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Optimal dividends under a drawdown constraint
and a curious square-root rule

Hansjorg Albrecher? Pablo Azcuefand Nora Muler!

Abstract

In this paper we address the problem of optimal dividend payout strategies from a surplus
process governed by Brownian motion with drift under a drawdown constraint, i.e. the dividend
rate can never decrease below a given fraction a of its historical maximum. We solve the resulting
two-dimensional optimal control problem and identify the value function as the unique viscosity
solution of the corresponding Hamilton-Jacobi-Bellman equation. We then derive sufficient con-
ditions under which a two-curve strategy is optimal, and show how to determine its concrete form
using calculus of variations. We establish a smooth-pasting principle and show how it can be used
to prove the optimality of two-curve strategies for sufficiently large initial and maximum dividend
rate. We also give a number of numerical illustrations in which the optimality of the two-curve
strategy can be established for instances with smaller values of the maximum dividend rate, and
the concrete form of the curves can be determined. One observes that the resulting drawdown
strategies nicely interpolate between the solution for the classical unconstrained dividend problem
and the one for a ratcheting constraint as recently studied in [1]. When the maximum allowed
dividend rate tends to infinity, we show a surprisingly simple and somewhat intriguing limit re-
sult in terms of the parameter a for the surplus level on from which, for sufficiently large current
dividend rate, a take-the-money-and-run strategy is optimal in the presence of the drawdown
constraint.

1. Introduction and model
Assume that the surplus process of a company is given by a Brownian motion with drift

Xt:.'ﬂ-f-ﬂt"—O'Wt, (11)

where W, is a standard Brownian motion, and p, o > 0 are given constants. Let (Q, F, (F),~,,P) be the
complete probability space generated by the process X;. Assume further that the company uses part of the
surplus to pay dividends to the shareholders with rates in a set [0,¢], where ¢ > 0 is the maximum dividend
rate possible. Let D; denote the rate at which the company pays dividends at time t, then the controlled
surplus process can be written as

t
xXP =X, —/ D.ds. (1.2)
0

It is a classical problem in risk theory to find the dividend strategy D = (D;),, that maximizes the expected
sum of discounted dividend payments a

J(z;D) =E UOT equSds] (1.3)
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over a set of admissible candidate strategies. Here ¢ > 0 is a discount factor and 7 = inf {t >0: XtD < O}
is the ruin time of the controlled process. De Finetti [15] was the first to consider a problem of this kind for
a simple random walk, and Gerber [19, 20] considered extensions, including the diffusion setup (1.1) given
above. For a finite maximum dividend rate ¢, this problem was then further investigated by Shreve et al.
[29], Jeanblanc and Shiryaev [23], Radner and Shepp [27], Asmussen and Taksar [7] and Gerber and Shiu
[21]. Since then, a lot of variants of this problem for the process (1.1) and more general underlying risk
processes have been considered, see e.g. the surveys [4] and [8].

For the diffusion model (1.1), in [1] we recently studied this optimal dividend problem under a ratcheting
constraint, i.e. under the assumption that the dividend rate can never be decreased over the lifetime of the
process, which renders the respective control problem two-dimensional, where the first dimension is the cur-
rent surplus and the second dimension is the currently employed dividend rate. One motivation to consider
that constraint was that it may be psychologically preferable to shareholders to not experience a decrease
of dividend payments, and it is interesting to see to what extent such a constraint leads to an overall per-
formance loss.

In this paper we would like to go one step further and allow reductions of the dividend rate over time,
but only up to a certain percentage a of the largest already exercised dividend rate (”drawdown”). More
formally, a dividend drawdown strategy D = (Dy),~, with drawdown constraint a € [0, 1] is one that satisfies
D, € [aRy,¢], where R; is the running maximum of the dividend rates, that is

Ri:=max{Ds:0<s<t} Vg

here we denote the initial dividend rate by Ry- = ¢. A dividend drawdown strategy is called admissible if
it is right-continuous and adapted with respect to the filtration (F;),~ -

Define HL({};Z;]G as the set of all admissible dividend drawdown strategies with initial surplus x > 0, initial

running maximum dividend rate ¢ € [0,¢] and drawdown constraint a € [0,1]. Given D € HL?’E,L, the value

function of this strategy is given by (1.3). Hence, for any initial surplus « > 0, initial running maximum
dividend rate ¢ € [0,¢] and drawdown constraint a € [0, 1], our aim in this paper is to maximize

VE(z,c)= sup J(x;D). (1.4)

Denld,
Note that the limit case a = 1 corresponds to the ratcheting case (considered previously in [1]) and the limit
case a = 0 corresponds to the optimization of bounded dividend rates without any drawdown constraint.

Drawdown phenomena have been studied in various contexts in the literature. On the one hand, draw-
down times and properties of uncontrolled stochastic processes were investigated in quite some generality
(see for instance Landriault et al. [25] for the case of Lévy processes). In the context of control problems,
drawdown constraints on the wealth have been considered in portfolio problems in the mathematical finance
literature, see for instance Elie and Touzi [18], Chen et al. [14] and Kardaras et al. [24]. For a minimization
of drawdown times of a risk process through dynamic reinsurance, see Brinker [11] and Brinker and Schmidli
[12]. Our context, however, is different, as we are interested in implementing a drawdown constraint on
the payment structure of the dividend rates, i.e., as a constraint on the admissible dividend policies. In
that sense, our approach is closer related to problems of lifetime consumption in the mathematical finance
literature, see Angoshtari et al. [5] who extend the Dusenberry’s ratcheting problem of consumption studied
by Dybvig [16] to drawdown constraints. However, the concrete model setup and embedding, and also the
involved techniques there are very different from dividend problems of the De Finetti-type as studied in this

paper.

After deriving some basic analytic properties of the value function V,°(z,c) of our drawdown problem
in Section 3, we will derive a Hamilton-Jacobi-Bellman equation for V(x,¢) in Section 4 and show that
VE(z,c) is its unique viscosity solution with suitable boundary condition. We then, in Section 5, briefly
study in more detail the value function when one already starts at the maximal dividend rate ¢, which serves
as a crucial ingredient in the derivation of V.¢(x,c) in Section 6. Sufficient conditions are given under which
the optimal strategy for bounded dividend rates is a two-curve strategy in the space (z,¢c) € (0,00) x [0,¢],



which is partitioned by two curves v°(c) and (°(c), with v¢(c) < (%(c) for all ¢ € [0,¢]: if for a given c,
x < ¥°(c), then dividends are paid at rate ac; if v¢(c) < x < ((c), then dividends are paid at rate c; finally,
if x > (°(c), then the dividend rate ¢ is increased immediately until z = (¢(¢1) for some ¢; € (c,¢) (or
¢ = ¢, whichever happens first) is reached. We furthermore establish a smooth-pasting principle for these
optimal curves. In Section 7 it is shown that the limits of ¥¢(¢) and (°(¢) as ¢ — oo are finite, and given by
surprisingly explicit formulas:
: /= I . e /= H 1

Eliglo'y (e) = 4 and Zlgr;o( (¢) = 5(1 + %) (1.5)
This nicely extends the respective limit 24/q of the ratcheting curve that was identified for pure ratcheting
(a=1)in [1, Lem.5.21].
In Section 8 we then look further into the limiting case, and show that for sufficiently large ¢, one has
v¢(c) 2 45(€) and ¢°(c) N\ €(¢) as ¢ — . This enables to establish the general optimality of two-curve
strategies whenever the current dividend rate ¢ and the maximal dividend rate ¢ are sufficiently large. At
the same time, the negative derivative of (°(c) close to (sufficiently large) € is notably different from the
pure ratcheting case (a = 1) for which it was shown in [1] that the corresponding derivative is positive for
all ¢ close to ¢ (and indeed the leading term in the asymptotics of 0 < a < 1 breaks down for a = 1 so that
some sort of phase transition happens). The simplicity of the right-hand limit in (1.5) and in particular the
appearance of the square-root of the drawdown coefficient a in the right-hand limit are somewhat intriguing.
In the absence of an upper limit for the dividend rate, it identifies the minimum surplus level x on from
which, for sufficiently large current dividend rate, it is preferable to pay out all the surplus z immediately
and generate ruin by doing so (a so-called ”take-the-money-and-run”-strategy, see e.g. [26]), and that value
does not depend on the size of the volatility . Consequently, one can get some intuition on its nature
in the much simpler deterministic model with ¢ = 0, which we will therefore consider in Section 2 before
approaching the general case o > 0 in the rest of the paper.
We give numerical illustrations in Section 9, where we establish the optimality of two-curve strategies also
for smaller magnitudes of ¢ and ¢ by numerically showing that the sufficient conditions from Section 6 are
satisfied. We obtain the optimal curves by calculus of variation techniques and discuss the properties of
the value functions of the drawdown dividend problem and their comparison to classical and ratcheting
solutions for various parameter combinations. Finally, Section 10 concludes, and Section 11 collects some
longer formulas appearing in the paper in a compact form.

2. Some intuition from the deterministic case
Assume in this section for simplicity a completely deterministic model
Xt =x+ /J/t

with a positive drift g > 0 (for the study of such a model in another context in the dividend literature, see
e.g. [17]). Then a constant dividend rate ¢ = p throughout time will keep the surplus at level « for all ¢ > 0

and correspondingly
E [/ e_qusds] =E [/ e~ Ty ds} Sy
0 0 q

for any « > 0. Consequently, whenever the initial surplus z is larger than p/d, paying out all the surplus
at the beginning (causing immediate ruin) will be preferable to any other dividend strategy subject to the
constraint ¢ < p.

At the same time, if a constant dividend rate ¢ > p is applied, the controlled process will lead to ruin at

time ¢t = z/(¢ — u) and we obtain instead
x/(@—p)
/ e Tcds| =
0

E {/ e_qusds}
0
2u — qx 1
“xzcw(cz)'

E (1 _ e—qm/(z—m)

| ol



The latter shows that whenever x > 2u/q, if allowed to do so, paying out all the surplus = immediately (and
causing immediate ruin) will be preferable to any other constant dividend strategy with large ¢. In other
words, the potential gain from later ruin and therefore more dividend income (by exploiting the positive
drift, without any risk) is outweighed by the discounting of such later dividend payments. This can also be
seen as an intuitive explanation of the limit 2u/q in [1, Lem.5.21].

Let us now proceed to the case with drawdown: Assume that we start with initial capital x > b for
some b to be determined and that we pay dividends at rate ¢ > p until we reach that lower level b at time
t = (x—0b)/(c— u), from which time on we reduce the dividend payments to level a - ¢ according to our
drawdown constraint. In the deterministic model of this section, this then leads to

E [/ e_quSds] =- (1 - efq%) temri . L8 (1 - efq%) . (2.1)
0 q

q

o

Taking the derivative with respect to b and setting it zero gives, after simple calculations, for large ¢, the
optimal level

b* (@) = aéq_ K log( ac ) (2.2)

ac — [

2
BB 1
=0_ o).
¢ agc (62)

But if one substitutes that value of b into (2.1), then an expansion at ¢ = co gives

T 2 _ 2.2 2 1— 1
E |:/ e—quSds] — 4 arqu ar-q j_ 1% ( Cl) + 0 (2> . (23)
0 2aqc c

The numerator in the second term is negative exactly when

x> L (1 + i),
q Va

so that in those cases it is preferable to immediately pay z as a lump sum dividend and go to ruin immediately
(if that is allowed) rather than following the above refracting strategy, as the value x can not be realized at
any later point in time in view of the discounting, despite the continuing deterministic income with drift p.
One may expect that the size of the volatility does not matter when ¢ — oo, and indeed, as a by-product of
the results of this paper, it will be shown in Section 7 that the same limit can be established for the general
case o > 0, cf. Proposition 7.3. Another way to state this is the following: if one defines *(¢) as the surplus
value for which, when already currently paying the maximum dividend rate ¢, one is indifferent whether to
further increase the dividend rate or not, then the above result establishes that limz_, o 2*(¢) = £(1+1//a),
and it will be in terms of that notation that the more general result is proved in Section 7.

3. Basic results

Recall the definition of our optimal value function VS(z,¢) (1.4) and denote by V,>°(z, ¢) the corresponding
function when there is no ceiling on dividend rates, i.e. ¢ = co. It is immediate to see that V(0,¢) = 0 for
all c€[0,¢] and a € [0,1].

Remark 3.1. As mentioned in the introduction, the dividend optimization problem without drawdown
constraint has a long history and, for a finite ¢ and the diffusion setup, was first addressed in Shreve
et al. [29]. Unlike the drawdown optimization problem, the problem without the drawdown constraint is

one-dimensional. If we denote its optimal value function by V°(z), then clearly VF(z,¢) = VE(Z) and
Vi(x,c) < VE(J}) for all z > 0, a € [0,1] and ¢ € [0,¢]. The function Ve s increasing, concave, twice
continuously differentiable with VE(O) = 0 and lim, , Vg(x) = ¢/q; so it is Lipschitz with Lipschitz
constant (VE)/ (0).



Remark 3.2. The dividend optimization problem without any constraint was addressed by Gerber and
Shiu [21] and Schmidli [28]. If V/(z) denotes its optimal value function, we have V(z) = Vi (x,c) for any
¢ > 0. Clearly V>°(x,¢) < V(z) for all a € [0,1]. The function V is increasing, concave, twice continuously

differentiable with V(0) = 0 and = < V(z) < x + p/q; so it is Lipschitz with Lipschitz constant V/(O).
Proposition 3.1. It holds that V.¢(z,c) S V> (z,c) as ¢ — oo.

