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Abstract

In this paper, we consider an optimal reinsurance problem to minimize the probability of draw-
down for the scaled Cramér-Lundberg risk model when the reinsurance premium is computed
according to the mean-variance premium principle. We extend the work of Liang et al. [16] to
the case of minimizing the probability of drawdown. By using the comparison method and the
tool of adjustment coefficients, we show that the minimum probability of drawdown for the scaled
classical risk model converges to the minimum probability for its diffusion approximation, and the
rate of convergence is of order O(n~/?). We further show that using the optimal strategy from

the diffusion approximation in the scaled classical risk model is (’)(n_l/ 2)-optimal.
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1 Introduction

Drawdown occurs when the value of a portfolio or company’s surplus is lower than a proportion
of its historic maximum, which is an important risk metric for fund or corporate managers when
evaluating their portfolios or companies, respectively. The frequent occurrence of drawdown implies
low financial profit, potential large losses, or even bankruptcy, which may help managers take
effective action for the company’s operation.

Due to the importance of analyzing the occurrence of drawdown, recently researchers have been
considering the problem of minimizing the probability of drawdown. Specifically, a decision maker
chooses an optimal strategy to minimize the probability that the fund or surplus decreases to a
fixed proportion, say « € [0, 1), of its historic maximum value. If we set « = 0, then minimizing the
probability of drawdown degenerates to minimizing the probability of ruin. Angoshtari et al. [1]
minimize the probability of drawdown with investment in a Black-Scholes financial market. They
find that the strategy for minimizing the probability of drawdown is identical to the one for mini-
mizing the probability of ruin. Han et al. [14] consider the reinsurance problem of minimizing the
probability of drawdown under the mean-variance premium principle and under the diffusion ap-
proximation of the classical Cramér-Lundberg risk model. They find an explicit form of the optimal
reinsurance strategy and show that the optimal reinsurance strategy for minimizing the probability
of drawdown coincides with the one for minimizing the probability of ruin, as in Angoshtari et al.
[1]. There is also research related to optimization problems under drawdown from the perspective
of individual investors; see, for example, Grossman and Zhou [12], Cvitani¢ and Karatzas [9], Elie
and Touzi [10], Chen et al. [6], and Angoshtari et al. [2].

There are many papers that employ the diffusion approximation in the actuarial science liter-
ature. By comparison, research on optimization problems with jump-diffusion models or classical
Cramér-Lundberg (CL) models are less. The reason is that explicit solutions for the latter mod-
els are difficult to derive. Some researchers use probabilistic techniques to verify the convergent
relationship between the probability of ruin for the scaled model and that of its corresponding

diffusion approximation; see, for example, Iglehart [15], Grandell [11], Asmussen [3], and Béuerle



[5]. More recently, Cohen and Young [7] use the comparison method from differential equations to
find upper and lower bounds of the probability of ruin and prove that the probability of ruin for the
scaled CL model converges to the probability of ruin for the corresponding diffusion approximation.
Liang et al. [16] consider the problem of minimizing the probability of ruin with reinsurance under
the mean-variance premium principle. They show that the minimum probability of ruin is the
unique viscosity solution of the corresponding Hamilton-Jacobi-Bellman equation with boundary
conditions. They prove that, under appropriate scaling of the CL risk model, the probability of
ruin converges to its diffusion approximation. Liang and Young [17] extend Cohen and Young [7]
to the exponential Parisian ruin model. Cohen and Young [8] prove asymptotic results for the
optimal-dividend problem.

In this paper, we analyze the relationship between the probability of drawdown for the scaled
classical CL risk model and its corresponding diffusion approximation. We first prove two “smooth”
comparison results. Then, we use the comparison results and the analogs of adjustment coefficients
to prove that the minimum probability of drawdown for the scaled classical risk model converges
to the minimum probability for its diffusion approximation uniformly, with rate of convergence of
order (’)(n_l/ 2). To justify using the diffusion approximation in this optimization problem, we show
that using the optimal retention strategy from the diffusion approximation is O(n~'/?)-optimal in
the scaled classical CL risk model.

The rest of the paper is organized as follows. In Section 2.1, we present the classical CL model for
the insurer’s surplus, we describe the reinsurance market, and we define the minimum probability of
drawdown for the classical risk process. Then, in Section 2.2, we provide two comparison theorems
that form the backbone of the proofs in Section 4.1. In Section 2.3, we define the scaled model
and discuss how to extend the comparison theorems to this model. Section 2.4 provides an explicit
expression for the minimum probability of drawdown for the diffusion approximation of the scaled
classical risk model, and Section 2.5 gives an outline of the remainder of the paper.

In Sections 3.1 and 3.2, we define analogs of the adjustment coefficient for the scaled classical risk
model and for its diffusion approximation, respectively, and in Section 3.3, we prove two lemmas that
show how these adjustment coefficients are related. In Section 4.1, we use the comparison lemma
from Section 2.2 to modify the minimum probability of drawdown for the diffusion approximation
by functions of order O(n_l/ 2) to obtain upper and lower bounds of the corresponding probability

of drawdown for the scaled classical risk model. In Section 4.2, we use these bounds to prove that



the minimum probability of drawdown for the scaled classical risk model converges to that of its
diffusion approximation. We show that the rate of convergence is of order O(n~'/2), uniformly
with respect to the surplus. Finally, in Section 4.3, we prove the main result of our paper, namely,
that if the insurer uses the optimal strategy from the diffusion approximation, then the resulting
probability of drawdown is O(n~'/2)-optimal. This result thereby justifies using the diffusion

approximation when minimizing the probability of drawdown.

2 Scaled Cramér-Lundberg model and its diffusion approximation

2.1 Cramér-Lundberg model and the probability of drawdown

In this section, we describe the reinsurance market available to the insurance company, and we for-
mulate the problem of minimizing the probability of drawdown. Assume that all random processes
exist on the filtered probability space (Q, F.F= {]:t}tzo,]?)-

We model the insurer’s claim process C' = {C;}4>¢ according to a compound Poisson process,

namely,
N¢
Cr=>Y, (2.1)
i=1
in which the claim severities Y7, Y5, ... are independent and identically distributed according to a

common cumulative distribution function Fy, with Fy(0) = 0, and in which the claim frequency
N = {N¢}+>0 follows a Poisson process with parameter A > 0. Let Sy = 1 — Fy denote the survival
function of the severity random variable Y, and assume that Y’s moment generating function My is
finite in a neighborhood of 0. Also, assume that the insurer receives premium payable continuously
at a rate ¢ > AEY, and assume that the Poisson process N is independent of the claim severity

process {Y; }ien.
Remark 2.1. From Lemma 2.3.1 in Rolski et al. [19], we know that, because My (ty) < oo for some
to > 0, then there exists b > 0 such that

Sy (y) < be oY, Yy > 0. (2.2)

In other words, if My is finite in a neighborhood of 0, then Sy has an exponentially decreasing
right tail. Conversely, if (2.2) holds, that is, if Sy has an exponentially decreasing right tail, then
My (t) < oo for allt < to. O



We assume that the insurer can buy per-loss reinsurance, with a continuously payable pre-
mium computed according to the so-called mean-variance premium principle, which combines the
expected-value and variance premium principles, with risk loadings € and 7, respectively. Specifi-
cally, if Ry(w,y) represents the retained claim at time ¢ > 0, as a function of the (possible) claim
Y = y at that time and state of the world w € 2, then reinsurance indemnifies the insurer by the
amount y — Ry(w,y) if there is a claim y at time ¢ > 0 and w € 2, and the time-t premium rate is
given by

(14 O)AE(Y — Ry) + g AE((Y — Ry)?). (2.3)

Assume that

¢ < (1+0)AEY + gAE(YQ); (2.4)

in words, the insurer’s premium income is not sufficient to buy full reinsurance, and let s denote
the positive difference

k= (14 0)AEY + g AE(Y?) — c. (2.5)

Definition 2.1. A strategy R = {R:}+>0 is an admissible retention strategy if it satisfies the

following properties:

(i) R is predictable; that is, the function (w,y) — Ri(w,y) is Fy- X B(R4)-measurable for every
t >0, in which B(Ry) denotes the Borel o-algebra on Ry.

