ
(
N
2

)
Γ
(
N+2s

2

)
Γ(1 + s)

.

This function satisfies {
(−∆)su(x) = ∥f∥L∞(Ω) + 1, x ∈ Ω,

u(x) ≥ ∥g∥L∞(RN ), x ∈ RN \ Ω.

From here, using the consistency estimate (8.21), conclusions analogous to those obtained in the
harmonic case can be derived.

8.6. The infinity fractional Laplacian. We develop this example in a more thoughtful way,
since the existence result for solutions of the DPP is new and was previously unknown even in the
classical sense due to measurability issues.

Our starting point is the equation{
−∆s

∞u(x)− f(x) = 0, x ∈ Ω,

u(x) = g(x), x ∈ RN \ Ω,

where the infinity fractional Laplacian ∆s
∞, introduced in [8], is defined for s ∈ (1/2, 1) as

−∆s
∞φ(x) := Cs sup

|y|=1
inf
|ỹ|=1

∫ ∞

0
(2φ(x)− φ(x+ ηy)− φ(x− ηỹ))

dη

η1+2s
,

for a positive constant Cs that coincides with the one-dimensional constant of the fractional
Laplacian.
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The following consistent approximation of this operator was obtained in [21]

−∆s
∞ϕ(x)− f(x) = Aρ(x, ϕ, ϕ(x)) + Λ(x, ρ),

with

Aρ(x, ϕ, ϕ(x)) =
Cs
s

1

ρ

(
ϕ(x)− 1

2
sup
|y|=1

−
∫ ∞

ρ
1
2s

ϕ(x+ ηy)
dη

η1+2s
− 1

2
inf
|y|=1

−
∫ ∞

ρ
1
2s

ϕ(x+ ηy)
dη

η1+2s

)
−f(x),

and

sup
x∈Ω

|Λ(x, ρ)| ≤ cN,s
∥ϕ∥C2(Ω1)

infx∈Ω1 |∇ϕ(x)|
ρα,

for some α > 0 depending on N and s. Note that, as in the normalized p-Laplacian case, consistency
only holds when the gradient of ϕ does not vanish.

In order to prove existence of classical solutions of the DPP{
Aρ(x, uρ, uρ(x)) = 0, x ∈ Ω,

uρ(x) = g(x), x ∈ RN \ Ω,

a major measurability issue arises. The function uρ must be measurable along the one-dimensional

rays x+ ηy with η ∈ (ρ
1
2s ,∞), for all x ∈ Ω and all y ∈ ∂B1. This is, in general, difficult to verify

and was not established in [21]. However, within the framework developed in this paper, we are
able to prove existence of viscosity solutions of the DPP.

To this end, we verify that hypotheses (H1) and (H2) hold. We construct classical strict super-
and subsolutions of the DPP. Choose R > 0 large enough so that Ω1 ⊂ BR/2 and define

u(x) := ks
(
∥f∥L∞(Ω) + 1

)
(R2 − |x|2) s+ + ∥g∥L∞(RN ), with ks =

2−2sΓ
(
1
2

)
Γ
(
1+2s
2

)
Γ(1 + s)

.

This is a radial function whose one-dimensional profile U : R → R+ coincides with (8.22), namely

U(r) = ks
(
∥f∥L∞(Ω) + 1

)
(R2 − r2) s+ + ∥g∥L∞(RN ),

and u(x) = U(|x|) for all x ∈ RN . Since u is radial and radially nonincreasing, Proposition 6.1
in [22] yields

−∆s
∞u(x) = (−∂2rr)sU(|x|),

where (−∂2rr)s denotes the one-dimensional fractional Laplacian. Thus,{
−∆s

∞u(x) = ∥f∥L∞(Ω) + 1, x ∈ Ω,

u(x) ≥ ∥g∥L∞(RN ), x ∈ RN \ Ω.

By a similar radial argument, we compute

Aρ(x, u, u(x)) =
Cs
s

1

ρ

(
U(r)− 1

2
−
∫ ∞

ρ
1
2s

U(r + η)
dη

η1+2s
− 1

2
−
∫ ∞

ρ
1
2s

U(r − η)
dη

η1+2s

)
− f(x)

=: Ãρ(r, U, U(r))− f(x),

with r = |x|. Proceeding as in the previous section, we obtain

sup
x∈Ω

| −∆s
∞u(x)− f(x)−Aρ(x, u, u(x))| = sup

x∈Ω
|(−∂2rr)sU(|x|)− Ãρ(|x|, U, U(|x|))|

≤ c̃s∥D2u∥L∞(Ω1)ρ
2−2s
2s .

Choosing ρ > 0 sufficiently small, we conclude that{
Aρ(x, u, u(x)) ≥ 1

2 , x ∈ Ω,

u(x) ≥ g(x), x ∈ RN \ Ω.
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Hence, by Theorem 2.15, hypothesis (H2) holds. Moreover, (H1) follows since u := −u is a classical
(and therefore viscosity) subsolution of the DPP.