Proof. Tt is straightforward that for any ¢; < ¢, V.7 (2,¢) < V2 (z,¢) < V,°(z,¢) for 0 < ¢ < ¢ . Take
for any € > 0, a strategy D = (D)¢>0 € HL?;C?Z) with ruin time 7, such that V>°(z,¢) < J(z; D) + €. Let us
consider for an increasing sequence with ¢, — oo and ¢; > ¢, D" = (Dy A ¢p)i>0 € HQ}EZ) and let 7™ > 7 be

the ruin time of D™. Then, by the theorem of monotone convergence,

lim J(z; Dy) = lim E
n—oo

n— oo

/ e_qu?dS] > lim E {/ e_qu?ds] = J(z; D)
0 0

n— oo

and so we have the result. n

We now state a straightforward result regarding the boundedness and monotonicity of the optimal value
functions.

Proposition 3.2. In the caset < oo, the optimal value function V,¢(z, ¢) is bounded by ¢/q with lim,_, o, V.5(x) =
¢/q, non-decreasing in x and non-increasing in c.

Proof. By Remark 3.1 and Theorem 3.3 of [1], we have that

Vi(z,¢) < VE(ze) <V (x)

= . . . . . _ 0,c] 0,c]
On the one hand V:(z, ¢) is non-increasing in ¢ because given ¢; < ¢a < ¢, we have H[z,fz,],a C HLCCI]JI for

any > 0. On the other hand, given 0 < 27 < 9 and an admissible ratcheting strategy D; € Hg[vol’ia for any
¢ € [0,¢], let us define Dy € Hg[voﬂ,a as Dy = D; until the ruin time of the controlled process XtD1 with

X{)Dl = 21, and pay the maximum rate ¢ afterwards. Thus, J(z; D) < J(z; D2) and we have the result. W

Proposition 3.3. V. ®(z,c) is non-decreasing in x and non-increasing in c. For the case a > 0, we have
lime 00 V.°(x, ¢) = x. Moreover x < V> (z,¢) < x + u/q.

Proof. By Propositions 3.1 and 3.2, we have that V.>°(z,¢) is non-decreasing in z and non-increasing
in ¢. Let us show now that V,>°(z,c¢) > x. The function V>°(z,¢) is bounded from below by the expected
discounted dividends resulting from the strategy of paying a constant rate n up to ruin. Defining 7,, = inf{¢ :
x+ (u—n)t + oW, =0}, one gets

Vo(z,e) = lim V'(z,c) > lim E {/ eqsnds} = lim E(1 —E[e™™]) =z,
0

n—oo n— oo n—oo q

where the last equality follows from Formula 2.0.1 on page 295 of Borodin & Salminen [10].
0,00)

Finally, let us see that lim._,o V>°(z, ¢) < . Take for any € > 0 and for each ¢, D® = (Dy);>0 € H&,w ,
such that
VO (z,e) < J(x; D) + .

The corresponding ruin time is then given by
TC :1Hf{t{1}+,ut+JWt —fothdS:O}
and D¢ > ac. Hence,

fOTCngS =+ utc + oWy



and so

Tc<inf{s:x+(,u—ac)s+aWs<0}:inf{s:WS<_x—i_(ac_'u)s}.
o

Hence, for ¢ > p/a, 7¢ < o0 a.s. and E [7¢] — 0 as ¢ — co. Therefore,

lime oo E[f] e9D%ds] < lim, o0 E[[] DSds|
= limey o0 Elx + p7¢ + o W]
=2+ plim. o E[7°] =z

and so we have the result. [ |

The Lipschitz property of the function V' can now be used to prove a global Lipschitz result on the
regularity of the optimal value function.

Proposition 3.4. In both the restricted case ¢ < oo and the unrestricted case ¢ = co, we have that
0 < VE(z9,c1) — VE(w1,00) < K [(22 — 71) + (€2 — 1))
for all 0 < 1 < x5 and ¢1,c2 € [0,¢] with ¢; < ¢o, with K = max{%a, I}VI(O).
Proof. In the case ¢ < 0o, by Proposition 3.2, we have
0 < VE(za,c1) — VE(11,c0) (3.1)

for all 0 < 2y < x5 and ¢1,co € [0,¢] with ¢; < ca.
Let us show now, that there exists K; > 0 such that
VE(za,¢) — VE(z1,¢) < Ky (72 — x1) (3.2)

forall 0 <z <axy. Take e >0 and D € HLOfQ,a such that

J(x9; D) > V.E(xa,c) — &, (3.3)

the associated control process is given by

t
XP =, +/ (— Dg)ds + oWy.
0

Let 7 be the ruin time of the process XtD . Define D IS onl’ia as 5t = Dy and the associated control process

¢
XtD :acl—l—/ (1w — Dg)ds + oW
0

Let 7 < 7 be the ruin time of the process th; it holds that XtD - Xtﬁ =x9 —x; for t < 7.
We can write
J(x2; D) — J(z1;D) = E[[I e 9°D,ds]
= E[E[[] e " Dds| F5]]
E[E e [7 77 e 0 Dryydu| 7] (3.4)

ElE| [T e_q“D;_,_udu‘ f;}

<
S Vaﬁ(.ﬁg — 1‘1,0).

The last inequality of (3.4) involves a shift of stopping times and follows from Theorem 2 of Claisse, Talay
and Tan [13]. Indeed, the assumptions of this theorem are satisfied, because we can write our controlled
process as

dXs =b(s,X,Ds)ds + o(s, X, Ds)dWs,



where b(s,x,d) = p—d, o(s,x,d) = o and Wy is a standard Brownian motion. Hence we have

VE(xa,¢) — VE(z1,¢) < J(w9;D) — J(x1;D) + ¢
< V(zy—121,0)+¢
— ’ 3.5
< V(J?Q — .131) + € ( )
< Ki(zo—a1) +e.
So, by Remark 3.2, we have (3.2) with K, = V' (0).
Let us show now that, given c1, o € [0,¢] with ¢; < ¢, there exists Ko > 0 such that
Vf(x,cl)—Vf(x,@) < Kjs(ca—c1). (3.6)
Take e >0 and D € H:[Do’,czl]’a such that
J(x; D) > VE(x,c1) — € (3.7)

and denote by 7 the ruin time of the process X7 .
Let us consider D € 11[2 ccz] as Dy = max{Dy,acy}; denote by X/ the associated controlled surplus process
and by 7 < 7 the corresponding ruin time. We have that Dy — Dg < acs — ac; and so X?D = X$ — X?D <

a(cg — ¢1)7. By Remark 3.2, we have

E [/ Dse~ds] E[E[e~9 [I Dy~ Dds| F=]|
E|E OT_? Du_,_;e_q“du‘ ]:?:|:|

E [V(x2,0)].

IAIA

As before, the last inequality involves a shift of stopping times and it follows from Theorem 2 of Claisse,
Talay and Tan [13]. Then

E [f; Dge~%ds] E[V(X2)]

E [V((Cgi— 61)7]
KlE[eiqT?(Cg — Cl)}.

ININAIA

Hence, we can write,

J(x; D) 4+ ¢ — J(x; D)

E[Jy (Ds = Ds) e ds| + B[ Dye t2ds] +e

04+ E[[] Dse™ds| +¢ (3.8)
K Elae T7(ca — 1)) + ¢

Ko(co —c1) +e.

VE(x,c1) — VE(x,c2)

ININAIN

So, we deduce (3.6), taking Ky = K; max;>o{e ta} = K, %a and K = K, max{%a, 1}. We conclude
the result from (3.1), (3.2) and (3.6).
In the case ¢ = oo, the result follows from Proposition 3.1. ]

The following lemma states the dynamic programming principle, its proof is similar to the one of Lemma
1.2 in Azcue and Muler [9].

Lemma 3.5. Given any stopping time T, we can write in both the restricted case ¢ < oo and the unrestricted
case ¢ = 00,

TAT
Vi(z,c)= sup E / e Dyds + e VXD L R, \5)
penl?, 0

We now show a Lipschitz condition of h(a) = V¢(x,c) on the drawdown constant a € [0, 1], for fixed z,
c and finite €.



Proposition 3.6. Given ¢ < oo and a1, as € [0,1] with a; < ag, there exists K3 > 0 such that
0< Vfl(x,c) — Vai(a;c) < Ks(ag —ay),

with K3 = V/(O) %E only depending on ¢. In the case ¢ = oo, V.>°(x, ¢) is continuous in a € [0, 1].

Proof. Consider first the case ¢ < co. Take e > 0 and D € HLCO, ’CE,]al such that
J(z; D) > V{ (z,¢) —e.

Let us consider D € Hg{ f‘,]az defined as D, = max{Dy, asR;}. Denote by Xt5 the associated controlled surplus

process and by T < 7 the corresponding ruin time. We have that 0 < Dy, — Dy < (a2 — a1)Rs and so

X2 =xP - X?f) < / (ag —a1)Rsds = (a2 — a1)Te.
0

We can write

VE (z,¢) = VE (x,¢) = J(z;D)— J(x;D) +¢
E UOT e 9 (D, — 55) ds} +E[[] e Dyds| + ¢

< 0+E[E[[] e % Dyds| Fz]] +¢

— E[E[e 7 i T e ®Drpudu| ]|+
< Ele 7V ((az —a1)7c)| + ¢

< E[e 7V (0)((az — a1)7e] + €

< V/(O)%E(ag —a1) +¢,

—1

and one can conclude the result defining K3 = V/(O)eTc.

In the case ¢ = oo, we want to show that given € > 0 and a; > 0, there exists § > 0 such that, if
0 < az —ay < 4§ then V°(z,¢) — Vio(x,¢) < e. Take ¢ large enough such that V°(z,¢) — V20 (x,¢) < /2
and 6 = 6/(QVI(O) 5;160)‘ Given any az € (a1, a1 +6), we have

Vaolo(xv C) - Vaozo(mvc) Vaolo(xf2 - ‘/:;}0 (x7c) + V;lo(x,c) - VUZO (.13, C) + Vaio ($7 C) - Vaogo(xvc)
gf2+V (0)6750(02 —a1)+0

g.

IANIA I

Remark 3.3. Note that in the case a = 0, Proposition 3.3 does not hold. Indeed, Vi®(z,c) = V(z), so

that lim._,oc V5°(z,¢) = V() > z. Although lim. o V.°(x,¢) = z for a € (0,1] and lim,_,q+ V.°(x,c) =
Vs©(x,c) by the previous proposition, the lack of the Lipschitz property of V.>°(z,¢) at a = 0 enables the
iterated limits

lim ( lim Vf(m,c)) =V(z) and lim (lim Vaoo(x,c)) =z

o0 \ a—0+ a—0+ \c—o0
to not coincide.
In the next proposition, we study the continuity of V.¢(x, ¢) with respect to ¢.
Proposition 3.7. Given ¢1,¢; € [0,00) with ¢; < ¢ < 00, there exists a Ko > 0 such that

- , 1
0<V;2(w,c) = Vy' (z,¢) < 5(52 —71)

for ¢ < ¢y.



Proof. Take ¢ > 0 and D € HL?, CE?I] such that

J(x; D) > V.2 (z,c) — e,

and denote the ruin time of the process XtD by 7. Let us consider D IS H@?ft} as Bt = min{D;, ¢} =
¢iIp,>e +Dilp,<z fort <1 and Dy =¢; for t > 7, denote by XP the associated controlled surplus process
and by 7T > 7 the corresponding ruin time. We then have Dy — D, < ¢ — ¢; and one can deduce

V(fz(xac)_vlfl(x,c) < J(l‘;D)—l—g—J(x;f))
= E fOT Dsfﬁs e~ 95(ds fE[f:Dsequds}Jrg

< E|f, (Ds —D,) e %ds| +¢
< Efo g—cleqsds]—i—a
= C2 Cl)E[ — € (IT]+€

< (CQQC” +e.

4. The Hamilton-Jacobi-Bellman equation

In this section we introduce the Hamilton-Jacobi-Bellman (HJB) equation of the drawdown problem. We
show that the optimal value function V' defined in (1.4) is the unique viscosity solution of the corresponding
HJB equation with suitable boundary conditions.

As we stated in the previous section, the limit case a = 0 (no drawdown restriction) has been studied for
both ¢ < 0o and ¢ = oo, and the case a = 1 (ratcheting) for ¢ < oc.

Define )
LYW (@, c) == %&mW(x, ¢) + (1 — )W (z, ¢) — qW (2, ¢) + d. (4.1)
The HJB equation associated to (1.4) for both € < co and ¢ = oo is given by
max{drr[lax]ﬁd( u)(z, ¢),0cu(z,c)} =0for z > 0and 0 < c<C. (4.2)
€lac,c

Note that an alternative equivalent formulation is
max{L(u)(z, c), L*(u)(x,¢),Ocu(z,c)} =0 for z > 0and 0 < c < C. (4.3)
For the ratcheting case a = 1, the HJB equation correspondingly simplifies to
max{L(u)(z,c),d.u(z,c)} =0 for z > 0and 0 < ¢ <@

Let us introduce the usual notion of viscosity solution for the HJB equation in both cases 0 < ¢ < oo or
c = Q.

Definition 4.1. (a) A locally Lipschitz function @ : [0,00) x [0,¢) — R is a viscosity supersolution of (4.3)
at (z,c) € (0,00) x [0,¢), if any (2,1)-differentiable function ¢ : [0,00) X [0,€) — R with ¢(x,c¢) = u(x,c)
such that w — ¢ reaches the minimum at (x,c) satisfies

max {L(¢)(, ¢), L2(p) (2, ¢), Dep(x, y) } < 0.