(#1) 0 < Ry(w,y) <y, forallt >0 and w € Q.

(7i1) The net premium of the controlled surplus is greater than the expected rate of claim payment,
that 1is,

c—(1+0AE(Y — R,) — g AE((Y — Ry)%) > AER,, (2.6)

with probability one for all t > 0. Hald and Schmidli [13] and Liang and Guo [18], among

others, refer to inequality (2.6) as the net-profit condition.

(iv) R is progressively measurable; that is, the function (w,y,t) — Ry(w,y) is Ft x B(R4) x B(R4.)-

measurable.

When initial surplus equals x, denote the set of admissible strategies by R, .

Moreover, a function R : R, — R, is an admissible retention function if



(1) The mapping y — R(y) is B(R4)-measurable.
(1) 0 < R(y) <y, for ally > 0.
(ii1) ¢ — (1+O)AE(Y — R) — g AE((Y — R)?) > AER.

In other words, a function R is an admissible retention function if the constant strategy R = {Ry =

R} is an admissible retention strategy. O

Given a retention strategy R € fR,, the insurer’s surplus follows the dynamics

dXR = (c — (1 +0AE(Y — Ry) — gAE((Y - Rt)2)) dt — RydN,

- (—/1 +A ((1 +OER, + nE(YRy) — gE(Rf))) dt — RydN;, (2.7)
with ng, =2 > 0.! Define the corresponding maximum surplus process M~ = {MtR} >0 by

MR = max{ sup XF, Mgz}, (2.8)
0<s<t
with ]\482 = m > x. We allow the surplus process to have a financial past, as embodied by the

term Mgi in (2.8). Drawdown is the time when the surplus process drops below the proportion

a € [0,1) of its maximum value, that is, at the hitting time 7% given by
R=inf{t>0: X} <aM}}. (2.9)

If & = 0, then the time or event of drawdown is the same as that for ruin under the ruin level 0.
The goal of the insurer is to minimize its probability of drawdown by purchasing per-loss

reinsurance. The corresponding minimum probability of drawdown 1) is defined by

Y(z,m) = Jnf Po (1R < o0) = Jnf E*"™ (1R <o0}) (2.10)

in which P*™ and E*" denote the probability and expectation, respectively, conditional on Xy = =
and My = m. Note that, if x < am, then ¢(z,m) = 1. It remains for us to study the minimum

probability of drawdown ) on the domain
D={(z,m) eRL :am <z <m}. (2.11)

In the following proposition, we prove some interesting properties of ).

'We assume that no claim occurs at time 0, which is true with probability 1, so we also have X2 = z > 0.



Proposition 2.1. i(x, ) is nondecreasing on D, and ¢(-,m) is nonincreasing and Lipschitz on D.
Moreover,

lim ¢ (m,m) = 0. (2.12)

m—ro0

Proof. For a fixed value of z, if (x <) m; < mg, then the ruin levels are ordered, that is, am; < ama,
which implies that the probability of drawdown under ruin level am; is less than or equal to the
probability of drawdown under ams. In other words, v (z,-) is nondecreasing on D.

For a fixed value of m, if am < x1 < x5 < m, then clearly the probability of drawdown when
surplus equals x1 is greater than or equal to the probability of drawdown when surplus equals xs.
In other words, 9 (-, m) is nonincreasing on D. It remains to show that (-, m) is Lipschitz on D.

For a fixed value of m, suppose am < x1 < x9 < m. Choose an admissible retention function
R, and form the constant admissible retention strategy R = {]A%}tzo € Ry,. Given € > 0, let
R = {R%}tzo € R,, be such that

¢($2am§7€1) S 1/}(1.27m) + g,

in which (-, ;R) denotes the probability of drawdown when the insurer follows strategy R.
Now, define R = {R;};>0 € R, as follows:

A~

. R, t <7y =inf{t >0: Xtﬁ’ =19},
t pr—

1
Ry . t> Ty,

If no claims occur, then the process X R with initial surplus z reaches x9 at time h = (x9—x1)/p B>
in which

pr=c—(1+0)EY — R) — g)\E((Y—R)2). (2.13)
Note that condition (iii) in Definition 2.1 implies pr > AER for any admissible retention function

R. Thus, if we let 7; denote the time of the first claim when initial surplus equals 1, we have
1- ¢($17m) > 1-—- ¢($17m77§’)

> (1 — (2, m; R))P(m1 > h)

= (1 — P(xe,m; 7@))6_)‘}‘

v

(1 —(x2,m) — e)e™ M.



Because € > 0 is arbitrary, we deduce
L= (er,m) > (1= Pz, m)e ™. (2.14)
From inequality (2.14) and (-, m) nonincreasing, we obtain

0 < W(a1,m) —P(az,m) < (1 — (a2, m))(1 —e )

< 1—6_)‘h§)\h:i(x2—$1).
Pr

Because R is arbitrary such that pj > )\ER, it follows that

A
SUPR PR

(1, m) — P(w2,m)| <

’xg — X1].

Thus, v is Lipschitz in z.
It remains to prove the limit in (2.12). To that end, for any value (x,m) € D, let R be an
admissible retention function, and let R = {R};>0 € R be the corresponding constant retention

strategy. We wish to prove that
W(a,m;R) < e lemem), (2.15)

in which J is the positive solution of the following equation:
AEe’B—1— JER) = J [—n +A <9ER +E(YR) — g E(R2)>] . (2.16)

As an aside, to see that (2.16) has a unique positive solution, note that condition (iii) of Definition
2.1 implies the coefficient of J on the right side is positive. The two sides equal 0 when J = 0, and
the rates of growth with respect to J when J = 0 of the left and right sides equal, respectively, 0
and the positive coefficient in square brackets. Thus, because the left side grows exponentially and
the right grows linearly with J, there is a unique positive solution of (2.16).

Next, let ¢ (-, -;R) denote the probability of drawdown (under the strategy R) at or before
the k" claim. For all (z,m) € D, 1y(x, m; R) increases with respect to k, and k‘h—>Holo Yp(z,m;R) =
Y(z,m; R). Indeed, if we let T}, denote the time of the k™ claim, then ¢y (z,m; R) = P(X < T}),

and lim 7T} = oo, which give us
k—o0

lim 4y, (z,m; R) = lim P(rX < Ty) = P2 {rX < Ti}) = P(7Y < 00) = ¢(z,m; R).

k—o00 k—o00

Thus, to prove (2.15), it is enough to prove

Yr(x,m;R) < e_J(m_o‘m), (2.17)



for all £ € N. By a recursive argument, 1, solves

Yr(x,m;R) = / / Yi—1(z + prt — R(y), m; R))\e_)‘tdFy(y)dt, (2.18)
o Jo
for k£ € N, in which

Yoz, m;R) = (2.19)
1, T < am.

For (x,m) € D, ¥p(x,m;R) =0 < e~/ (@—am) = Agsume (2.17) holds for some kK —1 =0,1,2,...;

then,

Yp(z,m;R) < / / e~/ @rprt=R{y)=am) \o =X g [y, () dt
0 0
— o

_ —J(xz—am) /OO )\GJR(y)dFY(y) . /OO 6_(>‘+JpR)tdt
0 0

—J(z—am 1 —J(z—am
= e J( )()\_i_JpR)m:e J( )7

in which the second equality follows from (2.16). Thus, inequality (2.17) follows by recursion, which

implies inequality (2.15). From the minimality of ¢ and from (2.15), we obtain

0< lim (m,m) < lim ¥(m,m;R) < lim e /(0™ =,

m—r0o0 m—ro0 m—ro0

which proves the limit in (2.12). O

2.2 Comparison theorems

For the classical risk model, we cannot find an explicit expression for the minimum probability of
drawdown v, so in Section 4, we prove that the minimum probability of drawdown for the diffusion
approximation of X approximates 1. To that end, in this section, we prove two comparison
theorems which we use in Section 4.

We present the following lemma, which we will use in the proofs of Theorems 2.1 and 2.2 below.