Finally, we remark that a strong uniqueness property, or even a comparison principle for viscosity
solutions, is unknown for this PDE problem, see [8]. As a consequence, full convergence of the DPP
cannot be achieved. Nevertheless, the uniform barriers constructed above provide the weak stability
required for Theorem 2.17, ensuring the existence of viscosity subsolutions and supersolutions. As
in the p-harmonic case, the notion of viscosity solution must be restricted to test functions with
nonvanishing gradient, since the consistency result proved in [21] only holds in this class. Within
this framework, the equivalence between viscosity solutions of the asymptotic expansion and of the
PDE also follows from Theorem 6.3.
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(Berlin) [Mathematics & Applications]. Springer-Verlag, Paris, 1994.

[4] G. Barles, G., and B. Perthame, Discontinuous solutions of deterministic optimal stopping time problems. RAIRO
Modél. Math. Anal. Numér. 21, 4 (1987), 557–579.

[5] G. Barles, and B. Perthame. Exit time problems in optimal control and vanishing viscosity method. SIAM J.
Control Optim. 26, 5 (1988), 1133–1148.

[6] G. Barles, and B. Perthame. Comparison principle for Dirichlet-type Hamilton-Jacobi equations and singular
perturbations of degenerated elliptic equations. Appl. Math. Optim. 21, 1 (1990), 21–44.

[7] G. Barles, and P. E. Souganidis. Convergence of approximation schemes for fully nonlinear second order equations.
Asymptotic Anal. 4, 3 (1991), 271–283.

[8] C. Bjorland, L. Caffarelli, and A. Figalli; Nonlocal tug-of-war and the infinity fractional Laplacian, Comm. Pure
Appl. Math. 65, 3 (2012), 337–380.

[9] P. Blanc, F. Charro, J. J. Manfredi, and J. D. Rossi. Asymptotic mean-value formulas for solutions of general
second-order elliptic equations. Adv. Nonlinear Stud. 22, 1 (2022), 118–142.

[10] P. Blanc, F. Charro, J. D. Rossi, J. J. Manfredi; A nonlinear Mean Value Property for the Monge-Ampère
operator, J. Convex Analysis, 28(2), (2021), 353–386.

[11] P. Blanc, F. Charro, J. J. Manfredi and J. D. Rossi. Asymptotic Mean Value Expansions for Solutions of General
Second-Order Elliptic Equations. Adv. Nonlinear Studies, 22, (2022), 118–142.

[12] P. Blanc and J. D. Rossi; Games for eigenvalues of the Hessian and concave/convex envelopes, Jour. Math. Pures
Appl., 127, (2019), 192–215.

[13] P. Blanc and J. D. Rossi; Game Theory and Partial Differential Equations, Berlin, Boston: De Gruyter (2019).
[14] I. Blank and Z. Hao; The mean value theorem and basic properties of the obstacle problem for divergence form

elliptic operators, Comm. Anal. Geom. 23 (2015), no. 1, 129–158.
[15] W. Blaschke; Ein Mittelwertsatz und eine kennzeichnende Eigenschaft des logarithmischen Potentials, Ber. Verh.
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[38] Ü. Kuran; On the mean-value property of harmonic functions, Bull. London Math. Soc., 4 (1972), 311–312.
[39] M. Lewicka. A Course on Tug-of-War Games with Random Noise. Universitext. Springer, (2020).
[40] M. Lewicka and J. J. Manfredi; The obstacle problem for the p-Laplacian via optimal stopping of tug-of-war

games, Probab. Theory Related Fields 167 (2017), no. 1, 349–378.
[41] P. Lindqvist, and J. Manfredi. On the mean value property for the p-Laplace equation in the plane. Procc. Amer.

Math. Soc., 144 (2016), no. 1, 143–149.
[42] W. Littman, G. Stampacchia, and H.F. Weinberger; Regular points for elliptic equations with discontinuous

coefficients, Ann. Scuola. Norm. Sup. Pisa. Cl. Sci., 17(1–2) (1963), 43–77.
[43] Q. Liu, and A. Schikorra. General existence of solutions to dynamic programming equations. Commun. Pure Appl.

Anal. 14, 1 (2015), 167–184.
[44] H. Luiro, M. Parviainen, E. Saksman. On the existence and uniqueness of p-harmonious functions. Differential

Integral Equations, 27(3/4), (2014), 201–216.
[45] J. J. Manfredi, M. Parviainen, and J. D. Rossi. An asymptotic mean value characterization for a class of nonlinear

parabolic equations related to tug-of-war games. SIAM J. Math. Anal. 42, 5 (2010), 2058–2081.
[46] J. J. Manfredi, M. Parviainen, and J. D. Rossi. An asymptotic mean value characterization for p-harmonic

functions. Proc. Amer. Math. Soc. 138, 3 (2010), 881–889.
[47] Y. Peres, O. Schramm, S. Sheffield, and D. Wilson; Tug-of-war and the infinity Laplacian, J. Amer. Math. Soc.

22 (2009), no. 1, 167–210.



26 F. DEL TESO, J. D. ROSSI, AND J. RUIZ-CASES

[48] Y. Peres, and S. Sheffield; Tug-of-war with noise: a game theoretic view of the p-Laplacian, Duke Math. J. Volume
145, Number 1 (2008), 91-120.

[49] I. Privaloff; Sur les fonctions harmoniques, Mat. Sb. 32 (1925), no.3, pp.464–471.

(F. del Teso) Departamento de Matematicas, Universidad Autónoma de Madrid (UAM), Campus de
Cantoblanco, 28049 Madrid, Spain

Email address: felix.delteso@uam.es

URL: https://sites.google.com/view/felixdelteso
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