The function ¢ is called a test function for supersolution at (z,c).

(b) A function u : [0,00) x [0,¢) — R is a viscosity subsolution of (4.3) at (x,c) € (0,00) x [0,¢), if
any (2,1)-differentiable function v : [0,00) x [0,€) — R with ¥(z,c) = u(x,c) such that u — v reaches the
maximum at (z,c) satisfies

max {L(¢)(z, ¢), L2(¢)(x, ¢), 0t (x, ¢)} = 0.

The function v is called a test function for subsolution at (z,c).
(¢) A function u : [0, 00) % [0,¢) — R which is both a supersolution and subsolution at (x, c) € [0,00)x[0,¢)
is called a viscosity solution of (4.3) at (z,c).



4.1. HJB equation with bounded dividend rates

Given a € (0,1] and ¢ < oo, we denote for in the sequel, for simplicity of exposition,

I, . := 1% and vV .= V2. (4.4)

x,c,a

Here the state variables are the current surplus and the running maximum dividend rate. The results of this
subsection for the case a = 1 (ratcheting dividend constraint) were already proved in [1].
In the next proposition we state that V' is a viscosity solution of the corresponding HJB equation.

Proposition 4.1. V is a viscosity solution of (4.3) in (0, 00) x [0,¢).

Proof. Let us show first that V' is a viscosity supersolution in (0, 00) X [0,¢) . By Proposition 3.2, 9.V < 0
in (0,00) x [0,€) in the viscosity sense.

Consider now (z,¢) € (0,00) x [0,¢) and the admissible strategy D € II, ., which pays dividends at
constant rate d € [ac, ] up to the ruin time 7. Let X be the corresponding controlled surplus process and
suppose that there exists a test function ¢ for supersolution (4.3) at (z, ¢), then ¢ <V and ¢(x,c) = V(z,¢).
We want to prove that £%(p)(z,c¢) < 0. For that purpose, we consider an auxiliary test function for the
supersolution  in such a way that ¢ < ¢ < V in [0,00) x[0,¢], p = ¢ in [0, 22] (so LL(¢)(z,c) = LY(p)(z, c))
and L£4()(-,¢) is bounded in [0, 00). We introduce ¢ because L(¢)(:, ¢) may be unbounded in [0, 00). We
construct ¢ as follows: take g : [0,00) — [0,1] twice continuously differentiable with ¢ = 0 in [2z + 1, 00)
and g =1 in [0, 2z], and define ¢(y,d) = ¢(y,d)g(y).

Using Lemma 3.5, we obtain for h > 0

(ﬁ(l‘,C) = V(x,c)
> E [fomh de™?° ds} +E [em 1T WG(X ]y, 0)] .

Hence, we get using It6’s formula

o
v

E fOTAh e~ 18 ds} +E [e_Q(TAh)gB(XPAh, c) — ¢(x, c)]
= B[ des ds| +E[f7"" e 0950, 3(XP, ) + 0, 5(XP, )1 — d) — aB(XP, ) )ds
TE [ 0.0(XP, c)odWs

= B[ e i) (XD, c)ds]

Since 7 > 0 a.s.,

1 TAh _ _
L[ et o < sw (£,
0

y€[0,00)

and
) 1 TAh e nds - D ds -
lim — e~ LY RN X, 0)ds = LY @) (x,¢) as..
0

We conclude, using the bounded convergence theorem, that £9()(w, c) = L(@)(z,¢) < 0 for any d € [ac, c;
so V' is a viscosity supersolution at (z, c¢).

We skip the proof that V' is a viscosity subsolution in (0, 00) x [0,¢), because it is similar to the one of
Proposition 3.1 in [1]. [ ]

Let us consider the function B
vé(z) :=V(z,2) : [0,00) — [0, 00). (4.5)

In the next proposition, we state a comparison result for the viscosity solutions of (4.3) for ¢ > 0. The proof
is similar to the one of Lemma 3.2 of [1].

Lemma 4.2. Assume that (i) u is a viscosity subsolution and W is a viscosity supersolution of the HJB
equation (4.3) for all x > 0 and for all ¢ € [0,¢), (ii) w and @ are non-decreasing in the variable x and
Lipschitz in [0,00) x [0,¢], (iii) u(0,¢) = @(0,¢) = 0, limy oo u(z,¢) < ¢/q < limy oo (z,¢) and (iv)
u(z,c) <v°(z) <u(x,c) for x > 0. Then u <7 in [0,00) X [0,¢).
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The following characterization theorem is a direct consequence of the previous lemma and Propositions
3.2 and 4.1.

Theorem 4.3. The optimal value function V is the unique function non-decreasing in x that is a viscosity
solution of (4.3) in (0,00) x [0,¢) with V(0,¢) =0, V(z,¢) = v°(z) and lim,_,~, V(z,c) =¢/q for c € |0,7).

From Definition 1.4, Lemma 4.2, and Proposition 3.2 together with Proposition 4.1, we also get the
following verification theorem.

Theorem 4.4. Consider a family of strategies
{Cac,c S Hm,c : (ZU,C) € [0,00) X [0,6]} .

If the function W (z,c) := J(x; Cy..) Is a viscosity supersolution of the HJB equation (4.3) in (0,00) % [0,¢)
with limy oo W(x,¢) = €/q, then W is the optimal value function V. Also, if for each k > 1 there exists
a family of strategies {CF . €1l : (z,c) € [0,00) x [0,¢]} such that W(z,c) := limp_oo J(2;CF ) Is a
viscosity supersolution of the HIB equation (4.3) in (0,00) X [0,€) with lim,_,o W (x,¢) = ¢/q, then W is
the optimal value function V.

4.2. HJB equation with unbounded dividend rates

Let us now consider the case ¢ = oo with a € (0,1]. Since a is fixed, we denote V> = V.*°. The proof of the
following proposition is similar to the one of the case with bounded dividend rate.

Proposition 4.5. V> is a viscosity solution of (4.3) for any (x,c) € (0,00) X [0, 00).
We now state a comparison result for the unbounded case.

Lemma 4.6. Assume that (i) u is a viscosity subsolution and W is a viscosity supersolution of the HJB
equation (4.3) for all x > 0 and for all ¢ € [0,00), (ii) u and u are non-decreasing in the variable x
and Lipschitz in [0,00) x [0,00), (iii) u(0,¢) = w(0,¢) = 0, (iv) w(z,¢) < z+ p/q, © < w(z,c) and (v)
lime—y oo u(x, ¢) <z < lim, oo (x, ) for x > 0. Then u < in [0,00) X [0,00).

Proof. Suppose that there is a point (xg,cp) € (0,00) x (0,00) such that w(xg,co) — U(zg,co) > 0.
We prove here that the max,>¢ >0 (u(z, c) —©*°(z,c)) is achieved in a bounded set. From this we get a
contradiction following the arguments of the proof of Lemma 3.2 of [1].

Let us define

he) = 1 + (U0 c0) — U0, 0)

Je~ ¢ >1and u’(x,c) = sh(c)u(x,c)

2@(.130,60)
for any s > 1. We have
u(wo, co) = T (@o,co) = ulwg,co) — (1 -+ Mo EEs) oe) s (g, o)
= (1 — 67; S) (Q(:L’o, Co) — Sﬂ(l‘o,Co))
> 0

for s € (1,2).
Let us show now that u® is a strict supersolution. We have that ¢ is a test function for the supersolution
of w at (z,c) if and only if p® := sh(c) ¢ is a test function for the supersolution of @* at (z,c). Moreover,

Ed(gos)(x,c) = sh(c)ﬂd(ap)(x, ¢) 4+ d(1 = sh(c)) < 0, (4.6)

for d € [ac, ] and
0cp®(z,¢) < —s(h(c) — 1)p(z,c) <0 (4.7)

since p(x,c) =u(z,c) > = > 0.
Take sg > 1 such that u(zg,co) — T*° (29, co) > 0. We define

M := sup (u(z,c) —w(z,c)). (4.8)
z>0,c>0
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Let us show that
arg max (u(z,c) —u*(z,c)) € (0,6) x (0,c1) (4.9)

for some positive b and ¢1. Since u(z,c) <z + £ and x <u(z, c),

u(z,c) —u*(z,¢) < (x + %) — sph(c)x
< a(l-so)+ 4
< 0

for x large enough, so there exists a b > z such that arg max,>¢ >0 (u(x,c) —u*°(z,c)) € (0,b) x (0, c0).
Besides, we have that the function

g9(c) := glgg{u(x, ) —u*(z,c)} = zrg(%f;){u(x, c) —u*(z,c)}

satisfies that imsup .00 g(c) < 0 because lim,_, oo (2, ¢) < & < lim. o u(2, ¢) for z > 0, so there exists a
c1 > 0 such that g(c) < & for ¢ > ¢; and then we conclude (4.9).
Hence, we obtain that the maximum is achieved in a bounded set, that is

0 < u(zwo, co) —u*°(xg,c0) <M = max  (u(z,c) =T (z,c)).
z€(0,b) x(0,c1)

As for bounded dividend rates, the following characterization theorem is a direct consequence of the
previous lemma, Remark 3.3 and Proposition 4.5.

Theorem 4.7. The optimal value function V°° is the unique function non-decreasing in x that is a viscosity
solution of (4.3) in (0,00) x [0,00) with V°°(0,¢) = 0, V*°(z,¢) — « bounded and lim._,o, V°(z,¢) = z.

From Definition 1.4, Lemma 4.6, and Remark 3.3 together with Proposition 4.5, we also get the following
verification theorem.

Theorem 4.8. Consider a family of strategies
{Cpc €l : (x,¢) €]0,00) X [0,00)}.

If the function W (z,c) := J(x; Cy,.) Is a viscosity supersolution of the HJB equation (4.3) in (0, 00) x [0, 00)
with W (x,c) > x, then W is the optimal value function V°°. Also, if for each k > 1 there exists a family
of strategies {CF . €Il . : (z,¢) € [0,00) x [0,00)} such that W (x,c) := limp_,o J(2;CF ) is a viscosity
supersolution of the HIB equation (4.3) in (0,00) x [0,00) with W (z,c) > x, then W is the optimal value
function V>°.

5. Refracting dividend strategies and v©

In the case 0 < ¢ < oo and a € (0,1), we now want to investigate further the function v¢ (defined in
(4.5)) of paying dividends with rates in d € [ac,¢] in an optimal way. The following characterization is the
one-dimensional version of the results of Section 4.1.

Proposition 5.1. The function v : [0,00) — R is the unique viscosity solution of
max { L5(W)(z), L(W)(z)} =0
with boundary conditions W (0) = 0 and lim,_, ., W(x) =¢/q.

We present in this section a formula for v°, which turns out to be the value function of the optimal
refracting strategy as derived in [3].
The functions W that satisfy £¢(W) = 0 are given by

d
= 4 aeDr 4 gD Wit a,as € R, (5.1)
q
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where 01(d) > 0 and 62(d) < 0 are the roots of the characteristic equation

0'2 2
57 +(p—d)z—q=0

associated to the operator £Z, that is

or(a) = TN 120 g gy A VU R0 (52)
The following are basic properties of 6 (d) and 62(d):
1. 01(d) = —02(d) if d = p and 6%(d) > 63(d) if, and only if, d — pu > 0.
2. 01(d) =51+ \/ﬁ) and 05(d) = L (1 — \/ﬁ), so 01(d), 05(d) € (0, Z).
The solutions of £4(W) = 0 with boundary condition W (0) = 0 are then of the more specific form
g (1 - e"2<d>l’) + A (@D2 _ (Do) with A € R. (5.3)

Finally, the unique solution of £4(W) = 0 with boundary conditions W(0) = 0 and lim,_,., W(z) =
d/q corresponds to A = 0, so that

Wi(x) = g (1 - eeQ(d)z> . (5.4)

We have that W is increasing and concave in [0, 00).
In [3, Th.3.1], the value function of a 'refracting strategy’ that pays a¢ when the current surplus is below
a refracting threshold b and pays ¢ when the current surplus is above b was shown to be

(z,c,b) = (B(E, bYWo(z,) + %(1 - eezwaf))fm + (g + D, b)ee2(€)$)1’x2b, (5.5)
where 02 (a2) 0a(a?)
1(ac)x __ 02(ac)x
Wo(z,7) = — < ,
V(1 — a)? + 2qo2
B(E’ b) _ 1@6692(0’6)17 (92 (G,EZ— 02 (6)7) — (]. ia)Eﬁg (6)7 (56)
q 0:Wo(b,€) — 02(c) Wy (b, T)
and 7 7
D(&,b) = Bz, b)e="@Wy(b,7) — Cea@-na@pw _ (L= —aop
q q
The optimal threshold b*(¢) corresponds to
b*(¢) = argrlrjlzaéw(x,c, b). (5.7)
In case it is positive, by (5.5) this is the value of b satisfying
0yB(¢,b) = 0. (5.8)

From [3], we know that the threshold can be characterized as the unique b such that v(z,¢,b) is twice
continuously differentiable in & = b. Hence, since v(x,¢,b*(¢)) is twice continuously differentiable with
v(0,¢,0%(¢)) = 0, lim,_, o0 v(2, €, b*(¢)) = ¢/q and it is also a solution of
max { LS(W)(z), L(W)(z)} =0,
by Proposition 5.1 we have that B
vé(x) = v(x,¢,b"(2)). (5.9)
That is, the strategy achieving v“ has a ’refracting’ threshold structure with optimal threshold b*(c).
Note also, that since v is twice continuously differentiable at b*(¢) and L(v°)(b*(¢)) = L2(v°)(b*(c)) = 0,
then 9,v°(b*(€)) = 1. Also, since

L) (z) = L") (z) = (1 — a) (8,v°(z) — 1)

we obtain B B
0,v°(x) > 1 for & < b*(¢) and 0,v°(x) < 1 for x > b*(¢). (5.10)
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6. Curve strategies and the optimal two-curve strategy for bounded dividend
rates

Using the formulas of the previous section, we can find the optimal value function defined in (4.4).