Lemma 2.1. For (x,m) € D, fix an admissible retention strategy R € R,. Define s, = inf{t > 0 :

XE > b} with X[ =z, and define sap = T A sp.2 Then, PP (54 < 00) = 1.

2These stopping times depend on R via X, but for simplicity of notation in the remainder of this section, we

suppress the superscript R on 7o, Sp, and sqp.



Proof. Proposition 2.2 in Azcue and Muler [4] states: with probability one, either ruin occurs in
finite time or XJ* diverges to infinity as ¢ goes to infinity. Because aM; > 0 and because b < oo,

it follows that P%"™ (s, < 00) = 1. O

In the first theorem, we show that any smooth subsolution of our problem is less than or equal
to the value function. Before stating the theorem, we introduce some notation. For an admissible

retention function R, define the operator £ on C11(D) as follows: for u € C1}(D),

LRu(z,m) = —rug(z,m)
+A [((1 +O)ER + qE(YR) — g E(R2)> ug(z,m) + Eu(z — R,m) — u(z, m)] ,

(2.20)

in which we extend u by defining u(x,m) = 1 for x < am. Note that the HJB equation for ¢ is
infr LE4(z,m) = 0.

Theorem 2.1 (Subsolution). Suppose u € C'(D) is a bounded function that satisfies the following

conditions:

(7) rggnoo u(m,m) <0.

(i) u(z,m) is defined for all © < m and m > 0, with u(x,m) =1 for all x < am.
(791) wpm(m,m) >0 for all m > 0.

(iv) LBu(x,m) >0 for all (x,m) € D and for all admissible retention functions R.

Then, u <1 on D.

Proof. Assume that u satisfies the conditions specified in the statement of this theorem, and fix an
admissible retention strategy R.

For a fixed value of m > 0, let b > m, and define s;, and s, as in Lemma 2.1. By applying [t0’s

10



formula to u(z, m), we have

Sab
w(XR MR ) = u(z,m) + / (—m A ((1 +O)ER, + E(Y Ry) — gE(Rf)» ug (XB, MR dt
0
Sab Sab
4 [ (R — M) u(XE M) v+ [ (XF M) af
0 0
Sab
= u(x, m) —I—/ £Rtu(XZ§,MtR) dt
0
Sab
+ / (Bu(XE — Ry, MF) —u(X[2, M) d(N; — At)
0
Sab
- / U (X, M) dME. (2.21)
0
The first integral in (2.21) is non-negative because of condition (iv) of the theorem. The expectation
of the second integral equals 0 because u is bounded. The third integral is non-negative almost
surely because dM/® is non-zero only when MX = X and u,,(m,m) > 0 by condition (iii). Here,
we also used the fact that M™ is non-decreasing; therefore, the first variation process associated

with it is finite almost surely, and we conclude that the cross variation of M”™ and X7 is zero

almost surely. Thus, by taking expectations in (2.21), we have

E®™ [u(XR MR )] = u(z,m). (2.22)

Sab’ Sab

Because s, < oo with probability 1 and because b > m, it follows from the extension of u to

u(z,m) =1 for all z < am and from inequality (2.22) that

u(z,m) <P (1, < sp) - 1L+ PP (s < 74) - u(b, b)

< PP (1, < 00) + PP (s, < 7o) - u(b, b). (2.23)

In (2.23), we purposefully omit P*"™ (7, = s;) because that probability equals 0, which follows from
P* (54 < 00) = 1 and am < b.
By applying the Dominated Convergence Theorem to (2.23) as we take the limit b — oo and

by using limp_,o u(b,b) < 0 from condition (i), we obtain
u(z,m) < PP (1, < 00). (2.24)
By taking the infimum over admissible strategies, we obtain u < on D. O

In the second theorem, we show that any smooth supersolution of our problem is greater than

or equal to the value function.

11



Theorem 2.2 (Supersolution). Suppose v € CH1(D) is a bounded function that satisfies the fol-

lowing conditions:

(1) mlgnoov(m,m) > 0.

(i) v(x,m) is defined for all x < m and m > 0, with v(x,m) =1 for all x < am.
(7i1) vy (m,m) <0 for all m > 0.

(1v) £Rv($,m) <0 for all (z,m) € D and for some admissible retention function R.

Then, 1 < v on D.

Proof. Assume that v and R satisfy the conditions specified in the statement of this theorem, and
let R denote the constant retention strategy corresponding to R.
For a fixed value of m > 0, let b > m, and define s, and s, as in Lemma 2.1. By applying It0’s

formula to v(z,m), we have
o(XR,, ME,) = v(w,m) + /OSQ” (=r+ A (0 + O)ER, + nE(Y Fy) -
+ /0 - (Bo(XF - e M) — o(XF, MR) ) dN, + /0 o (X2, MF) amt
= v(z,m) + /Sab ,thU(Xﬁ,Mﬁ> dt
0

n /0 o <Ev <Xﬁ . Rt,Mf> _ U<XZ§,M?)) d(N, — \t)

VS

E(R7))) v (X7, MF) at

Sab ~ A N
+ / U <XZ§,MtR) dMR. (2.25)
0

The first integral in (2.25) is non-positive because of condition (iv) of the theorem. The expectation
of the second integral equals 0 because v is bounded. The third integral is non-positive almost surely
because dMZi is non-zero only when MtR = XZz and vy, (m, m) < 0 by condition (iii). Thus, by

taking expectations in (2.25), we have

E®™ [U(X7€ Mgib)] < ov(z,m). (2.26)

Sab’

Because s, < oo with probability 1 and because b > m, it follows from the extension of v to

v(x,m) =1 for all z < am and from inequality (2.26) that

v(x,m) > PP (1 < sp) - 1+ PP (sp < 1) - v(b, D). (2.27)

12



Next, we wish to show that
bli)rgo{Ta < sp} = {Ta < 00} (2.28)
Because {7, < sp} C {74 < o0} for all b > m, it follows that limp oo {7q < $p} C {70 < 0}. To
prove the opposite inclusion, suppose w € {7, < oo}, that is, drawdown occurs in finite time, say,
at time t. Thus, MtR < 00, which implies w € {7, < s} for all b > Mtfa, and we have shown that
{Ta < 00} Climp00{7a < sp}, from which (2.28) follows.
By applying the Dominated Convergence Theorem to (2.27) as we take the limit b — oo, by

using (2.28), and by using lim, ,~ v(b,b) > 0 from condition (i), we obtain
v(z,m) > PP (1, < 00), (2.29)

which implies v > v on D. O

2.3 Scaled Cramér-Lundberg model

In this section, we scale the Cramér-Lundberg risk model by n > 0. To obtain the scaled model,
multiply the Poisson rate A by n, divide the claim severity by 1/n, and adjust the premium rate so
that net premium income remains constant. Specifically, define \,, = n\, so n large is equivalent
to A, large. Scale the claim severity by defining Y,, = Y/y/n. Also, define 0,, = 6/y/n and
¢y = ¢+ (v/n — 1)AEY, which implies ¢, — \,E,Y;, = ¢ — AEY, independent of n.® The parameter

1 remains unchanged. Finally, define
Kin = (1 + 0)AELY, + g AEn(Y2) — e
= (14 0)AEY + g AE(Y?) — ¢ = &,

SO Ky, 18 also independent of n.
In the scaled model, define an n-admissible retention strategy R,, = {(Rpy )t }+>0 is as in Definition

2.1, except with condition (iii) replaced by

(i) cn— (14 0)MEn(Yn — (Rn)) — g MEn (Vi — (R)e)?) > AEn(Ra):. (2.30)

3By writing E,, we mean expectation with respect to the measure induced by Y. Specifically,

En(g(Y,)) = / " o(w)dFv, (y) = / ~ g(w)dFy (Vi)
- / " gt/ dFy (t) = E(g(Y/ /),

in which E = E;.

13



Similarly, define an n-admissible retention function R,. If we are given an n-admissible retention

strategy Ry, = {(Ry)t}+>0, then we can define an admissible retention strategy R = {R:}+>0 by

Rt(wv y) = \/E(Rn)t(wa y/\/ﬁ) (231)

Indeed, by using the assignment in (2.31), condition (iii’) in (2.30) implies

coin- -1 () o (252)) ()
> c= ML+ 0)EY + MER, — J AE((Y — B)?) > 0

e c—A1+0EY — R) — g AE((Y — R;)?) > AER..

