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STRONG POLARIZATION AND ENTROPY

DANIEL GALICER, OSCAR ORTEGA-MORENO, AND DAMIAN PINASCO

ABSTRACT. We show that for any set of n unit vectors vy, ..., v, in a real Hilbert space and
positive numbers p1, ..., p, satisfying > ;i =1 there exists a unit vector u such that
2 Togou? =

This inequality is a weighted version of the strong polarization inequality. As immediate
corollaries, it yields a polarization inequality for products of powers of linear functionals
and a strengthening of Bang’s classical plank theorem for Hilbert spaces. The proof follows
the approach introduced by Martinez and Ortega-Moreno in their recent solution to the
strong polarization conjecture posed by Ball and Frenkel. We further note that our weighted
inequality admits a Shannon-entropy interpretation: in a random sensing model, the entropy
of the weights controls the minimum expected logarithmic loss.

1. INTRODUCTION

In this paper we prove the following generalization of the strong polarization inequality,
conjectured by Ball and Frenkel, an recently solved by Martinez and Ortega-Moreno in [12].

Theorem 1 (Weighted strong polarization inequality). Let H be a real Hilbert space, let
v1,...,U, € H be unit vectors, and let py, ..., p, > 0 be weights satisfying

ij =L
j=1

Then there exists a unit vector u such that
n 2
p—J < 1.

j=1 <Uj7u>2 N

(1)

The original conjecture corresponds to the case when all the weights are equal; that is,
when p; = % for all j. This weighted version of the strong polarization inequality has a
few immediate consequences. One of them is obtain by applying the weighted arithmetic-
geometric mean inequality, yielding the following weighted version of the polarization
inequality for products of powers of linear functional.

Theorem 2 (Weighted polarization inequality). Under the assumptions of Theorem 1,


https://arxiv.org/abs/2606.02567v1

2 D. GALICER, O. ORTEGA-MORENO, AND D. PINASCO

The case when all weights are equals recovers the polarization inequality as well.

The problem of estimating the norm of a product of linear functionals, or more generally the
norm of a product of homogeneous polynomials, has been studied in several settings. The
polarization problem asks how small the product of n norm-one linear functionals can be
on the unit ball of a Banach or Hilbert space. It led, for a Banach space X, to the study of its
polarization constant ¢, (X ) defined as the smallest constant C' such that

Cllfr-- fall Z If2ll - - [ fnl

for every choice of functionals f1, ..., f, € X*. An immediate consequence of Ball’s plank
theorem is the general Banach-space bound ¢, (X) < n™, while the sharper conjecture for real
Hilbert spaces, namely ¢, (H) < n™/2, remained open for decades. Several works contributed
to the development of this conjecture [5, 9, 11, 13, 16, 18, 19]. The complex case was settled
by Arias de Reyna [1] and Ball [2] and the equality case was characterized by Pinasco [17],
while recent work of Martinez and Ortega-Moreno resolves the real case through a variational
approach and a elegant application of the Euler—Jacobi vanishing theorem [12].

Theorem 1 can also be seen as a strengthening of the classic polarization theorem for Hilbert
spaces. Indeed, since each summand in (1) is less or equal to one, we obtain

[(vj, u)| = pj,
forallj=1,...,n.

Shannon Entropy and sensing. The weighted polarization inequalities admit a natural
interpretation in terms of sensing systems and information distribution. The vectors v; may
be viewed as sensing directions, frame elements, or measurement vectors, while |(v;, u)|*
represents the amount of energy captured from a signal u € Sy (here Sy denotes the set of
unit vector in /). The weighted polarization inequality ensures the existence of u € Sy such
that

= “pjlog (v, u)[* < = pjlogp;.
Jj=1 j=1

The quantity on the right-hand side is the Shannon entropy
H(p) = - pjlogp;
j=1

of the weight distribution. Now let V be a random sensing vector with distribution
PV = v;) = pj,
forall j =1,...,n. For u € Sy, define
X, = —log |(V,u)|*.
Then

EX, =~ _p;log|(v;, u)].
j=1
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Therefore, the theorem guarantees the existence of u € Sy such that
EX, < H(p).

In other words, there is always a signal whose expected logarithmic loss under random
sensing is controlled by the entropy of the sensing distribution. This viewpoint is natural in
frame theory and harmonic analysis. The weights p; describe the distribution of the sensing
architecture, while the entropy H (p) measures its effective complexity. The theorem says that
this complexity controls the best possible average logarithmic correlation with the system.
On the other hand, the stronger estimate

adds a reciprocal energy constraint: the correlations with the sensing system cannot all be
too small relative to the prescribed distribution.

The article is organized as follows. In Section 2, we prove Theorem 1 and we discuss its
sharpness. In Section 3, we prove the polarization inequality and its implication for the plank
problem in Hilbert spaces and the polarization constant of ¢, spaces.