Remark 6.1. Before proceeding, note that this problem is only interesting for ¢ > go?/(2u), as for smaller
values of ¢ we know from [7, Eqn.1.8] (translated to our notation) that even without a drawdown constraint
it is optimal to pay dividends at maximal rate ¢ until the time of ruin. This then also is the optimal strategy
in our situation, as the drawdown constraint does not affect its applicability. Indeed, and as a self-contained
derivation of this result in the present context, the value function of that strategy fulfills

L% (1~ e%2(7))(z) (€= d)(=Sb2(c)e?@" — 1)

e d)(~£0(0) 1) (6.1)
0

INIA

for both d = ac and d = ¢. So, by Proposition 5.1, v°(z) = g (1 — %)) and b*(¢) = 0. With the notation
Uz, c) = (1 — b2 (E)g”), by Theorem 4.3 it is then sufficient to prove that

20l

max{L(U) (2, ¢), L(U) (z,¢), U (z,¢)} < 0
for any ¢ € [0,¢), but this indeed follows from (6.1).

In the rest of this paper, we will therefore assume that ¢ > %.

The way in which the optimal value function V' (z,c) solves the HJB equation (4.3) suggests that the state
space [0, 00) x [0, ¢| is partitioned into two regions: a non-change running mazimum dividend region N'C* in
which the running maximum dividend rate ¢ does not change and a change dividend region CH* in which
the dividend rate exceeds ¢ (so the running maximum dividend rate increases). Moreover, the region NC*
splits into two connected subregions: N'C’_ in which the dividends are paid at constant rate ac and NC in
which the dividends are paid at constant rate c.

Roughly speaking, the interior of the region NC;,. consists of the points (z,¢) in the state space where
L£(V)(x,c) =0, LS(V)(z,¢) < 0 and 9.V < 0; the interior of the region NC} consists of the points (z, c)
in the state space where L(V)(z,¢) = 0, L%(V)(z,¢) < 0 and 8.V < 0; and the interior of CH" consists
of the points where 9.V = 0, L5(V)(z,¢) < 0 and L£*(V)(x,c) < 0. We introduce a family of stationary
strategies (or limit of stationary strategies) where the different dividend payment regions are connected and
split by two free boundary curves.

Let us consider the two functions 7 : [0,¢] — (0,00) continuously differentiable, ¢ : [0,¢] — (0, 00)
bounded, Riemann integrable and cadlag, and let us define the set

B={(2,0) st 7 < Cand lim (() = (@)} (62)
In the first part of this section, we define the function W7+ : [0,00) x [0,¢] — [0, 00) for each (v, () € B. We
will see that, in some sense, W7¢(x, ¢) is a value function of the two-curve strategy which pays dividends at
constant rate ac for the points to the left of the curve R(7), pays dividends at constant rate ¢ in between
the curves R(v) and R(¢) and pays more than ¢ as dividend rate otherwise, where

R(g) ={(9(¢),¢) : c € [0, ]} .
Hence, the curves R(7y) and R(¢) split the state space [0, 00) x [0,€) into three connected regions:
NCac(7,¢) ={(x,¢) € [0,00) x [0,8) : 0 <& < y(c)}
where dividends are paid with constant rate ac,

NC:(7, Q) ={(w,¢) €[0,00) x [0,2) : y(c) <= < ((e)}

where dividends are paid with constant rate ¢, and

CH(v,¢) ={(x,¢) € [0,00) x [0,7) : z > ((c)},
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Figure 6.1: A two-curve strategy with its regions.

cf. Figure 6.1. Let us call NC(v,¢) = NC,.(v,¢) UNC (7, ().
In the second part of the section, we use calculus of variations to look for (70, CO) € B which maximizes
the value function W7:¢ among all (v,¢) € B.

Let us consider the set
T:={(y,2): 0<y <z},

and the following auxiliary functions by, by : T' x [0,00) X [0,¢] — R

1
bo(y,z,w,c) := b .z, ¢) + w(elzvoile) _ o(z=y)b2(c)) ,C)),
B G — hayd s Yol
b1(y, z,w, c) 0100 = 0:(0) A5 2.0 (b1o(y, 2, ¢) + w(eE=10(Q) — =102 by (y. ¢)),

where the functions bgg, b1, b1, b11 and d are defined in Section 11.

Lemma 6.1. The function d(y, z, ¢) defined in Section 11 is positive in T x [0,¢], and so by and by are well
defined.

Proof. Using that 6; > 0 > 65 and 6}, 60, > 0, let us define the function g(y, h,c) = d(y,y + h,c) /().
We have that
9(y,0,¢) = (eyal(‘w) - eyGQ(aC)) (01(c) = O2(c)) > 0

for y > 0 and
Ong(y.hyc) = (02(c) — 01(c))e @O0 (e100) (B (c) — 01 (ac)) + €272(“) (B3 (ac) — B2(c)))
> 0
for y > 0. So the result holds. |

In order to define W7¢ in the non-change regions NC,.(7,¢) and NC.(7, (), we will define and study in
the next technical lemma the functions H"¢ and A< .

Lemma 6.2. Given (v,() € B, the unique continuous function H:¢ : [0,00)x[0,¢] — [0,00) , with H"¢(-, ¢)
continuously differentiable which satisfies for any ¢ € [0,¢) that

L(HY)(z,¢) =0 for 0 <z < y(c), LH)(x,¢) =0 for y(c) <z
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with boundary conditions HY¢(0,c) = 0, H"*(z,¢) = v(z,¢,7(¢)) and 9. H"*(((c),c) = 0 at the points of
continuity of ¢ is given by

H(z,¢) = (fio(z, ¢) + f11(z, ) AT () L) + (foo(7(c), 2, ) + far(v(c), 2, ) AT () L5y, (6.4)

where f10, fi11, f20, fo1 are defined in Section 11,

AVE(e) = AT (e)e” JEb1((8),¢(8)7" (8),8)ds _ / e It b1(’Y(S)K(S),’Y'(S),S)dsbo(v(t)’ C(t),~'(t), t)dt, (6.5)

c

and Ble.~(z
A'y,{(é) — (077(0)) , (66)
V(1 — ac)? + 202
where the function B is defined in (5.6) and the function by and by are defined in (6.3). Moreover, A7¢ is
differentiable and satisfies

(A7) (e) = bo(7(e),¢(),7'(€), ©) + bi(v(), C(€), 7 (€), ) AT (c), (6.7)

at the points where ( Is continuous and satisfies the boundary condition (6.6).

Proof. Since H"*%(-, c) is continuously differentiable at x = v(c) and satisfies HY(0, ¢) = 0, L3(H")(x, c) =
0 for 0 <z < 7(c) and LE(HYC)(z,¢) =0 for v(c) < x, we can write, using (5.1) and (5.3),

H’Y7C(x7 c) = (f10($7 C) + f11($, C)A(C))Im<'y(6) + (f20(’7(c)a z, C) + f21<'7(c)7 €T, C)A(C))IEZ’Y(C)

for some function A(c). Since
H"(2,2) = v(z,2,7(2)),

we obtain, by (5.5), that

o _ _ B@E~)
A@) = V(= ae)? + 2qo?
Let us find A7¢ : [0,¢] — R, the function A(c) such that 9.H"(z, c)|x=<(c) =0 for all ¢ € [0,¢]. Since
¢(e) > (o),
0= 8CH7’C(£C& c) |I:<(C) = %(fQO(V(C)v z,c) + far(v(c), , C)A%C(C)) |1:<(c)
= #(f0(1(0),2,0)) + & (f21(7(c), 2, ¢)) A7) + far (v(€), 2, ) AT (O] e o

and so, since by Lemma 6.1, fo1(y,z,c) = ‘(i(y’z’c)

= 510y > U for >y, we obtain

,C\/ _ _%(f20(7(c))1’c)) _%(f21(7(0)7wxc)) g
(A’y )(C) - df21('y(c),a:,c) e=C(c) dle(’y(c),z,c) e=¢(c) AY (C)

bo(7(c), ¢(e),7'(¢), ©) + b1 (v(c), C(e), 7' (e), ) A7 (e),

at the points where ¢ is continuous, where by and by are defined in (6.3). Since ¢ is Riemann integrable, it is
differentiable almost everywhere. Note that the function AY'¢ defined in (6.5) is the unique solution of this
ODE. Hence, we have the result. |

Given (v,() € B, we define

: _ [ H(z,0) if (z,¢) € NC(Q),
W)= { HY (2, t{a,)) i (w0) € CH(O), (6:8)
where H7-¢ is defined in Lemma 6.2 and
U(z,¢) :=max{h € [c,¢] : {((d) < z for d € [¢,h)} (6.9)

for x > ¢(c) and ¢ € [0,¢).
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In the next propositions we will show first that in the case that ¢ is a step function, W€ is the value
function of a two-curve strategy and in the general case W7'¢ is the limit of value functions of two-curve
strategies.

When ( is a step function, that is

n—1
C(C) = Z'Zil[Ci,Ci+1) (C)v
=1

with 0 =¢; < ¢ < --- < ¢, =¢ and z; > 0, then the two-curve strategy, starting with an initial surplus x
and initial running maximum dividend rate ¢, is given by

(1) if 0 < = < ¢(c), that is (x,¢) € NC(v,(), follow the refracting strategy which pays ac when the
current surplus is below a refracting threshold ~(c) and pays ¢ when the current surplus is above v(c) until
either reaching the curve R(¢) or ruin (whatever comes first),

(2) If z > ((c), that is (z,¢) € CH(7, (), increase immediately the dividend rate to £(z,c) € {ca, -+ ,cn};
note that

l(x,c) =max{c; > c:z <z for l(c) <k <i—1}, where I(c) := min{l : ¢; > c}.
If ¢ is a step function, we denote this stationary strategy as m(7:¢).

Proposition 6.3. Consider (v,() € B with { being a step function. Let D*¢ € HLO,’CE] be the admissible
strategy corresponding to the stationary strategy w(7¢) starting in (z,c). Calling j(z,c) := J(z; D*°), we
obtain that j is continuous in [0,00) x [0,¢] and j(z,c) = W¢(z,c).

Proof. Let us prove inductively that j(z,¢;) is continuous in x for i = 1,...,n. j(-, ¢;) is differentiable in
[0, z;) because it corresponds to a value function of a refracting dividend strategy at x = v(¢;) with a given
boundary condition at @ = z; (see for instance [3, Th.3.1]). In the case i = n, j(z,¢,) = v(z, ¢,7(¢)) which
is continuous in z; in the case i < n, j(x,¢;) is continuous in z for x < z; because

J(@,ci) = (frolw, ci) + fi1(x, ci) Ai) Locryer) + (f20(v(ci), @, ¢i) + far(v(ci), @, €) Ai) > ey

for some constant A4;, and j(x,¢;) = j(z,¢i41) for & > z;. Since j(x,c¢) = j(z,¢i41) for ¢ € (¢, ¢i41), we
conclude that j is continuous in [0, c0) % [0,7¢] .

Let us show now that j(z,c) satisfies the assumptions of Lemma 6.2 and so j(z,c) = HY¢(z,c) =
W7 ¢(z,c) for 0 < x < ((c). Indeed, it is straightforward that j(-,e)= H"(-,¢) =v(-,¢,v(¢)), j(-,c) is
continuously differentiable for any ¢ € [0,¢), £%(j)(z,¢) = 0 for 0 < x < v(¢), L(j)(z,¢) = 0 for v(c) <
x < ({(c) and j(0,¢) = 0. Also 9.5(¢(c),c) = 0 at the points of continuity of ¢ because j(z, c)= j(z,c;41) for
x > ((c) = z; in the case ¢ € (¢;, ¢iy1).

From definition of 7(:¢), it is straightforward that j(z,c) = HY<(z,{(x,c)) if = > ((c), so we get the
result. |

In the next proposition we show that for any (v, () € B, the function W7 is the limit of value functions
of curve strategies where (i are step functions with {; — ¢ uniformly.

Proposition 6.4. Given (v,() € B, there exists a sequence of right-continuous step functions (j : [0,¢] —
[0, 00) such that W7¢k (x, c) converges uniformly to W< (z, c).

Proof. Since ( is a Riemann integrable cadlag function, we can approximate it uniformly by right-

continuous step functions. Namely, take a sequence of finite sets S* = {c¥, ¢k, - - ,clflk} with 0 = cf < ¢ <

e < chk = ¢, and consider the right-continuous step functions

G(e) = D () e er, s

such that §(S*) = max;—1,... n,—1(cF, — cF) — 0. We have that ¢, — ¢ uniformly, and so both A7¢*(c) —
AY¢(c) and WSk (x, ¢) — WS (z, ) uniformly. [ |
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Remark 6.2. Given a (7, () € B where  is not a step function, we say that W7:¢ is the value function of the
two-curve stationary strategy 7(7¢) which, starting with an initial surplus 2 and initial running maximum
dividend rate c,

(1) in the case 0 < z < ((c), it follows the refracting strategy which pays ac when the current surplus is
below a refracting threshold v(c) and pays ¢ when the current surplus is above y(c) until either reaching the
curve R(() or ruin (whatever comes first),

(2) in the case > ((c), increase immediately the divided rate from ¢ to ¢(z, ¢),

(3) in the case = ((c), it can be seen as the limit of admissible strategies in ﬂg(gj’c’c") € I1, . arising from

Proposition 6.4.