Conversely, given an admissible strategy R, we can define an n-admissible strategy R, via (2.31).
Thus, we deduce there is a one-to-one correspondence between admissible strategies and n-admissible

strategies. Similarly, via the relationship

R(y) = \/ERn(y/\/ﬁ)’ (2'32)

we obtain a one-to-one correspondence between admissible retention functions and n-admissible
retention functions.

Let XX denote the surplus process for the scaled model; thus, X" follows the dynamics

d(XR), = (_,{n A, ((1 4 0,)En(Rn)i + 1En (Yo (Ro)) — gEn((Rn)t?))) dt — (Rp): d(Ny,),

= (=472 (1 + 0/ VIR (Ba)e + 1B (Y (Ra)e/ Vi) = 3 En(Ra)}) ) ) dt = (R d(No):,
(2.33)
in which N,, denotes the Poisson process with rate \,, = n\. Let ¢,, denote the minimum probability

of drawdown for the scaled system, and note that Theorems 2.1 and 2.2 apply to 1, with £F

replaced by L£X» in which £ is defined as follows: for u € C!'(D) and for an n-admissible

n

retention function R,,,

LBz, m) = —rpug(z,m)

#00 [((1+ 0B R + B (VaRa) = DE(R2) ) g, m) + Ea( — Roym) = u(z,m)] . (2.34)

In (2.34), we again extend u by defining u(z, m) = 1 for x < am.
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2.4 Diffusion approximation

Let XZSD denote the diffusion approximation to the n-scaled process in (2.33), which we form by

in which B is a standard Brownian motion on the filtered probability space. Then, XZ};) follows

the dynamics

A(XTp), = (= + nA (0/V)EL(Ra)e + 1B (Ya(Ra)e) = 3 Ba((Ra)?)) ) dt 4 y/nABW((Ra)?) dB;
= (=4 A (BEL(VR(Ra)0) + B (VYo - Vi (Ra)e) = 2 B(n(Ra)?)) )

+\/AE, (n(Ry)2) dB,

_ (_,{ A (eERt FE(YR,) — g E(Rf))) dt + \/AE(R?) dB,, (2.35)

in which we define the strategy R = {R:}+>0 by the assignment in (2.31). Thus, the dynamics of
XZSZ) are independent of n after this assignment, which implies that the minimum probability of
ruin for the diffusion approximation of the n-scaled process is independent of n.

Let ¢p denote the minimum probability of drawdown for the diffusion approximation of the
(scaled) Cramér-Lundberg model. Han et al. [14] solved the optimization problem associated with
tp. The following theorem is a limiting case (as the riskless rate r — 07) of Theorem 3.2, the

main result of Han et al. [14].

Theorem 2.3. The minimum probability of drawdown ¥p on
D = {(z,m) G]Ri:amgxgm}

under the diffusion approximation in (2.35) equals

Yp(z,m)=1—hp(m) (1 - e_”D(x_am)> , (2.36)
in which hp is defined by
hp(m) = (1 . e—PD“—a)m) e (2.37)
and pp > 0 uniquely solves
(0 +ny >
c—)\EY:)\/ ( ANy | S dy. 2.38
v\, MY v (y)dy (2.38)
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The corresponding optimal retention strategy is a constant strategy {Rp}i>0, in which

_O+ny
pPp + 1M

Rp(y) Ay, (2.39)
with y > 0 the possible claim size. O

Remark 2.2. If we reverse (2.32) as applied to R = Rp in (2.39), then we obtain

1 1 [(0+nyny > On +ny
Rpn(y) = —R LI (/LA AN - Ay, 2.40
) i= o) = = (I iy ) = (2.40)

that is, we get the optimal retention function for the diffusion approximation of the n-scaled model,

as expected, from the discussion following (2.35). O

Remark 2.3. In Section 3.2, we show that pp is the maximum adjustment coefficient, which

parallels a similar result in Liang, Liang, and Young [16]. [

An important result of this paper is that ¢¥p and 1, are approximately equal, specifically, to
order O(n~1/2). The technique for showing that ¢p approximates 1, is to modify ¢ by a function
of order (’)(n_l/ 2) and, then, prove that the modified function is a sub- or supersolution of 1, via

Theorem 2.1 or 2.2, respectively. In the next section, we detail the steps in the remainder of the

paper.

2.5 Outline of paper
To make it easier to follow the material in Sections 3 and 4, we outline our steps in those sections:

1. In Section 3, we define analogs of the so-called adjustment coefficient from risk theory; for

background on the adjustment coefficient see, for example, Section 5.4 in Schmidli [20].

(a) In Section 3.1, we define an analog of the maximum adjustment coefficient for the scaled

Cramér-Lundberg model, which we denote by p,,.

(b) In Section 3.2, we show that pp from Section 2.4 is the analog of the maximum adjust-

ment coefficient for the diffusion approximation.
(¢) In Section 3.3, we prove two lemmas that relate p, and pp. In particular, we show
i pn = o
2. In Section 4, we justify using the diffusion approximation for the classical risk process when

analyzing the minimum probability of drawdown.
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(a) In Section 4.1, we modify 1p by functions of order O(n~/?) to obtain upper and lower
bounds of 1,,; denote those bounds by u, and /,, respectively. We use Theorems 2.1
and 2.2 to prove that, indeed, ¢, < v, < u, on R. Propositions 4.2 and 4.1 prove these

two inequalities, respectively.

(b) In Section 4.2, we use Propositions 4.1 and 4.2 to prove Theorem 4.1, which states that,
as n goes to infinity, 1, converges to ¥ p uniformly on D with rate of convergence of
order O(n~1/2).

(¢) Finally, in Section 4.3, we prove the main result of our paper, namely, that if the insurer
uses the optimal strategy from the diffusion approximation, then the resulting proba-
bility of drawdown is (’)(n_l/ 2)-optimal. This result thereby justifies using the diffusion

approximation when minimizing the probability of drawdown.

3 Analogs of the adjustment coefficient

3.1 Scaled Cramér-Lundberg model

In this section, we define the analog of the adjustment coefficient for the scaled Cramér-Lundberg
model for the probability of drawdown. We will use that analog to create an exponential upper
bound of ,.

For a given n-admissible retention function R,,, formally obtain the adjustment coefficient
pn(Ry) > 0 by substituting e ?* for u in £Fru = 0, including when  — Y/\/n < am. When

we perform this substitution, we obtain the following equation for p,(R,):
n 2 _
[—I{n o ((1 o+ 0n)En B+ 1En (Yo Ro) = 3 En(Rn)ﬂ p— (Mg, (p) —1) =0,

in which Mg, denotes the moment generating function of R,,, which is finite in a neighborhood of
0 because My is finite in a neighborhood of 0. After we substitute for the n-scaled parameters and

set R(y) = v/nRy(y/y/n) as in (2.32), this equation is equivalent to
nAGn(p; R) = A <9ER +nE(YR) — gE(R2)) — K (3.1)

in which we define ¢,, by
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Condition (iii) in Definition 2.1 for an admissible retention function implies that the right side of
(3.1) is positive; in fact, those two statements are equivalent. Also, g,(p; R) increases from 07 to
infinity as p increases from 0% to infinity; thus, p,(R,) > 0 exists for any n-admissible retention
function R,,.

Let p,, denote the maximum adjustment coefficient for the classical risk model, in which we
maximize over n-admissible retention functions R,. By following the argument in Section 4.1 of
Liang, Liang, and Young [16], we deduce that p,, solves the following maximization problem:

sup {750+ 2 (L4 02)Ew R 4+ 1B (YaRa) = S Ea(R2))] 9= MM, () = 1) } =0, (33)
in which we maximize over n-admissible retention functions R,,. By using the assignment in (2.32),

this maximization problem is equivalent to
—K + Asup [<9ER +nE(YR) — gE(RQ)) — ngn(p; R)] =0, (3.4)
R

in which we maximize over admissible retention functions R.
In the following proposition, we give an expression for p, and the corresponding optimal n-

retention function R5.