2. PrRoOF OoF THEOREM 1

The proof is divided in two steps: first we show that Theorem 1 is true in the case of rational
weights. Second we obtain the general result by a simple approximation argument. Our
approach follows closely the proof of the main theorem in [12]: a careful analysis of the
extremal point method and the use of the Euler—Jacobi vanishing theorem.

2.1. Integer multiplicities. We first prove Theorem 1 for probability vectors of the form
a; = k;j/s, where ky,...,k, € Nand s = k; + - -+ + k,. Thus the integers k; should be
regarded as multiplicities, or equivalently as the powers appearing in the auxiliary polynomial
below.
Let k1,...,k, € N, put

k.

s=ki+-+ky ;=2

s
and suppose first that vy, . . ., v, is a basis of R". We shall prove that there exists u € S"~!
such that

J

Z <Uj>u>2 =

j=1

Equivalently,

n 2

PR B
<Uj7u>

J=1

Let wy, . .., w, be the dual basis, so that (v;, w;) = ¢;;. For v € R, set

yj:(“jvl'% Zj:<wj7x>'
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Then v = >, zv;. Let G = ({vj,vx));jx be the Gram matrix and let A = G In vector
notation, z = Ay.

Consider
n

P(z) =[] (v, 2)" .

7=1
At a critical point of P on the sphere where P # 0, the Lagrange multiplier equation for

log | P| is
Z kj—j = \r.
=1 Y
Taking the inner product with =, we get A\ = s. Evaluating against w;, we obtain

k.
2 = 5Zj,
Yj
or equivalently
ki _
ijj = ; = Oéj.

Since z = Ay, the extremal points are described by the quadratic system
yi(Ay); = ay, j=1...,n.
Define h = (hy, ..., h,) : C* — C" by
hi(y) = y;(Ay); — o
Lemma 3. Every solutiony € C" of h(y) = 0 is real.

Proof. Let y € C" be a solution. Since o; > 0, no y; vanishes. Put z = Ay and

n

T = szvj e C".

j=1
Then y; = (vj, ). Moreover, from y;z; = k;/s,

k.

Zj = —J,

S yj

and therefore

1 — v;
:—E ki—1—.
T =)

J=1

Write x = a + b, with a, b € R". Since the vectors v; are real,

<Uj7 T) = <Uj7 a) +1 <Uj7 b) .
Set A; = (v;,a) and B; = (v;, b). Taking imaginary parts in the fixed point equation gives

b= =2 higr
=1 j j
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Taking the real inner product with b,
2

2
s|po)|” = — Z kjm-
]:]_ J J
The left-hand side is non-negative and the right-hand side is non-positive. Hence b = 0, and
so x, and therefore y, is real. O
We will use the following lemma.

Lemma 4 ([12]). In each chamber determined by the signs of y1, . . ., Yn, the system h(y) = 0
has a unique real solution.

It follows from Lemmas 3 and 4 that h(y) = 0 has exactly 2" solutions in C”, all of them real.
Moreover, all solutions are simple. Indeed, at a solution,

Jh(y) = diag(y) (A + diag (Z‘_];)) ,

and this matrix is invertible since A is positive definite and y; # 0.
We now apply the Euler-Jacobi vanishing theorem. Since the system has 2" simple solutions
and each h; has degree 2, every polynomial g with deg g < n — 1 satisfies

Z det Jh =0

h(y)

Assume first that n > 2, the casen =1 bemg immediate. Put

y)=]]v
j=1

and define
y) = 2 Z ]{IZ]{ZJ <'U1',’Uj> H Yo
1<i<j<n 0#i,j
Then deg g = n — 2. Also,
—(y =2 Y ki (05 %5).
Q y 1<i<j<n ylyj

On the other hand,

2

_ij +2 Y kik; (0,2)

y] 1<i<j<n yzy

>k e
7j=1
At a solution of h(y) = 0, the associated vector x satisfies

k_v]i
0

and

n n
|z||* = Zyzzl = Zai =1.
i=1 i=1



6 D. GALICER, O. ORTEGA-MORENO, AND D. PINASCO

Thus, at every solution,
2
9(y) = Q(y) (8 - Z—é) :
Moreover,

J

((y) = det (A + diag (Z‘—]g) > -

Then u(y) > 0 for every solution. Euler—Jacobi gives

> <32 - Z%) uly) = 0.

h(y)=0 j=1

det Jh(y) = Q(y) det (A + diag (O‘—;)) .

Set

Since all p(y) are positive, there exists a solution y such that

n
12
s
2 _—
=1 i
For the corresponding unit vector w, this is precisely the case

n 2
kj

2

2
j=1 {vj, u)

< 2.