We now look for the maximum of W¢ among (v, () € B. We will show later that, if there exists a pair
(70,€o) € B such that
A0 (0) = max{A7¢(0) : (v,¢) € B}, (6.10)

then W70:% (z, ¢) > WS(x,c) for all (z,¢) € [0,00) x [0,¢] and (v,¢) € B.
From Lemma 6.1 and 6 > 0 > 07, we obtain that fi1; and fo; defined in (6.4) are positive and so

arg max W7S(z,c) = arg max AV¢(c).
g(%C)GB (@) g(%C)GB (©)

This follows from (6.4) and the next lemma, in which we prove that the function {y which maximizes (6.10)
also maximizes A7 (c) for any c € [0,¢).

Lemma 6.5. For a given ¢ € [0,¢), consider the functions vy : [c,¢] — (0, 00) continuously differentiable, ( :
[e,¢] = (0,00) is bounded, Riemann integrable and cadlag, and let us define the set

B.={(7.¢) s.t. y < (in[e,d and lim ((c) =((e)}
If (o0, Co) € B satisfies (6.10), then for any ¢ € [0,¢)
A% (¢) = max{AV¢(c) : ¢ € B.}.

Proof. Given (v,() € B, we can write

Yol c t 7
A1€(0) = AT IO bs — [7 e LD OO gy 3(0), (1), (0.,

C
A77C(O) = — /c e fot b1 (’Y(S)vC(S)ﬂ/(S)»S)dst (/}/(t)7 C(t% ’)’I(t), t)dt + (ei foc b1 (7(3)74(5)’7/(5)75)‘15) A'Y’C (C)
0

Note that (70|[c,z) , CO|[C,E))€ B.; take any (v,() € B. and any function x : [0,¢] — [0,1] continuously
differentiable with x = 0 in [0,c] and define 71(s) = 70(s)ljo<s<cy + V(8)X(5){e<s<zy and (1(s) =
Co(8)lo<s<cy +C(8)x(8){c<s<ay then (v1,(1)€ B,

A70:60 (0) > ANé (0) = — /C - I b1(’YO(S)’CO(S)’S)dSbO(’YO(t),Co(t),t)dt 4 (e* e b1(’YO(S),C0(S),5)dS> A’YX,CX(C)_
0

Hence,
A (0) > — foc e~ Jo b1(v0(s).Co(s),8)dspy (Yo(t), Co(t), t)dt + (e~ Jo b1(70(5),C0(s),8)ds SUD(, ¢)eB. ATEX(¢)
= _foc e o b1(70(s):Co(5):8)ds (g (1), Co(t), t)dt + (e~ Jo Dr(r0(s):Co(s).5)ds SUP(, ¢)eB, AY<(c)
> - foc e Jo b1(v0(s):Cols)8)ds b (o (1), Co(t), t)dt + (e~ J5 b1(70(5),C0(s),8)ds ) Av0o (c)
= A% (D),
and so we have that sup(, ¢)eg. AV (c) = Ao (e). [ |

Let us now find the implicit equation for the function A% for (v, (o) satisfying (6.10).
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Proposition 6.6. If the pair (7o, () defined in (6.10) exists, then A7 (c) satisfies

b1-(c) A7 (¢) + by (c) = 0 for any ¢ € [0,), (6.11)
b1w () A% () 4 boy(c) = 0 for all ¢ € [0,7 (6.12)
and
biy(c) A7 (¢) + boy(c) = 0 for all ¢ € 0,7, (6.13)
where
bl( ) = bl(’YO(S)v CO(S)vaé(S)’ 3)7 bzy(s) = ay 1(70(8)7C0(8)7’Y(/)(s)7 5)7
biz(s) := 0:bi(70(s), Co(s),70(8), 8)  and biu(s) := dwbi(y0(s), Co(s),70(s), 5)
forv=0,1.

Moreover, vy(¢) = b*(¢) is the optimal threshold defined in (5.7) and
B(e,b* ()
Vo a1 207

Proof. Consider any function (v1,¢1) € B with v1(¢) = (1(¢) = 0. Then

A70:6o @) = (6.14)

AvotnmGoteti(()
= AC(g)e J5 01 (v () 4071 (£),C0 (8) +€1 (8),76 () +ny1 (8),t)dt

— [ = 5 b0t (w):Colw)+eCa () (wtnv (wddupy (o (5) + v (), Co(5) + £C (5), 7 (5) + 77 (5), 8)ds.
Taking the derivative with respect to € at n = e = 0, we get

0= QA O)] L= 5 (e 0t ) ([5G (w)br (u)du) ) d

B f()E(e_ IS bl(u):iugl(s)bgz(s))ds
— A70:¢0 (E)e_ Jo br(t)dt foc Cl(S)bOZ(s))dS'

Using integration by parts we obtain

AcQzﬁhWW%&@([ﬁ@@nmame)ds[f(@wwu@><11zﬁhWW%aﬂ&))da

and so
¢ c _
0= / (1 (3) <b1z(8)/ e Jo bl(u)dubo(t)dt e Jo b1(,u)dub0z(8) — ADo:Co (5)6_ Js bl(t)dtboz(8>> ds.
0 s
Since this holds for any ¢; with {;(¢) = 0, we get using (6.5) that for any ¢ € [0,¢)
0 = bua(e) [T e b dup ()t — o= IS D () — Ao (e S Dty (o)
= e Jobr(Wdu(_p, () A1 (c) — by, (c)),

and so we conclude (6.11).
Taking the derivative with respect to n at n = = 0, we get

0 = 67]A70+n71a<0+€<1 (0)|n:0£:0
" (e_ J§ brtwdupy (5) (2, (u)blw(u)du)) ds
o Jy (o7 oo (s) (f5 ()b (u)du) ) ds
) ds — [y (ef Jg b1<u>du%(s)b0y(s>> ds
b
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Using integration by parts, we obtain

0 = 70 (—bm 0) fy € 501 (0by (1)t + by (0) + ¢ 5 1O 4700 )by, (0))
i o o)
+fo 71(5) Efblw e 7O groo @) — [T Lt (1)dt ) ) ds
+f0 Y1(8) (by(s) e Jbiwidupyq )dt — e~ 7Bt gr0.6o (C))) ds
+ [T 71(s) (bm ) + b1 () = bow(s)b1(s) = boy(s)) ds.

Using that v1(¢) = 0 and (6.5), we get
0 = m(0) (b1w<0>A70v<°(0> + bow(0))
+ Jo ri(s)em Jo brlndun ((py, (5) = bry(s)) A7 (s) + fhbow(s) — boy (5) + bruw()bo(s) — bow (5)b1(s)) ds.

Since this holds for any v, with ~;(¢) = 0, we obtain

(;;blw(s) - bly(s)) A0S0 (5) + %bOw(s) — boy(s) + brw(s)bo(s) — bow(s)b1(s) = 0 for all ¢ € [0,¢] (6.15)
and

b1w(0) A5 (0) + bg,, (0) = 0.

By Lemma 6.5, we also obtain, taking the derivative 0 = 8, A7 M1+ (¢)]
Note that with (6.12), we have

=0,6=0" that (6.12) holds.

0 = & (bru(s)A%(s) + bow(s))
= di w(8) A1 (8) + Lboy,(5) + bo(8)b1u(s) — br(8)bow(s)

and so, from (6.15)

0 = Lbry(s) A1 (5) — byy (s) A0 (8) + 2 bou (5) — boy () + bruw(s)bo(s) — bow (5)b1(s)
[Cf%blw( ) AT (8) + Lboy, (5) + brw(8)bo(s) — bow($)b1(s)] — bry (s) A0 (s) — boy(s)

55 (brw(s) A7 <°<s)+b0w( )) — (bry(s) A7 (5) 4 boy(s))

= —(bry(s) A% (s) + boy(s)),

from which we conclude (6.13). |

Proposition 6.7. Consider the functions Cy and Cj; for ¢ = 1,2 and j = 0,1,2 defined in Section 11. If
(70, Co) € B defined in (6.10) satisfies that (o is continuous and

Cr1(70(¢), Go(c), €) - Caz(0(c), Co(e), ¢) # 0 (6.16)

for ¢ € [0,¢], then vy and (, are infinitely differentiable and (7o, (o) is a solution of the system of ODE’s

WC 7(e);¢(0), €) = Ca1(1(0), ¢(e), ©)Cr0(7(e), {(€) ©) (6.17)
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with boundary conditions
70(¢) = b"(2) and Co(b*(2), Go(2), 7)) = 0, (6.18)
where b*(¢) is the optimal threshold defined in (5.7).
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Proof. From (6.11) and (6.12), we have

(blwaz - bOwbIZ)('VO(C)ﬂ CO(C)v’YLI)(c)vC) =0 for ¢ € [Ova'
From (6.3) we can write

e(z=v)01(e) _(2—y)02(c) b z,c b JZ,C
(brwbo: — bowbr:)(y, 2,w,¢) - = (q(el(c)—ez(c))zd(y,z,c)) (bn(y,c)az (%) — bo1(, €)% (%))
(e(zfy)91(0)_e(zfy)92(c)) ( )
4(61()—02(0)d(yze) O\ )

which does not depend on w. So we conclude, that
Co(yo(c), Co(c),c) =0 for ¢ € [0,7¢]. (6.19)

Moreover, from Proposition 6.6, we get (6.18).
From (6.12) and (6.13), we have

(brwboy — bowbiy)(0(c), Co(€), Y5 (c), ) = 0 for c € [0,7],
and we can write from (6.3),
(ez=)01(0) _ ((z=1)02(0)
q(01(c) — 92(0))2 d(y, z,c)

So, since C11(70(¢), Co(c), ) # 0, we get the first equation of (6.17).
Taking the derivative of (6.19) with respect to ¢ and using that ¢, is continuous, 7y is continuously
differentiable and Caz(v0(c), Co(c),c) # 0, we obtain that ¢y is continuously differentiable and

0 = 9,Co(0(c), Co(c); )rp(e) + 0:Co(vo(c), Colc), )¢ (c) + 0:Co(vo(c), Colc), c)
= Ca(v(c),Go(c), c)vp(c) + Caz(0(c), C(e), €)(p(e) — Can(vo(c), Colc); ).

Using the first equation of (6.17), we get the second equation of (6.17). By a recursive argument, we finally
obtain that vo and (p are infinitely differentiable. |

(blway - bOwbly)(ya Z, W, C) = (wcll (y7 2, C) - ClO(ya 2, C))

Let us study the uniqueness of the solution of (6.17) with boundary condition (6.18). We know that if
(7,¢) € B is a solution, then ~(¢) = b*(¢), the optimal threshold defined in (5.7). In order to obtain ((¢),
we have to find a zero of Cy(b*(¢),-,¢) in (b*(¢),00). Let us assume that there exists a unique zero z*(¢) of
Co(b*(€),-,¢) in (b*(¢), 00). In the next proposition we show that, under this assumption, the existence of a
solution (v, ¢) of (6.17) implies uniqueness.

In Section 7, we will show that there is a unique zero z*(¢) of Cy(b*(2),-,¢) in (b*(¢),00) for ¢ large
enough. Also, we check this assumption in the numerical examples for each set of parameters.

Proposition 6.8. Let us assume that there exists a unique zero z*(¢) of Cy(b*(¢),-,¢) in (b*(¢),00). If
(71,¢1) € B and (v2,(3) € B are two solutions of the system of differential equations (6.17) satisfying the
boundary condition (6.18), then (y1,(1) = (72, (2)-

Proof. Consider

¢m = min{c € 0,¢] : (11(d), (1(¢)) = (12(d), Ca(d)) for d € [¢, ]}

Let us call
Fl(ya 2, C) = (CIO(yv Z, 6)022(y7 2, C)7 C2O(ya Z7C)Cll(ya Z7C) - 021(2-/7 2, C)Olo(y7 2, C)) ’

FQ(Z/? Z, C) = Cll (y7 2, 0)022(% Z, C)7
and F(y,z,¢) = Fi(y.z,¢)/F2(y.z,c). Note that Fy, F» and are infinitely differentiable,

(7i(e), Gi(e) = F (7i(c), Gi(e), ¢) for c € ]0,7]
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and (vi(em), Gi(em)) = (Vi(em) Gi(em)) for i = 1,2 and Fa(v1(em). Ci(em)s em) = Fa(r2(em), G2(em), em) # 0.
If ¢, = 0, we have the result. On the other hand, for ¢,, > 0, using the Picard-Lindel6f theorem we have
that there exists a unique solution of (6.17) with boundary condition {(c,,) = (1(¢p) in [max{c,, — 9,0}, cp]
for some & > 0, which is a contradiction. |

Let us now introduce a lower bound ¢ for the dividend rate (to be specified later), and denote by (7, z)
a solution of (6.17) in [¢, €] with boundary conditions (6.18).

Remark 6.3. Since the functions C;; are infinitely differentiable, a recursive argument establishes that 7

and C are also infinitely differentiable.

In the next proposition, we state that the value function W7-¢ satisfies a smooth-pasting property on
the two free-boundary curves. Note that this extends [1, Prop.5.13] from the ratcheting case with one free
boundary to our present drawdown case. For a general account on conditions for smooth-pasting when the
value function is not necessarily smooth, see e.g. Guo and Tomecek [22].