Proposition 3.1. The maximum adjustment coefficient p, > 0 for the n-scaled risk process in

(2.33) uniquely solves

c— AEY = n\ / <ePRﬁ<y> — 1) Sy, (y)dy. (3.5)
0
in which Sy, (y) = Sy (v/ny), for all y > 0, and the corresponding optimal n-retention function R},
18 given by
1
Y, 0<y<—In(l+86,),
RY(y) = e (36)
Re(y), Yy > p_ In(1 +6y).

In (3.6), R.(y) € [0,y) fory > pin In(1 + 6,,) uniquely solves
(1+60) +n(y — R) = e/ ™. (3.7)
Proof. Consider the R-dependent terms in (3.4); rewrite them as follows:

eva i) dFy (y).

3

[ i+ omw + i) - 2 ) -
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If we maximize the integrand y-by-y, subject to 0 < R(y) < y, then the integral itself is maximized.

To that end, for a fixed value of p, define the function j by

§(R) = (v/n+ 0)R+ nyR — gR2 . %e%R. (3.8)
Then,
J(B) = (Vi +0) +nly — B) = VeV,
and

7"(R) = —n — pevi® <0

Thus, because j is strictly concave with respect to R, the critical value (truncated on the left by 0

and on the right by y) maximizes j. As R increases from 0 to y, j'(R) decreases from 6 +ny > 0 to
V(1 —eP¥Vry 4 g, (3.9)

If the expression in (3.9) is negative, then the maximizing R lies in [0,y). If it is non-negative, then

the maximizing R equals y. Let R('; p) denote the maximizing retention function for a given p > 0;

then,
] v, 0§y§@1n<1+i>,
R(y:p) = p v (3.10)
Re(y; p) y>@ln<1+i>
C ) ) p \/ﬁ b
in which R.(y; p) € [0,%) for y > % In (14 %) uniquely solves
(VA +0)+n(y — R) = Vet (3.11)
As an aside, Liang, Liang, and Young [16] show that lim, . R(y; pn) = Rp(y).
Next, substitute R(-; p) from (3.10) into (3.4), or equivalently,
c—AEY:A(@E(Y—RHQE((Y—R)?)) Mg (efh PR
2 p vn)’
and solve for p, to obtain
oo » t:
c— AEY = \/ﬁ)\/ (exp <p B( ,p)> - 1> Sy (t)dt. (3.12)
0 vn

By substituting ¢+ = y/ny in (3.12), and by reversing the assignment in (2.32), we obtain R}, (y) =
ﬁR(\/ﬁy, prn) in (3.6) with p,, solving (3.5).
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It remains to show that (3.5) has a unique positive solution p,. To that end, consider the
exponent in the integrand of (3.5), namely, pR,(y; p), in which we define R,,(y; p) by replacing p,
in (3.6) with a generic p > 0. When 0 < y < %ln(l +6,),

0 0

—_— p = — pr—

9 (PRA(W)) = 5 ; (py) =y > 0.
When y > %ln(l +6,),

(%(PRZ(Z/)) = (%(pRc(y)) = R.(y) +p3R8;/§y)
Re(y)erlteW)  nR:(y)

- C(y) - r n + peﬁRc(y) o n + pePRC(y)

Thus, the right side of (3.5) increases with respect to p. As p — 07, the right side of (3.5)
approaches 0, which is less than the left side because we assume ¢ > AEY. As p — oo, R,(y;p)

approaches 0 in such a way that

lim ePfin(Wir) — (1+6,)+ny.

p—00

Thus, the right side of (3.5) approaches

n /0 " O+ 1) Sy (9)dy = X /0 0+ n)Sy (1)t = A (0BY + 1E(YY),

which is greater than ¢ — AEY’, from the assumption in (2.4). It follows that (3.5) has a unique

positive solution p,. O

3.2 Diffusion approximation
The analog of (3.4) for the maximum adjustment coefficient for the diffusion approximation is
—k + Asup |0ER + E(YR) — ’“LT” E(R%)| =0, (3.13)
R

in which we maximize over admissible retention functions R. In the following proposition, we show
that the maximum adjustment coefficient for the diffusion approximation equals pp from Theorem

2.3, with Rp the optimal retention function.

Proposition 3.2. The mazimum adjustment coefficient pp > 0 for the diffusion approximation in

(2.35) uniquely solves (2.38), and the corresponding optimal retention function equals Rp in (2.39).
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Proof. By following the argument in the proof of Proposition 3.1, for a given value of p > 0, the

retention function maximizing the expression in (3.13) equals

0+ ny
R(y; p) = Ny
(w:) p+n

By substituting this expression into (3.13), we obtain equation (2.38) for pp. The remainder of the

proof is similar to, but simpler than, the proof of Proposition 3.1, so we omit the details. ]

As we expect from the maximization problems in (3.4) and (3.13), the maximum adjustment

coefficients p,, and pp are related, which we prove in the next section.

3.3 Relationship between p,, and pp

In this section, we prove two lemmas that relate p, and pp. We use those lemmas in Section 4.1
to modify ¢p by function of order @(n~/2) to bound ,,.

In the first lemma, we prove p, < pp.

Lemma 3.1. The mazimum adjustment coefficient for the n-scaled risk process is less than the

maximum adjustment coefficient for the diffusion approximation, that is, p, < pp.

Proof. For a given admissible retention function R, let p,(R) and pp(R) denote the solutions of
(3.4) and (3.13), respectively, with the supp removed. We begin by showing that p,(R) < pp(R).
(As an aside, the left side of both (3.4) and (3.13) decrease from a positive number to negative
infinity as p increases from 0 to infinity. Therefore, positive solutions p,(R) and pp(R) exist.)
pp(R) > 0 solves
kA [QER +E(YR) — ”%7 E(R?)] — 0. (3.14)

Because the left side of this equation decreases with respect to p, then p,(R) < pp(R) if and only
if

kA [QER +E(YR) — W E(R?)] > 0.

By using (3.1) and canceling a factor of A > 0, this inequality becomes

n gn(pn(R); R) — @ E(R?) > 0,

or equivalently,

N p(B)R AR
i n ’



which is true because e* > 1 + z + 22 for z > 0.
Thus, we have shown p,(R) < pp(R) for all admissible retention function R. Now, let R = R

from (3.10); then, we have
Pn = pn(R) < pD(R) < PD,
and we have proved this lemma. O
In the following lemma, we show that we can modify pp by a constant of order (’)(n_l/ 2) to get

a lower bound of p,.

Lemma 3.2. Choose C so that

E(R3)
C>_—2DL s 3.15
Then, there exists N > 0 such that, for allmn > N,
0<pp— -2 < po < (3.16)
from which it follows that
lim Pn = PD, (3'17)
n— o0

with rate of convergence of order (’)(n_l/z).

Proof. The limit in (3.17) follows directly from the bounds in (3.16). The third inequality in (3.16)
follows from Lemma 3.1; thus, it remains to show the first and second inequalities in (3.16). To
that end, consider the admissible retention strategy Rp in (2.39). Then, from (3.1) and (3.2), we

know py,(Rp) solves

_ _gp2y_ (gevalio _ 1 _ P _
5 A |GERD + (Y Rp) ~ 5 B(RD) — <Ee - ERDH 0, (3.18)
or equivalently, from the expression for pp in (3.13), p,(Rp) solves

E(R?