This proves Theorem 1 for weights of the form «; = k;/s when vy, ..., v, is a basis of R™.
We pass to arbitrary unit vectors in a real Hilbert space by the usual perturbation argument.
The statement depends only on the finite-dimensional subspace generated by the vectors,
so we may assume this is the ambient space. If the vectors are linearly independent, the
preceding argument applies. If they are linearly dependent, embed the space in R” and choose
unit vectors U](t) — v; such that U§t), e ,vﬁf) is a basis of R" for every ¢ > 0. Applying
the basis case and passing to a convergent subsequence gives the desired inequality for the
original vectors. If the limiting vector has a component orthogonal to the original span,
projecting onto that span and normalizing can only increase the quantities |(v;, u)|. This
proves Theorem 1 for weights of the form a; = k;/s in full generality.

2.2. Rational and real weights. The passage to rational weights is immediate. Letpy,...,p, €
Q-0 and suppose that > . p; = 1. Choose N € N so that k; = Np; € N for every i. Then
ki
N =k +-+ky, Pi =%

By the multiplicity case proved above, there exists a unit vector u such that

n 2

> —L <N
<Uj7u>

j=1
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Dividing by N2,

n

Z P <1.

2
j=1 (v, )

( (m) (m

For real positive weights, take rational vectors p™ = (p\"™, ..., pn )) with positive coor-

(m) (m)

dinates, ) by = 1, and p; = D By the rational case, there exists u,, € Sy such
that

n (m)y2

Z (p; ) S <1

j=1 (v, )

Restricting to the finite-dimensional span and passing to a subsequence, u,, — u € Sg. The
preceding inequality forces | (v;, up,) | > pj ) for every j, and hence | (vj,u)y| > p; > 0.
Passing to the limit gives the following.
n 2
>
<Uj7 u>

J=1

This proves Theorem 1.

2.3. Sharpness and equality. The constant 1 in Theorem 1 is the best possible. Indeed,
if vy,...,v, is an orthonormal system and u € Sy, then, writing a; = (v;, u), Cauchy’s

inequality gives
n 2 n pQ n n p2
Z Z Z 2
7=1 7=1 J 7=1 7j=1 ]

Thus, the right-hand side in Theorem 1 cannot be replaced by a smaller constant. Equality is
attained, in the orthonormal case, in

u= Zej\/p_jvj, g € {-1,1}.
j=1

Consequently, the constant in the weighted polarization inequality is also the best possible,
since for this vector one has

n

[T 1w u = Hp;/?
=1

Remark 5. The reverse implication can be proved in a similar way to the argument of Martinez
and Ortega Moreno in [12].

3. CONSEQUENCES OF THEOREM 1

The following consequence is the weighted product inequality. It is the form in which the
result is closest to the usual polarization problem.
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Proof of theorem 2. Let u be as in Theorem 1. Put

py=—
i = 2
<Uj>u>
Then
S =3
PjPj = ; = L
j=1 <Uj7u>

By the weighted arithmetic—geometrlc mean inequality,

[Ie =1
i=1
Equivalently,

ﬁ| U], |PJ >H PJ/2
=1
’ 0

The strong form also yields a centred plank theorem in Hilbert spaces. Since relatively few
proofs of plank-type results are known, we believe that this observation is worth recording.

Corollary 6 (Plank theorem for Hilbert spaces). Let vy, ..., v, be unit vectors in a real Hilbert
space and let py, ..., p, > 0 satisfy > . p; = 1. Then there exists u € Sy such that

|(v;,u)| > pj, j=1,...,n
Equivalently, the spherical planks
{u € Sy : |{vj,u)| < p;}, j=1,...,n,
do not cover the unit sphere.

Proof. By Theorem 1,

n 2

e > < 1.

j=1 (v, u)

Each summand is non-negative, hence

2

B
<Uj7 u)

for every j. This gives [(v;, u)| > p;. O

The Hilbertian result also gives a simple estimate for finite-dimensional ¢, spaces in the range
1 < p < 2. Let d denote the dimension and let n be the number of functionals.

Proposition 7. Let 1 < p < 2, let q be the conjugate exponent, and let
Xy, ..., € (Ez)* = EZ
be norm-one functionals. If \y, ..., A, > 0and A = Xy + --- + A, then

(i /2
sup H|m ()] >d AH( ) .

llell, <1 5
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Proof. Write 27 (x) = (a;, x), with ||a;||, = 1. Since ¢ > 2,

a;lly = llajll, = 1. Put

Since ||a, ||, > 1, the same lower bound holds with a; in place of u;. Moreover, for 1 < p < 2,

lyll, < dVP=2 lyll, = d'/P=172,

Taking z = y/ ||yl|,, we get ||z, < 1 and

|5 ()] = dPTYD | ag,) |-
Multiplying with weights \; gives the result. 0

*

Forn =d, x}k =€}, and equal weights, the estimate gives d~%?_ which is the exact value of

sup |1+l
[|l], <1

Thus, the order in the dimension is optimal.
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