Proposition 6.9. If a pair of infinitely differentiable functions (v, () € B satisfies
Dua WS (y(e)T, €) = 0 WS (y(c) ™, ¢) for c € [c, ¢
and
Dex WS (C(e), ) = Dec WS (C(c), ¢) = 0 for ¢ € [c, 7T,

then (v,() is a solution of both (6.11) and (6.12) in [c,¢] with boundary conditions (6.18). Moreover
0 (W) (y(c),c) = 1 for ¢ € [c,¢]. Conversely, let (3,() be a solution of (6.17) in [c,¢] with boundary
conditions (6.18), then W7 satisfies the smooth-pasting properties

Bua W (F(e)F, €) = BpaWE(F(c) ™, ¢) for ¢ € [¢, 7]
and _ -
e WS (L(c), ) = WS (C(c),c) = 0 for ¢ € [c,T].

Proof. Take a pair of infinitely differentiable functions (vy,¢{) € B, and let us consider the function
H"¢(z,¢) introduced in Lemma 6.2. Firstly, note that H'¢ satisfies £L%(H"¢)(x,c) =0 for 0 < x < v(c),
LE(HY)(z,¢) = 0 for x > ~y(c), H¢(0,c) = 0, 8CHV’C(:U,C)‘$:C(C) =0 and H"¢(x,¢) = v (z,¢,7(c)). So

we have, for z > v(c),

OH (z,¢) = far(v(e),a,¢) (~bo(v(c),x, 7 (¢), ) = AV (c)bi(v(c), 2,7 (), ¢))

and

Our TV (2,6) ],y = For (1(0):€(),) (= Dubo(1(6), 2,7(6), Oy — A7) Bubr (4(),2,7'(0), )y ) -

Since, by Lemma 6.1, fo1(y, x, ¢) = d(y, z,¢)/(01(c)—02(c)) > 0 for z > y, we obtain that 8cxH'V*C(x,c)|w:C(c) =
0 if and only if (6.11) holds for (v,¢) in [c,¢]. As W¥¢(z,c) = HY¢(z,c) for x < ((¢) and W¢(x,¢c) =
HY¢(x,C(z,c)) for z > ((c), we get WS (z,¢) = 0 for > ((c) and consequently 0., W ¢(¢(c),c) = 0.
Moreover, 9.H"¢({(c),c) = 0 for ¢ € [¢,¢], and so

0 = %(acH%C(C(C)a C))
= OccH"(((c),¢) + 0 H(¢(c), €)¢' (c)
Dec HY4(C(c), ).

Altogether, since W< (z,c) = H"¢(x,C(x,c)) if # > ((c), we get 9. W ¢(x,c) = 0 if z > ((c) and so
DecW4(¢(€), ) = 0.
Secondly, by the definitions in Section 11, we have that 9, f11(y, c) # 0 and b11(y, z,¢) > 0

_ bOl(y7c) _ 1- 8yf10(y,6)

qbll(y7c) ayfll(yac)
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So

And then

0x (W) (7(c), €) = 0 (W) (7(c) ™, ¢) = By fro(7(c), €)) + AT (e)0y fra (v(c),¢) = 1
if, and only if, (6.12) holds for (v, () in [c,¢]. Note that, since LWV¢(y(c)T,c) = LW S (y(e)™,¢) = 0
and 9, (W) (y(c),c) = 1, we obtain
2
0= LW (v(e)F,¢) = L2XWT((e) " ¢) = %(3mW”’<(7(C)+70) = 0z W (1(0) 7, ).
Therefore, when (¥, () is a solution of (6.17), it satisfies (6.11) and (6.12), and so
Oee W (3(e)*,0) = 0ea W (3(e) ™€) for ¢ € [c,7]

and B -
Dea WS (L(€), ) = Dee W (C(c), €) = 0 for ¢ € [¢, 7).

In the next proposition, we show more regularity for W7< in the case that ( is strictly monotone.

Proposition 6.10. If (7, () is a solution of (6.17) in [c,¢] with boundary conditions (6.18) and Z/(c) #0 in
[c,e], then WS is (2,1)-differentiable.

Proof. 1t holds that

fro(@, o),—y = fooly, 2z 0)|ey s fr1(@, )|,y = for(y, 2, 0)],y
I fro(@,¢)|,—, = Oufooly, @, 0),p,  Oufir(z,0)],, = Oufr(y,z,0)|,_,
3cf10(11770)\1.:y = 3cf20(y7%0)|w:y, 3cf11($,c)|$:y = 3cf21(y7%0)|z:ya
acmflO(xa C)|;L':y = crcfZO(ya xZ, C)|w:y 5 acxfll(m; C)|w:y = ac:cf21(ya €T, C)|x:y )
anyO(yaxac”z:y = 5yf21(y,1’70)\z:y = Oa acnyO(y7z7c)|z:y = 5'cyf21(y,x,c)|z:y =0.
By Proposition 6.9, W:¢(z, c) is continuous at z = 7(c) and so W7*¢ is (2,1)-differentiable for z < ((c).

= =1
In the case that C/(c) > 01in [c, €], the inverse ¢  exists and ¢(x,c) can be written as

In order to show that W7< is (2,1)-differentiable, it is enough to prove that d,, W< (z+,¢) = 0, WS (2, ¢)
for ((¢) < x < {(¢). We have, by Proposition 6.9,

oW (zt,e) = 0,HT (x,C
H

|
HQ)
2|
o~
—~
&
—~
S
S~—"
S~—"

Consequently,

0uWTE(a*,¢) = O T8, (@) + e 7S (2, T () (1) (@)
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In the case that Z/(c) < 0 in [¢,¢], l(z,c) = C > ((c). In order to show that W< s (2,1)-
differentiable, it is sufficient to prove that 9,,W¢(zT,c) = 0, W< (2™, ¢) for 2 = {(c). Since £(z,c) = ¢,

That is, we have,

Since HY<(C(c),¢) = WI<(C(c),¢) =0 and € (¢) < 0 we get

so that HY<(((c),c) =

—
<
0|
~
<
—

¢(c)). Hence, taking the derivative one more time with respect to ¢ we get
— = — — -7 — = — -/
HI (C(0), e)C () + HI (C(e), 0) = (v°)"(C(e)C (e)-

By virtue of Proposition 6.9, H7:¢(C(c),c) = HLS(C(c),¢) = 0 and ¢ (¢) < 0, and we obtain

WLE((C(e) 7 0) = HEH(C(e),0) = (1) (C(e)) =

WZE((C(e) T, o).
|

Proposition 6.11. Let (7, () be a solution of (6.17) in [c,¢| with boundary conditions (6.18) such that the
function WS is (2,1)-differentiable and satisfies

W (2, ¢) <0 for z € [0,C(c))
and _ _
DWW (2,¢) > 1 for x € [0,7(c)) and O, W7 (z,¢) < 1 for x € [F(c), {(c)]
for ¢ € [¢,©), then W€ =V,
Proof. Since ( is continuous in [c,¢|, there exists M = maX,cc g ((c). By definition, if # > M then

U(z,¢) = and W7S(z, ¢) = v%(x), 50 limg_yoo WP (2, ¢) = limy_, 00 v°(z) = ¢/q.
By (5.10), we have that

0,v°(x) < 1 for x > ((¢) and 9,v°(b*(¢)) = 1. (6.20)
Since

LW )( c)— LYW 72)(:ﬂ c)=(c— ac)@zwﬁ’z(fc, ¢)+ (ac—c¢) =¢(l —a) (&;W?E(x, c) — 1) ,

we get L9(WT<)(x,¢) < LAWTE)(2,¢) = 0 for x € [§(c),{(c)] and LAWTE)(x,c) < L2(WTE)(x,¢) =0
for x € [0,7(c)].
By Theorem 4.3, it remains to prove that £2W7<(xz,¢) < 0 and LW (z,¢) < 0 for z > C(c), ¢ € [¢, ©).
We have that
{(z,c) = max{h € [c,¢] : ((d) < x for d € [c,h)}
satisfies £(x,c) > ¢, and also either £(z,c) = ¢ or (({(z,c)) = x. So, we obtain LAWT¢(x, a) =0

and then

LW (z,¢) = LYEOWTC(z,¢) +
= (U=, ) ) (0. W™
because we have, from (6.20) and 9, W7€(C(c),c) < 1 for ¢ € [¢, 7], that 9, WS (z, £(z, c)) < 1. Also,

(Uz,0) = ) (B WS (z, U, c)) — 1)
¢(z,6(z,c)) = 1) <0,

L2WTE) (2, ¢) — LYWTE)(z,¢) = e(1 — a) (8IW7’E(x,c) - 1) —c(1—a) (8$W7’Z(x,€(x,c)) - 1) <0

for z > ((c), ¢ € [c, ). |
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Remark 6.4. We conjecture that there is always a unique zero z*(¢) of Cy(b*(¢),,¢) in (b*(¢),c0) for ¢ >
qo?/(2u), that there exists a solution (¥, () € B of the system of differential equations (6.17) satisfying the
boundary condition (6.18), and that the value function W7 is a viscosity supersolution of the HJB equation

(4.3). In such a case, (7,() = (70,C0) and W7¢ is the optimal value function V. Moreover, the optimal
strategy is then a two-curve strategy. In Section 8 we will show that that this conjecture in any case holds
in [¢,¢] for ¢ large enough and some suitable ¢ < ¢, and in Section 9 we also show numerically that this
conjecture is true for further instances.

7. Asymptotic values as ¢ — oo

The symbolic computations of this section are highly involved, so we use the Wolfram Mathematica software
to obtain Taylor expansions. Note that all results of this section are derived for 0 < a < 1, and the resulting
expressions may not necessarily be applicable for the limit to a = 1, as dominant terms in the asymptotics
may change.

Recall the boundary condition Cy(b*(€), -,¢) = 0 of the differential equation of the last section, cf. (6.18).

Note that for ¢ > %, we have from Remark 6.1 that b*(¢) is the unique positive b satisfying (5.8). In this
section, we show that there is a unique zero z*(¢) of Cy(b*(€),,¢) in (b*(¢),00) for ¢ large enough and that

N e
Elgglo(b (©),z%(¢)) = (q’ q(l—l— \/&)>

We also show that limg e Vi(2,€) N 2 for 0 < z < limg_,o0 2%(¢) = £(1 + ﬁ) and limz_, o V(2,6) N o
for @ > limz—,o0 27(¢) = £(1 + ﬁ)
In the rest of the section we denote V¢ by V°.

Proposition 7.1. It holds that limz_,~ b*(¢) = u/q. Moreover precisely, the Taylor expansion of b*(¢) at
¢ = oo is given by

b*(c)_Z—“;(ch’iJrO(clz). (7.1)
Proof. We have from (5.7) that
0, B(z,b"(7)) = 0. (7.2)
But s .
8,B(e,b) = _ - C\/(“f ac)* + 240 - — - E(5b),
q (e91(a)b(6; (at) — 02(C)) + €%2(a0)b(65(2) — f2(ac)))
where
E(,b) = " @b (q — 1)0,(3)(0(2) — 61 ()01 (a2) (7.3)

+ e (1 — a)05(2) (02(c) — 02(at))bs(aT)
+ e(01(a0)+02(a2)b g (9, (2) — Oy (a)) (02(C) — 61 (aT))(B2(aT) — 0: (aT)).
Let us define Fy(Z,b) := E(¢,b)/e?1 (@ The Taylor expansions of 6 (c) and 65(c) at ¢ = oo are given by

2 1 11
01(0)——c—§+qg+0(c—2) and 0s(c) = a q’uc2+0(c3)' (7.4)

Let us prove first that there is not a sequence b*(c,) — oo with ¢, — oo. Using (7.4), we obtain

4(a — 1)a’q _ab*(en)

lim Fy(cn,b"(cn)) = lim I cn(1—e e ).

n— o0 n—00 o

Firstly, let us assume that b*(c,) = ¢,  with a, — @ € (0,00). Then, since (1 — e~ %) >0 and a < 1,

0= lim Fy(cp,b"(cn)) = —00,

n—oo
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. . .. . . _gb*(en)
which is a contradiction. Secondly, let us assume that b*(c¢,) = ¢, @, with o, — 0o. Then, since ™ @n  —

0, we have 0 = lim,_,o Fo(cp,b*(cn)) = —oo which is also a contradiction. Finally, let us assume that
b*(cn) = cn o with a, — 0T,

4(a —1)a%q, 1 —e "o N
( 4) ( )" (¢n) = —o0.

Qn

0= lim Fy(cn,b*(cy)) = lim

n— 00 n— 00 o

Hence, limsup;_, ., b*(¢) < co.
Let us define the function Hy(u,b) : [0,00) x (0,00) = R as

(u,b) := { Ho=Dag@b=i)  for =0

g

Fo(L,b) for w>0.

Hy(u, b) is infinitely continuously differentiable because it is infinitely continuously differentiable for u > 0
and lim,_,o+ Fo(L,b) = 4(a — 1)ag(gb — p)/o* < co. Moreover, its first-order Taylor expansion is given by

4(a =~ Vag(gb—p) | (% —1)g — ¢°b* +2(1 — a)pi® + aq(2bu + 02))> u+ O(u?)