% pp —ngn(p; Rp) =0 (3.19)

The left side of this equation decreases with respect to p; thus, to show that

C
PD — % < pn(RD)

for some value of C, it is enough to show that the left side of (3.19) is positive when we set

p=pp — % That is, we want to show there exist C' and N such that

E(R?
% pp > ngn(pp — C/v/n; Rp),
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for all n > N, with pp — % > 0, or equivalently,

E(R%) n pp=C/Va pp — C/\/n
Ee » —1—-———"—ERp]. 3.20
A VI )
To simplify the right side of inequality (3.20), we use the following identity:
2 3 4 1
em—l—x:%—k%—i-%/o(1—w)3e‘*’””dw.
Then, inequality (3.20) is equivalent to
E(R%) C
B PD | PD — %
_ 2 2 _ 3p3 _ 4pa  pl _c/ym
SE (pp — C/vn)° R}, n (pp — C/V/n)’ Ry, n (pp —C/y/n) RD/ (1 _w)BGWPDTRde ’
2 6\/ﬁ 6n 0

or

E(R%) g >TE (pp — C/\/ﬁ)zR% + (pp — C/\/ﬁ)3R4D 1(1 _ w)3ewL¢wRde 7
Vvn 3vn 3n 0

which holds if the following stronger inequality holds:

2 P3 3 P4
pplp | PpRp 2Ry
E(R%2)C > E Vo
( D) > < 3 + 3\/ﬁ € >7
or
E(R3) _ p} LD p
2 9 D D 4 ERp

If we choose C according to (3.15), then there exists N > 0 such that pp — C/v/N > 0 and such
that inequality (3.21) holds at n = N. Because the right side of (3.21) decreases with n, it follows
that inequality (3.21) holds for all n > N.

We have, thereby, shown that

C
0< PD — % < pn(RD), (322)

for all n > N, and we know that p,(Rp) < p, because p,, is maximal. Thus, we have proven the

first two inequalities in (3.16). O

4 Justifying the diffusion approximation

4.1 Bounds for v,

In this section, we modify ¢p by functions of order O(n~'/2) to obtain upper and lower bounds of

¥y In the process of finding an upper bound of ,,, we obtain a type of Lundberg bound for .
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To that end, by analogy with the expression for ¢p in (2.36), define v,, for < m and m > 0 as

follows:
_ 1 —hyp(m) (1 - e_p"(x_am)) ) (x,m) € D,
1, r < am,
in which h,, is defined by
ha () = (1 - e—pnﬂ—a)m) e (4.2)

for all m > 0. In the following lemma, we use Theorem 2.2 to prove that v, is an upper bound of
Y.
Lemma 4.1. For all (x,m) € D,

Un(z,m) <, (z,m), (4.3)
in which vy, is the minimum probability of drawdown for the n-scaled model, and 1,, is defined in
(4.1).

Proof. We prove this lemma via Theorem 2.2 modified to account for the n-scaled model, which
essentially replaces L2 in condition (iv) with .CnR”, given in (2.34). First, note that ¥, € CH1(D)

by its definition. Next, we go through each condition in Theorem 2.2 in turn.
Condition (1):

lim 4, (m,m) = lim (1 — hp(m) (1 _ e—ﬁn(l—a)m>>

m—o0 m—r0o0
N —
=1 lim (1—emm) o 11—y,
m—r00

so condition (i) is satisfied with equality.

Condition (ii): This condition, namely, that v, (z,m) is defined for all z < m and m > 0, with

¥, (z,m) =1 for all x < am, is satisfied by the definition of ¢/,, in (4.1).

Condition (iii): For m > 0, differentiate v,, with respect to m and simplify the expression to obtain

_ _ apphp(m) —pn(@—am) _ —pn(l—a)m
(Vn)m(z,m) = T ermi—aym (e - ¢ ) ’

which equals 0 when @ = m. Therefore, condition (iii) is satisfied with equality.

Condition (iv): Let R, be the n-admissible retention function R that maximizes the adjustment

coefficient. Then, by (3.3), R, and p,, satisfy

An (Ene ™ — 1) = [+ A (U4 0 ERE + 7B (Y BE) — D EA((R))] pu-
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Then, for (z,m) € D, the expression in (2.34) gives us

LED(2.m) = | =+ A (L4 02)EnRE + 1B (YaR) = 3 Ea(RE))) | (B,)o(wsm)

+ A (Bt (z — RE,m) — 1, (,m))

= [in A (U B)ERE +nEn(VuRE) = SEA((RE))) | (= puhn(m)eno=em)
8 [ (1 ) (1= ) ) s
0 [En (1o camy) = (1= hn(m) (1= e7rnlemem) )]

= —Anhy(m)e—Pn@—am) (Eneanﬁ - 1) + A (m) (1 - En(]l{m—Rﬁzam})>
A (m)e P =) (B, (0, g ) 1)

= Anfin () { B (7" g omy) + E"(]l{m—Rﬁ<am})}

= “Auha(m)En (@D~ )1 e ry)

<0.

Thus, we have proved condition (iv). Theorem 2.2, then, implies inequality (4.3) on D. O

We obtain the following proposition from Lemmas 3.2 and 4.1, in which we modify ¢ p in (2.36)

by a function of order O(n_l/ 2) to obtain an upper bound of .

Proposition 4.1. Let C' and N be as in the statement of Lemma 3.2, and for n € N, define u,, by

1 —ky(m) (1 — e (pp=C/Vn)(z—am)) x,m) €D,
Up(x,m) = m) < ) (m) (4.4)

1, T < am,

i which k, is defined by

@

ko (m) = <1 _ e—(pD—c/m(l—a)m) e (4.5)

Then, for n > N,

on D.

Proof. Tt is straightforward to show that 1),, in (4.1) decreases with respect to p, > 0 on D. Thus,

if we replace p,, in v,,’s definition with a (positive) parameter less than p,, then we get a function
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that is an upper bound of v,,. That is exactly how we defined wu,, in (4.4) because, from Lemma

3.2, we know 0 < pp — C/+/n < p, for all n > N; thus, we have, from Lemma 4.1,

wn S En S un7
on D. O
In the following proposition, we modify ¥p to obtain a lower bound of .

Proposition 4.2. Formally, define the random variable Zg = (Y — d)!(Y > d) ford > 0, and

suppose s exists such that My (pD/\/E) < 00, with

@Zd
supE(eﬁ > < 0. (4.7)
d>0
Choose € > 0, and define § by
§ =sup (ppEZy +¢), (4.8)
d>0
and choose N > max (52,4g) such that!
/02D 2 LRz,
sup —= E(Zd evN ) <e. (4.9)
d>0 VN

For n € N, define ¢, by

7)
1-— TZJD(l‘,m), (m,m) €D,
On(z,m) = < Vin (4.10)
1, T < am.
Then, for alln > N,
b <, (4.11)

on D.

4Condition (4.7) implies that we can find such an N. Indeed, for z large enough, we have

PDZ
Vs D
— 2

= € 5

n

9

22<

5

°
n

D

2

5

which implies there exists M > 0 such that

P P P
]E(Zﬁ eﬁzzd) < E(eTezd]l{sz}) n JE(MQe%Mn{ZdSM}).
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Proof. We prove this lemma via Theorem 2.1 modified to account for the n-scaled model, which
essentially replaces £ in condition (iv) with 55", given in (2.34). First, note that £, € C11(D) by
its definition. Next, we go through each condition in Theorem 2.1 in turn.

Without loss of generality, assume n > §2.
Condition (1):

. ) .
i £, (m,m) = (1 - %) i (m,m) = 0,

so condition (i) is satisfied with equality.

Condition (ii): This condition, namely, that ¢,(x,m) is defined for all x < m and m > 0, with

lp(x,m) =1 for all z < am, is satisfied by the definition of ¢, in (4.10).

Condition (iii): For m > 0, differentiate ¢,, with respect to m and simplify the expression to obtain

0 ap hp(m - r—am — —a)m
tomem = (1= ) LA (ot o),

which equals 0 when x = m. Therefore, condition (iii) is satisfied with equality.

Condition (iv): Let R, be any n-admissible retention function. We wish to show that £ ¢, (x,m) >
0 for all (z,m) € D.
LEng, (x,m) = [—Hn + A ((1 4 0,)En Ry, + En (Y, Ry) — gEn(Rg))] (6)a(z,m)

+ A (Enln(z — Ry, m) — Ly (z,m)). (4.12)
We compute

(bn)o(z,m) = — (1 - %) pphp(m)e PPr=em), (4.13)

and

Bl (@ — Roym) — by (2,m) = En<<1 - %) (1= ho(m) (1 = PP RN sy

e zam) — (1= 2= ) (1= hotm) (1= emetemem) ) ).
(4.14)

27



Now, by substituting (4.13) and (4.14) into (4.12) and by rearranging terms, we obtain

LR, (2, m)  kpp — A ((\/ﬁ +9)ER + nE(YR) — g E(R2)> pD

nAePDE=om)

e E((l — hp(m) (1 _ e_pD(m_R/ﬁ_am))>]l{x—R/\/ﬁzam}>

n)\epD(x_am) ]E(]]‘{:L‘—R/\/ﬁ<am}) B nAepD(x_am)
hp(m) 1—d/vn hp(m)

in which o denotes “positively proportional to,” and in which R and R,, are related via (2.32).