H()('Lt,b) = 0_4 0_4

From (7.2), we obtain Ho(u,b*(1/u)) = 0 for v > 0. Let us show that lim, ,o+ b*(1/u) = u/q. We have
already seen that b*(1/u) is bounded for u € [0, &) for some € > 0. Take any convergent sequence u, — 07
with lim, e b*(1/u,) = by < 00, then

4(a — 1)aq(gbo — 1)

ot

=0

lgm f[o(’um7 b*(l/un)) = HO(O, bo) =

and so by = p/q. Using that 9, Hy(0,b) = Al(a_g# # 0, we conclude by the implicit function theorem, that
the function h(u) : [0,00) — R defined as h(0) = £ and h(u) = b* (L) for u > 0 is infinitely continuously
differentiable and the result follows. |

Proposition 7.2. There exists a unique zero z*(¢) of Co(b*(¢),-,¢) in (b*(¢),00) for ¢ large enough with
limg,00 2*(¢) = £(1 + ﬁ) More precisely, z*(¢) is infinitely continuously differentiable for ¢ large enough
and its first-order Taylor expansion at ¢ = oo is given by

() = %(1 4 %) L (1=2/a-3q) g‘;;aé(l + \/‘73/2)‘1"2% + O(Eiz). (7.5)

Proof. Considering the function Cy(y, z, ¢) defined in Section 11 and the function E(c,y) defined in (7.3),
we define

Coly, z,0) = (ce?GvNH0(8(fy(c) — 0y (c)) (01 (ac) — O2(c))05 (c)) E(c,
(ce (=m0 +102(4) (B (ac) — Ba(c)) (B2(c) — 01(c))05 (c))) ( y)

Co(,2:0)
BMACEACE

Since E(¢,b*(¢)) = 0, #2(c)—01(c) < 0 and d(y, z,¢) > 0, we have that Co(b*(¢), 2*(¢), ) = 0 is equivalent to
Co(b*(¢), z*(¢),¢) = 0. We can write

16
CN(O(yv 2, C) = Zmz (ya 2, C)egi(y,2,6)7 (76)

i=1
where m;(y, z, ¢) are of the form
mi(y, z,¢) = mio(y, ¢) + ma (y, 0)z,

and mo(y, ¢), my1(y, ¢) are polynomials on 61 (c), b2(c), 61(ac), 62(ac), 81(c), 65(c), 01 (ac), 04(ac), y, ¢, a.
The functions g;(y, z,¢) in (7.6) are positive linear combinations of (z — y)61(c), (z — y)f=2(c), yb:1(ac) and
yb2(ac), with the concrete form given in Section 11. Define

CN(O(y7 2 C)

Fl(sz’C) = 6912(yazac) ’
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Let us show first that there is not a sequence (zn,c¢,) with z, > b*(c,) such that Cy(b*(cp), 2n,cn) = 0,
¢, — o0 and z, — co. From the definitions of the exponents g; given in Section 11 and the expressions
(7.4), we have that

14
P9 o)) = Jitn, 3 ma0” (). s o)t e0) el e,

because the other terms are negligible. We can write

mizo(y.¢) = HEPEE £O(), mza(y.e) = O,
mizo(y,¢) = AT 6 L O(S),  magaly,c) = %Ciﬁr O(c*)
a— a3 a —oa a
miao(y,¢) = =2 DCE L O(P),  muaa(y,c) = — B8040 05 4 (et
and ) )
913(y7ZaC) 7912(:[/72’6) = 7Q(Ziy)z +(1+Z)O(c7)7
914(y,Z,C)—912(y,Z,C) = —(%—&—q(z—y))%—i—(l—l—z)O(c%)
If z, — o0, ¢, — 00, with b*(¢,) — % we deduce that
64(a — 1)a2c8 zn zn "
0= lim F1(b*(cpn), 2n,cn) = lim %e_qfn(eqﬁ —-1- qz—).

n—o0 n—oo o Cp,

Firstly, let us assume that z, = ¢, a, with a,, — @ € (0, 00). Then, since e79%(e4* —1 —qa) > 0 and a < 1,

0= lim Fl(b*(cn)»znvcn) = -

n— oo

which is a contradiction. Secondly, let us assume that z, = ¢, «, with «, — co. Then, since
e 9 (e — 1 —qay) =1 — (1 + qay)e 1% — 1,

we have

0= lim Fl(b*(cn)»znvcn) = -

n— oo

which is also a contradiction. Finally, let us assume that z, = c,a, with a;, — 0F.

1 * 7 64(a—1)a® 2 —gay, e?®m—1—qa 2 4 _
0= nlgréo F1(b*(en), 2ny ) = nh_)rr;o ——m—qe “(W")zncn = -0

which is also a contradiction. Hence, there is not such a sequence (z,, ¢,).
Using the Taylor expansions of 1(¢), 02(¢) and b*(¢) at € = oo given in (7.4) and Proposition 7.1, we
find that the function
32(a—1)a(a(u—qz)2—u2) B
_ = for v=0
H1 (Z, U) = o 1 1
wtFi(b*(3), 2, 5) for w>0

is infinitely continuously differentiable, because it is infinitely continuously differentiable for w > 0 and

1 1 32(a—1 )2 2
lim u4F1(b*(7)7zv 7) = (a )a (a(/lg QZ) a )
u—0t u u e

< 00.

Moreover, its first-order Taylor expansion is given by

32(a—1)a(a(n—qz)*—p?)

2
_ 32(a—1)(—4u3+3a,u(2q222—6qz,u+,u2)+a2(qz—,u)(2q2z2—y2—q(2u+302)) ut O(u2)
30-12 .

Hi(z,u) =

Since, the only zero of Hi(z,0) in [£,00) is £(1 + ﬁ) and

32(a — 1)a (a(u — g2)* — p°) ) 40— a)a*q(p — q2) 20

0, H1(z,0) = 0,(
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for z > %, we conclude by the implicit function theorem, that there exists € > 0 and a unique infinitely

continuously differentiable function g(u) : [0,e) — R with g(0) = £(1 + ﬁ) and Hi(g(u),u) = 0 for
u € [0,¢); also g(u) is the unique zero of Hi(,u) in a neighborhood U of (£ (1 + %),O). Moreover, the
first-order Taylor expansion of g at u = 0 is given by

u+ O(u?). (7.7)

B 1 (2 — 4y/ap? — 6a) p? — 3(2 + Va?)qo?
g(u)—q(l—&-\/a)-&- 6qv/a®

Let us show now that g(u) is the only zero of Hy(-,u) in (b*(1/u),00) for u small enough. If this were
not the case, there should be a sequence (zy, Uy )n>1 With 2z, > b*(1/uy), 2, # g(u,) such that w, \, 0
and Hip(zp,u,) = 0. If there exists a convergent subsequence z,, with z,, — 2o € [%,oo), by continuity
H1(2,0) = 0 and so 29 = g(0) = £(1 + ﬁ) and this is a contradiction because (zy, ,un, ) ¢ U for k large
enough. So z, — oo and this is also a contradiction. So, from (7.7), we get the result. |

Proposition 7.3. There exists a unique zero z*(¢) of 9zV°(z,¢) in (0,00) for ¢ large enough with z*(¢) >
b*(¢) and limz—, o0 2™ (¢) = £ (14 ﬁ) More precisely, x*(¢) is infinitely continuously differentiable for ¢ large
enough and its first-order Taylor expansion at ¢ = oo is given by

e 1\ | (1-2Va—3a)u®—3(1+ Vad)go® 1
I(C)q(1+\/5>Jr 3Vadq c

Moreover, limg o, VE(x,6) \x for 0 < x < B+ ﬁ) and limg_,o, V(x,¢) /o for x > 21+ ﬁ)

+ 0(612). (7.8)

Proof. From (5.5), we have that
V(2,2) = v(@, & b* (7)) = (B(E’ b (@) Wo () + %5(1 _ 892(a6)m)>[z<b*(g) + (S + D(G, b* (E))e%(é)ac)lrzw(g)
and from Proposition 7.1, we know that limz_, o, b*(¢) 7 u/q.

Take = < pu/q, then x < b*(¢) for ¢ large enough, so we have that

V(x,2) = B(e, b*(2))Wo(z, ) + %5(1 ETCLES

and so
- Is(x,0)
VD = L@,
where
lo(b.¢) = 4 (11— 0)* +240%) ()01 ac) — 2(0)) + 2 (B(c) — a(ac))” >0, (7.9
and

11
Fy(z,¢) := Zli(x, b* (), E)ehi(z’b*(z)’a.
i=1

Here [;(x,b,¢) are polynomials on 6;(c), 02(c), 01(ac), O2(ac), 01(c), 05(c), 0] (ac), 05(ac), x, b, ¢, a and
hi(z,b,¢), i = 1,...,11, are positive linear combinations of b6;(ac), xb1(ac), bh2(ac) and z05(ac) stated in
detail in Section 11. Since limg o, b*(¢) = /g, the Taylor expansion of Fy(x,¢)/¢* at ¢ = oo is given by

Fyw,?) _ 2a*vqleq—2p) |, ) ( 1 ) |

C ot

Since zg — 2p < 0, we have 9;V(z,¢) < 0 for ¢ large enough and so limz,c V(z,¢) = 2™ for 2 < £.
Take now x > p/q > b*(¢), then

Vi) = (S + Db @)
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and so

where
F3(z,¢) = ZE(:U, b*(c),c)eh (=" (@)0)
=1

lo(b,€) is defined in (7.9), l;(, b, ¢) are polynomials on 601 (c), f2(c), 61 (ac), Oa(ac), 0} (c), 05(c), 81 (ac), B4 (ac),
x, b, ¢, a and k;(x,b,c), i = 1,...,8, are positive linear combinations of by (ac), bf2(ac) and (z — b)ba(c) as
detailed in Section 11. Since limz_, o, b*(¢) = /g, the Taylor expansion of Fy(x,¢)/ ¢ at € = oo is given by

% = (aq%c2 — 2aqpx + p?(a — 1))
2

1
351 (—30(2qz = 3p)(qw — p)u + 5% + 3quo”® — a*(qw — ) (q*z® — Squp + 4 — 3q0%)) =

(=)

So from F3(x*(¢),¢) = 0 we obtain that the Taylor expansion of z*(¢) is given by (7.8).

=y
4
3
+0

Moreover, we obtain that for ¢ large enough, 9:V*(z,¢) < 0 for z € [&, £(1 + %)) and 9:V°(z,¢) > 0
forx > £ p 1+ \/a) So, we conclude the result. ]
Remark 7.1. Note that

@) (@)= G+ 0l (7.10)
@)~ (@) = 52 =) .

so z*(¢) > x*(¢) for ¢ large enough, and asymptotic equivalence for these two quantities when ¢ — oco. At
the same time, the inequality z*(¢) > 2*(¢) can easily be seen to hold for any ¢ from the following argument:
We have

Ve(z,e) — Vel (z,e—h)

¢ Ve(z,e) — Ve(z,e—h) +Ve(x,e—h) — Ve (x,c—h)
VE(J:’E) - ‘/E(x7E - h)7

Vvl

since, by Proposition 3.7, V¢(z, ¢) is non-decreasing in ¢. So, dividing by h and taking the limit as h goes
to zero, we get B B
0zV(x,cT) > Vcc(x,c)lc_,.

=c

Hence 0:V¢(z*(¢),c) > V¢ ( ( ) c) ’c:E = 0 and then the value z*(¢) where 3:V°(-,¢) changes from negative
to positive satisfies x*(¢) <

Remark 7.2. One observes from (7.5) that for very small values of a, the coefficient of 1/¢ in the asymptotic
expansion is positive, so that the limit u(1+1/+/a)/q is approached from the right, whereas for larger values
of a that coefficient is negative and the limit is approached from the left as ¢ becomes large, see also the
numerical illustrations in Section 9.

It may also be instructive to derive the higher-order limiting behavior of x*(¢) established in the previous
proposition in a direct way for the deterministic case discussed in Section 2. Concretely, including one more
term in the expansion (2.3) gives

2azqu — az’q® + P (1 —a)  p® + 3ap®(u — zq) + a®(vq — 4p) (p — 2q)? 1
+ _ + s +0(5
2aq¢c 6a2q ¢

and substituting » = £(1 + %) + % (for an ag € R to be identified) into this expression gives

3@quao+u3(2ﬁ+3a—1)+0<l>

3a2qc>

‘o : _ (1-2va—-3a)u® :
This fraction equals zero for ag = 3vadq , so that we obtain

2*(@) = ﬁ(1+%) + (1_?{;3;2’“)”2 +0 (2)
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which exactly corresponds to (7.8) for o = 0.

The latter formula shows that in the deterministic case indeed the limit p(1 + 1/4/a)/q is approached from
the right for @ < 1/9 and from the left for a > 1/9 as ¢ — oc.

8. Optimal strategies for ¢ large

In the next proposition, we show that for ¢ large enough, there exists a unique solution of (6.17) with

boundary conditions (6.18) and that Z/ < 0 and ¥ > 0 in a neighborhood of ¢. We emphasize again that for
all results in this section, a is assumed to be strictly smaller than 1.

Proposition 8.1. For ¢ large enough, we can find ¢ € [0,€) such that there exists a unique solution
(7(e),¢(e)) of (6.17) with boundary conditions (6.18) in [c,¢], and 7 is strictly increasing and ( is strictly
decreasing in [c, €], respectively.