B (1 hp(m) (1 - crote=m)),

Recall that pp solves

_ ~n 2 - 1 2\ 2
Kpp = As%p{@ERJrnE(YR) JE(R?)) pp — 5 E(R )pD} :
that is,
Kpp — A { (VER+nE(YR) - J E(R?)) o - %E(R%ﬁ,} >0,

for any admissible retention function R. Thus, to prove £En¢, (x,m) > 0 for all (z,m) € D and for

all n-admissible retention functions R,,, it is enough to prove

A{(GERJrnE(YR) — JE(R?)) pp - %E(R2)p2D} (4.15)
A [((\/ﬁ +0)ER + nE(YR) — g E(R2))] p

nAerp@—em)

s _ _ ¢—Pp(z—R/v/n—am)

o B hom)(1-e ) Lo yizam)

B nepp(@—am) E(]]-{m—R/\/ﬁ<am}) . n\epp(@—am) (
ho(m) 1= 0/v/n A (m)

for all admissible retention functions R, or equivalently,

1= hp(m) (1 - emrlmem)),

1 onp2y 2
nE(R )PD

pDER (z—am) 5/\/_ v

N
O (o >5</1(6/m 1) =) e ) (1416)

From e* > 1 —x — x2/2 for all z > 0, we deduce

1 2\ 2 PpRG) (y)
- Tn 1 _ ppR
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Thus, to prove (4.16), it is enough to prove the stronger inequality

/ = <ey%(R(y>_ﬁ(x_m>) B d/v/n
0 hp(m)(1—6/v/n

and we wish to find values of § and N > §2 for which inequality (4.17) holds for all n > N and

) 1) Lo R(y)//a<amy@Fy (y) <0, (4.17)

x > 0. Note that the maximal retention function of the integrand in (4.17) is R(y) = y; thus, to

prove (4.17), it is sufficient to prove

/ °° (e%(y—mw—am)) _ 5/v/n
0 hp(m)(1=0/y/n

) - 1) ﬂ{gc—y/\/ﬁ<ozm}dFY(y) <0,

that is,

o ep—z(y—\/ﬁ(x—am)) _ 5/\/ﬁ -
/\/ﬁ(x—am) < 7 hp(m)(1 —§/y/n) 1> dFy(y) <0.

Let d denote /n(z —am). If Sy(d) = 0, then the left side is identically 0, so suppose Sy (d) > 0.

After replacing v/n(z — am) by d and dividing by Sy (d), the above inequality becomes

(SR 5/v/n ) v (y)
/d ( hp(m)(1— 6/y/m) 1) S (@) =

S

for d > 0, or equivalently,

X oy-a) L\ dFy(y) §//m
/d (e 1) 5@ S =T (4.18)

Formally, define Z; = (Y — d)|(Y > d); then, inequality (4.18) becomes

% op 5/\/m
/o (7 = 1) aPe) < sy

Note that 0 < hp(m) < 1; thus, if we find § to satisfy the following even stronger inequality, then

the above sequence of inequalities holds:

/OOO (e% - 1) dFy,(2) < %. (4.19)

Rewrite the integrand from the left side of inequality (4.19) as follows:

. 2.2 rl o
e\/ﬁ—lzg—kp[)z/(l—w)eﬁwdw.
0

Vvn n

Thus, inequality (4.19) is equivalent to

00 2 2 1
pPDZ | PpHZ ’DZ 0
o= 1— Vo Ia <
/0 (\/ﬁ+ n /0( wle dw>dZd(Z)_\/ﬁ,
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or, after multiplying both side by y/n and switching the order of integration,
2l
PD ( 2 D= de>
EZ; + —= 1-—w)E(Zje v dw < 6
ppZg + \/E/O ( w) d€ W = 0,

or more strongly,

2 P
ppEZy + 'OTD E(Zfl e«—’%zd> <. (4.20)
n

Note that the left side of (4.20) decreases with increasing n. Define ¢ and N as in (4.8) and
(4.9), respectively; then, inequality (4.20) holds for all d > 0 and all n > N, which implies that
LEng, (x,m) > 0 for all (x,m) € D and all n > N. The conclusion in (4.11), then, follows from

Theorem 2.1. O

In the following two propositions, we show that the condition in (4.7) includes most of the usual

claim distributions with light tails.
Proposition 4.3. Suppose Y has bounded support in R, then (4.7) holds.
Proof. Let b > 0 be such that Fy (b) = 1. Let a = pp/+/s, and define the function G by
G(d) = E(e*#?), (4.21)
which implies
Jiy e DRy (y)

Sy(d) ]l{d<b}'

Because V=% < ¢@b=d) for a]l 0 < y < b, we have

G(d) =

G(d) < ea(b—d),
so its supremum over R is finite. O

Proposition 4.4. Suppose Y has a probability density function fy with unbounded support on Ry,
and let hy denote the hazard rate function of Y, that is,

_ )

hy (y , 4.22
fory > 0. Furthermore, suppose

lim hy(y) = ¢. (4.23)

Y—00

If ¢ =0, then My (y) = oo for all y > 0, which contradicts our assumption concerning Y ’s moment

generating function. On the other hand, if ¢ > 0, then (4.7) holds.
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Proof. The first conclusion in the statement of this proposition follows from Theorem 2.5.1 in Rolski
et al. [19], so suppose £ > 0. Let ¢ be large enough so that a = pp/\/S < £/2 with My (a) < co. As
in the proof of Proposition 4.3, define the function G by (4.21). By applying L’Hopital’s rule, we

obtain
. . fdoo eany(y)dy
1 = lim =&———"—
% G = I s ()
LH —e" fy (d)
= lim
d—o0 ae¥ Sy (d) — e fy (d)
. hy (d) ¢
P @ f—a
Because G is continuous on R, it follows that sup,-q G(d) < oo. O

4.2 Convergence of v, to p

In this section we prove an important result, namely, that as n — oo, ¥, converges to 1)p uniformly
on D, with rate of convergence of order O(n~/2). In the following theorem, we combine the results

of Propositions 4.1 and 4.2.

Theorem 4.1. If (4.7) holds, then there exist C' > 0 and N’ > 0 such that, for all n > N’ and
(x,m) € D,

C/
‘wn(iﬂam) - TJZ)D(x,m” < % (4.24)
Proof. From Propositions 4.1 and 4.2 it follows that
<1 — %) Yp(z,m) < Yp(z,m) < uy(x,m).
Subtracting ¥ p(xz,m) from each side yields
)
T Yp(x,m) < Yp(x,m) —Yp(x,m) < u,(x,m) —Yp(x,m). (4.25)

Clearly, the left side is bounded below by —d/y/n. From (2.36), (2.37), (4.4), and (4.5), we deduce
that the right side is positive and equals

<1 — e_PD(l—a)m) s (1 - e_pD(m—am)> _ (1 _ e—(PD—C/\/ﬁ)(l—a)m> —a <1 B e—(pD—C/\/ﬁ)(z—am))
I N A

N (1 N e—(pD—O/mu—a)m) = [(1 N e—pw—am)) N (1 N e—(pp—c/mw—am)ﬂ ' (4.26)
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First, analyze the next-to-the-last line in (4.26): for n > (C'/pp)?, we have
0< (1 B e‘pD(m_am)> |:<1 B e_pD(l_a)m> e - (1 — e_(PD—C/\/ﬁ)(l—a)m) 1aa:|

= {(1 - e_pD(l_a)m> T (1 _ e—(pD—O/ﬁ)(l—a)m> ﬁ}

s - —C/y/n)(1—a)m =
= (1- oo ™ 1_(1—6 (b0 —C/v/m)(1-0) )

1 —e—pp(l—a)m

(1 _ e—(pD—C/ﬁ)a_a)m) =
<1-— ‘

1 — e—pPp(l—a)m

It is straightforward to show that the last line of the above expression decreases with respect to
m; therefore, by applying L’Hopital’s rule to take the limit as m goes to 0 of the expression in

parentheses, we obtain

0< (1 eprlemem) [(1 - e—ﬂDﬂ—a)m)ﬁ - (1- e—(pD—c/mu—a)m)l%]

[e3

C \T=a
<1l1—(1- .
- ( PDW)

If b > 1, then 1 — (1 — z)? is concave on [0, 1], so lies below its tangent line at 2 = 0, which implies

I1-(1—z)<brforall0<z <1 If0<b<1,thenl— (1—x)°is convex on [0,1], so lies below
its secant line between (0,0) and (1, 1), which implies 1 — (1 — 2)® < z for all 0 < # < 1. Thus, by

choosing any M > (C/pp)?, we conclude that n > M implies

0= (1 h e_pD(m_am)> [(1 - e_pD(l_a)m> e (1 - e—(pp—c/\/ﬁ)(l—a)m) 1%]

! C
<  — . . .
_max<1_a,1> oo (4.27)

Next, analyze the last line of (4.26): for n > (C/pp)?, calculus shows that

PDVT C

(1 _ e—pD(m—am)> _ <1 _ e—(PD—C/\/ﬁ)(r—am)) < (1 B pDC\'/ﬁ> © (ﬁ) . (4.28)

The first factor on the right side of (4.28) converges to e~!; thus, there exists M’ > (C/pp)? such

that
PDVT

c o\ B
1 <271
( pD\/ﬁ> -
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for all n > M’, which implies that the last line in (4.26) satisfies

0< (1 _ e—(pD—c/ma—a)m) =a [(1 _ e—pD(w—am)> _ (1 _ e—(pD—cmxx_am)ﬂ

c 1
<2t (4.29)
o= g VP

for all n > M'.

By combining (4.27) and (4.29), by setting N’ = max(N, M, M'), and by setting

C’ :max{d, max <1L, 1) E +2¢ ! LC}’
—« PD PD—\/W

we obtain (4.24). O

4.3 O(n~'/?)-optimality of retaining Rp, in the n-scaled model

We end this paper by showing that, if an insurer follows the optimal retention strategy for the
diffusion model but surplus follows the n-scaled model, then the resulting probability of drawdown
is O(n_l/ 2)-optimal. To that end, let Yp,n denote the probability of drawdown when the insurer
retains Rp ,, in (2.40) when surplus follows the n-scaled model. Then, we have the following theorem

whose proof is similar to the proof of Theorem 2.2, so we omit it.

Theorem 4.2. Suppose v € C11(D) is a bounded function that satisfies the following conditions:
(7) Tr}i_l}n()ov(m,m) > 0.

(1) v(z,m) is defined for all x < m and m > 0, with v(z,m) =1 for all x < am.

(171) vm(m,m) <0 for all m > 0.

(iv) ﬁfD’”v(a:,m) <0 for all (x,m) € D.

Then, ¥pn, <v on D. ]

By analogy with the expressions for ¢p and v,, in (2.36) and (4.1), respectively, define ¥,

for x < m and m > 0 as follows:

. 1 —hpn(m) (1 — e_p”(RD)(x_am)) , (x,m) € D,
VYpp(r,m) = (4.30)

1, T < am,

33



in which hp , is defined by
hpa(m) = (1 . e—Pn<RD>(1—a>m> e (4.31)

for all m > 0. In (4.30) and (4.31), p,(Rp) > 0 uniquely solves (3.4) with the supp removed, as
defined at the beginning of the proof of Lemma 3.1.

In the following lemma, we use Theorem 4.2 to prove that 1) D is an upper bound of ¢p .

Lemma 4.2. For all (x,m) € D,

me(x? m) < ED,n(xv m) (432)

Proof. We prove this lemma via Theorem 4.2. First, note that ¢, € C'(D) by its definition.

Next, we go through each condition in Theorem 4.2 in turn.

Condition (i):

lim ¢p,,(m,m) = lim <1 — hpn(m) (1 — e—pn(RD)(l—a)m))

=1— lim (1 — e_p”(RD)(l_O‘)m> m"‘l =1-1= 07

m—ro0

so condition (i) is satisfied with equality.

Condition (ii): This condition, namely, that EDm(x,m) is defined for all x < m and m > 0, with

Yp.p(@,m) =1 for all z < am, is satisfied by the definition of ¢, ,, in (4.30).

Condition (iii): For m > 0, differentiate ED,n with respect to m and simplify the expression to

obtain

) apn(Lp)hpn(m —pn T—am —pn —a)m
Wpin)m(@,m) = 4 —e(_Pn(LLD)(lEa)Zn (e7rtfwdteam) — emenlfip)iem)

which equals 0 when x = m. Therefore, condition (iii) is satisfied with equality.

Condition (iv): From (3.18), we know p,(Rp) satisfies

_ _Mgpzy] - ™ pu(RD)Rp /A
K+ A [(\/ﬁ +0)ERp + nE(Y Rp) - E(RD)] = <Ee 1).
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Then, for (x,m) € D, the expression in (2.34) gives us
L8P () = [—r + A (L4 0B R D + 1B (Y Rn) = 2 En((Rp))) | (Bpn)ale,m)
+ A (Entp (2 = Rpn,m) =W p(@,m))
=[x+ A (Vi + OERD +nE(Y Rp) = JE(RD))| (@p n)a(z.m)
T m(m W@ = Bp/Vi,m) = Bp , (a,m))
(Eepnmp Rp/v/n _ ) (= pu(Bp)hp p(m)e—Pn(Ep)a—am)

[ ( <1 — hpn( <1 _ e—Pn(RD)(I—RD/\/ﬁ—am))) ]l{x—RD/\/EZOzm}>:|

+nA [E(]l{x_RD/\/ﬁ<am}) — (1 — hpn(m) (1 - e_Pn(RD)(SL‘—am)))]

_ _n)\th(m)E((epn(RD)(am—(w—RD/\/ﬁ)) _ 1)]1{m—RD/\/ﬁ<am}>

<0.
Thus, we have proved condition (iv). Theorem 4.2, then, implies inequality (4.32) on D. O

We obtain the following proposition from Lemma 4.2, in which we show that u,, in (4.4) is an

upper bound of ¥p .

Proposition 4.5. Let C' and N be as in the statement of Lemma 3.2; then, forn > N,

¢D,n < Unp, (4'33)
on D, in which u, is defined in (4.4).

Proof. 1t is straightforward to show that 1, in (4.30) decreases with respect to p,(Rp) > 0 on
D. Thus, if we replace p,(Rp) in 9p,,’s definition with a (positive) parameter less than p,(Rp),
then we get a function that is an upper bound of ED,n' That is exactly how we defined u,, in (4.4)
because, from inequality (3.22) in the proof of Lemma 3.2, we know 0 < pp — C'/\/n < p,(Rp) for

all n > N; thus, we have, from Lemma 4.2,
wDJL S ED,n S Unp,
on D. O

The following theorem is the main result of this paper, and it fully justifies using the optimal
retention function for the diffusion approximation in the classical Cramér-Lundberg model when

minimizing the probability of drawdown.
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Theorem 4.3. Suppose (4.7) holds, and let C' > 0 and N’ > 0 be as in Theorem 4.1. Then, for
alln > N' and (z,m) € D,
2C"

|tn (2, m) = Pp 2, m)| < N (4.34)

Proof. From the suboptimality of using Rp ., we have ¢, <1p, on D. From Proposition 4.5, we

have ¥p , < u, for n > N. Thus, from the proof of Theorem 4.1, we deduce
C/
< —
T;Z)D = \/ﬁv

C/
——n§¢n—7/)D§¢D,n—7/)D§un—

on D for n > N'; recall N’ > N. Thus,

C’
|¢D - T;Z)D,n| < %

on D for n > N’. This inequality, together with (4.24) and the triangle inequality, proves (4.34). O
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