Proof. In order to prove that there exists a unique solution (¥(c),¢(c)) of (6.17) in [c, ¢ for some ¢ < €,
it suffices to show that

C11(b*(©), 2 (2),¢) # 0 and Cau(b* (), 2*(¢),¢) # 0
for ¢ large enough. Combining (7.1) and (7.5) with the formulas of C11(y, z,¢) and Caa(y, z,¢) given in
Section 11, we obtain that
32(1 — a)?
C11(b*(2), 2*(¢),¢) = 32 =a)ag &+ 0@,

10

_ @b (e m 32(1—a)qu _ -
* * z*(e)=b*(¢))01(c) _ 3 2
Caa(b*(2), 27 (2),0)el* (I~ (N — Jaolo € +0(e),
and so

C11(b*(©), 2z (2),2) < 0 and Cau(b*(2), z*(¢),¢) > 0

for ¢ large enough. 3
In order to prove that 7(c) is increasing and ((c) is decreasing in [c,¢] for ¢ large enough and some ¢ < ¢,
we use the differential equations (6.17) at ¢ = ¢ and the Taylor expansion of C;; to show that

2 2
S aqo® +ps 1 1
= _— O ==
Y (C) 2aq 62 + ( c3 )’
_ 3qot 1
(e = - 1A + O(E%)
for ¢ large enough, so we have the result. |

In the following theorem, we show that the value function of the two-curve strategy w7 given by the
solutions of (¥, () of (6.17) with boundary condition (6.18) is the optimal value function in [0, 00) x [c, ¢] for
¢ large enough and some ¢ < €. So, the optimal strategy is a two-curve strategy.

Theorem 8.2. In the case ¢ > qo?/(2u), there exists a ¢ large enough and some ¢ < ¢ such that Wit =V
in [0, 00) X [¢,¢].

Proof. By Propositions 8.1 there exists ¢ large enough and some ¢ < ¢ such that Zl(c) # 0 and so, by
Proposition 6.10, W7:¢ is (2,1)-differentiable in [0, 00) x [c, ¢]. Using Proposition 6.11, in order to prove the
result, it is sufficient to show that

0. W7(2,¢) > 1 for z € [0,5(c)) and 9, W7 (z,¢) < 1 for x € [7(c), {(0)] (8.1)

and 7.¢ ¢
DWW (x,¢) <0 for z € [0,{(c))

for ¢ € [¢, ).
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We have from Proposition 6.9 that 9,(W7¢)(¥(c),c) = 1 for ¢ € [c,¢], and the Taylor expansion of
O.zv°(2) at € = oo is given by

q . qlqgr —2p)

1 . =

_%—FW—FO(?) if x < b*(),
-2

~14+ 7“(”’02 WL o) ite > 4@,

)( ) is continuous, there exists a

which is negative. So, 9,,v°(z) < 0 for ¢ large enough. Since 0, RES
(¢)]. We conclude that (8.1) holds for

(
¢ < @ such that 9,,(W7<)(z,¢) < 0 in (z,¢) for ¢ € [¢,d and z € [0,
¢ € [¢,¢] and ¢ large enough.
Let us show that for @ large enough and some ¢ < , it holds that .W7<(xz,¢) < 0 for ¢ € [¢,d and
0 <z < ((c). We prove first that 9,W7-<(z, ¢) <0 for z € [¥(c),(c)]. We have that

W
¢

OWTE(w,0) = OHT(w,0) = (fa0(T(€),,0)) + 4= (1 (7(),,0)) ATE(€)) + fa1 (7(0), )
far (7€), 0) (—bow(c)m'(c),c) — b (7(), 2, 7 (), ) AT(e)) + (ATCY (€) )

and by Lemma 6.1, f21(y,z,¢) > 0 for > y, so we should prove that

G(z,2) := ~bo(1(e), 2,7/(2),©) = bi(7(2), 2,7 (€), ) AT (0)) + (A7) (e) < 0

for z € [¥(c),((c)]. By Proposition 6.9, 0 = 9. H7*(,¢) = 0., H"'*(z,¢) = 0, so we have that G((¢),¢) =
9:G({(¢),¢) = 0. Then it is sufficient to prove that 0,,G(z,c) < 0 for = € [J(c),((c)]. We will first show
that 0,,G(z,¢) < 0 for z € [§(¢),{(¢)] for ¢ large enough, and then the result follows for ¢ € [c,¢] for some
¢ < € by continuity arguments in a compact set. Using that 5(¢) = b*(¢), ((¢) = z*(¢), (7.1) and (7.5), we
obtain that the Taylor expansion at ¢ = co of

_ 022G (x,0)
hz.0) = S mme e @ eme
is given by
oy 2algr = p)? = p?) | 12quo® —10p° — da®(gx — p)*(gz + 2p) + 6a(g*a®p + 3p4%) 1 1
h(z,c) = a1 + T -+ 0(=),
a“qo 3a’qo c c

and the Taylor expansion of h(z*(¢),¢) at ¢ = oo is given by

Sinee Aa gz — ) gz 1
_ a(c — qr — qr — + qx
8h(z,T) = 5204 H K - +0(5)

c
is positive and h(z*(¢),¢) < 0 for ¢ large enough, we conclude that 0,,G(z,¢) < 0 for z € [7(e),{(e)]. Let
us show that for ¢ large enough and some ¢ < @, it holds that 9.W7:¢(z,¢) < 0 for 2 € [0,7(c)] and ¢ € [c, .
We can write

AW (z,¢) = Be(fro(z,c) + fr1(z,c)AT<(c))

Oc x,c Oc T,c =7
P, ¢) (Zheleed 4 0l 478 () 4 (A7) (o))

where f11(x,¢) > 0, so we should prove that

ac.fl()(x7c) + 6(3]011(555 C)
fll(xuc) fll(x7c)

for z € [0,7(c)]. We have shown that 9,W7<(5(c),¢) < 0, so we have Gy ((c),€) < 0; then, it suffices to
prove that 0,G1(x,¢) > 0 for x € [0,7(c)]. We will see first that 9,G1(z,¢) > 0 for = € [0, 7( )] for ¢ large

Gi(z,7) == ATC(e) + (AT (e) < 0
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enough, then the result follows for ¢ € [¢,¢] with some ¢ < ¢ by continuity arguments in a compact set.
Using that 7(¢) = v*(¢), (7.1) and (7.5), we obtain that the Taylor expansion at ¢ = oo of

hi(x,¢) := 01y Gy (z,0)
is given by

1
72))

which is positive for ¢ large enough and = < b*(¢) < % < 27“. ]

21 — 1
m@azfﬁﬁﬁﬂg+m

Ql

9. Numerical examples

In this section we will consider some numerical illustrations for the case ¢ = 0.1, y =4 and o = 2.

9.1. Bounded Case

Let us first consider the case with an upper bound ¢ = 3 for the dividend rate. In this case we are able
to derive the optimal value function and the optimal strategies for the problem with drawdown constraints
a=0.2,a=0.5 and a = 0.8. Indeed they are of two-curve type as conjectured in Remark 6.4. The obtained
value function and optimal dividend strategies will then also allow us to compare them with the ones for
the (already previously known) extreme cases a = 0 (the classical dividend problem without any constraint)
and a = 1 (the dividend problem with ratcheting constraint).

In order to obtain the optimal value functions V¢ for each set of parameters, we proceed as follows:

1. We check that there exists a unique zero z*(¢) of Cy(b*(2),-,¢) in (b*(¢), 00).

2. We obtain the curves 7 and ¢ solving numerically, by the Euler method, the system of ordinary
differential equations (6.17) with boundary condition (6.18).

3. We check numerically that the pair (7, () satisfies condition (6.16) for ¢ € [0,¢]. So, by Proposition
6.8, we are approximating the unique solution (7, (). We also verify that ¢ is non-decreasing.

4. We check that the function W7 defined in (6.8) satisfies the conditions of Theorem 4.3. Hence W<
is the optimal value function V° and the optimal strategy is indeed a two-curve strategy given by

(7,¢) € B.

Figure 9.1 depicts the graphs of V,¢(z,0) with ¢ = 3 for a = 0 (no restrictions, gray solid), a = 0.5
(dashed) and a = 1 (ratcheting, black solid) as a function of z. One can nicely see how the drawdown case
is - in terms of performance - a compromise between the unconstrained case and the stronger constraint of
ratcheting.

Figure 9.1: V@(x,0) (gray solid), Vi*5(z,0) (dashed) and V(z,0) (black solid) as a function of z.

In order to see the impact of the drawdown restriction more clearly, in Figure 9.2 we plot the difference
between V{{(x) (the unconstrained value function) and V,?(z,0) as a function of x for increasingly restrictive
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Figure 9.3: Optimal drawdown curves (7(c), c) (dotted) and ({(c),c) (dashed) for a = 0.2,0.5,0.8, together with the
optimal threshold of the unconstrained problem (a = 0, solid gray) and the optimal ratcheting curve (£(c),c) (a = 1,
solid black).

drawdown levels a = 0.2 (dotted), a = 0.5 (dashed), a = 0.8 (dot-dashed) and finally @ = 1 (ratcheting,
solid). One observes that in particular for smaller values of x, the relaxation of ratcheting towards the
drawdown constraint improves the performance of the resulting strategy quite a bit, although the relative
gap between the performance of the ratcheting and the unconstrained case is anyway not so big (cf. Figure
9.1). The latter speaks in favor of the consideration of such strategies, as ratcheting and drawdown may be
important for shareholders from a psychological point of view, and the efficiency loss when introducing these
constraints is quite minor. In particular, if for a given initial surplus level = one has a target efficiency loss
one is willing to accept, results like Figure 9.2 can help to identify the corresponding drawdown coefficient
a that can still guarantee such a performance.

In terms of the nature of the optimal strategy (which indeed turns out to be of two-curve type), Figures
9.3a, 9.3b and 9.3c show the optimal drawdown curves (F(c),¢) (dotted) and ({(c),c) (dashed) for a = 0.2,
a = 0.5 and a = 0.8, respectively. In all the plots we also depict the optimal threshold of the unconstrained

dividend problem a = 0 (solid gray) and the optimal ratcheting curve (£(c),c) for a = 1 (solid black). To
that end, recall from Asmussen and Taksar [7] that the optimal threshold for a = 0 is given by

1 6(0) (05(0) — 05(2))
6,(0) — 6,(0) *® (el(m (61(0) — 92<c>>) !

whereas the optimal strategy in the ratcheting case is given by a one-curve strategy which is obtained nu-

merically according to the results in [1]. One can nicely see how the two curves (F(c),¢) and ({(c), c) move
towards the right as a increases, interpolating between the unconstrained and the ratcheting case. Note that
the resulting two-curve shapes are somewhat reminiscent of some figures obtained in Guo and Tomecek [22]
for other types of singular control problems, where also a smooth-fit principle was established.
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Figure 9.4: The curves ¥°(c) (left) and ZE(C) (right) for a = 0.5: ¢ = 2 (solid gray), ¢ = 3 (dotted), ¢ = 4 = p (dashed)
and ¢ =5 (solid black).

Figure 9.5: VZ;(x,0) (solid gray), Vis(z,0) (dotted), Vits(z,0) (dashed) and ViP5(z,0) (black solid) as a function of .

Also notice that the location of these curves can vary considerably as the maximally allowed dividend rate
¢ changes. Figure 9.4 depicts 7°(c) and Zc(c) for a = 0.5 for ¢ growing from 2 to 5. In particular, when ¢
is larger, the necessary surplus level x to switch to higher dividend rates is larger as well. Figure 9.5 shows
the corresponding value functions for these increasing values of ¢ (a = 0.5). Recall that while the drawdown
constraint is not a major efficiency loss when compared to the unconstrained case for the same ¢ (cf. Figure
9.1 for the case ¢ = 3), the size of ¢ itself naturally has a considerable impact on the size of the value function.

9.2. Boundary Conditions

Let us now investigate the situation when the maximally allowed dividend rate ¢ becomes large. In addition
to a = 0.5 and a = 0.8, we now also consider a smaller drawdown level ¢ = 0.07 (in order to illustrate
the different monotonicity for small values of a, cf. Remark 7.2). One finds numerically that there exists
a unique zero z*(¢) of Cy(b*(¢),-,¢) in (b*(¢),00) for any ¢ > 0. We also have found that there exists a
unique zero z*(¢) in (0, 00) of 9zV(-,¢) for ¢ > 5.17 for a = 0.07; for ¢ > 3.45 for a = 0.5 and for ¢ > 2.52
for a = 0.8. Recall that we have proved in Propositions 7.1, 7.2 and 7.3 that limz_ o b*(¢) = p/q and
limz_; 00 2%(€) = limg— 0o *(¢) = u(1 + 1/V/a)/q.

Figure 9.6 shows the curves of the boundary conditions (b*(¢),¢), (2*(¢),¢) and (z*(¢),¢) for a = 0.07,
a = 0.5 and a = 0.8 respectively. In the case a = 0.07 one sees how the limit u(1+1/y/a)/q = 191.2 (vertical
dotted line) is indeed approached from the right as ¢ — oo, whereas for a = 0.5 and a = 0.8 the respective
limits 96.57 and 84.72 (vertical dotted line) are approached from the left, cf. Remark 7.2. It is important to
keep in mind that these plots only depict the boundary value for each choice of ¢, and are not to be confused
with the optimal drawdown curves in Figure 9.3. Note that z*(¢) and 2*(¢) are — already for moderate
values of ¢ — almost identical, with z*(¢) > 2*(¢), see Figure 9.7 for a graph of the difference z*(¢)— z*(¢)
for a = 0.07, a = 0.5 and a = 0.8 respectively. From the latter, one nicely sees z*(¢) > z*(¢) (cf. Remark
7.1) as well as the asymptotic equivalence (7.10) of the two quantities.

In Figure 9.3 we saw that the curve C (c) is to the left of the ratcheting curve € (c). At the same time
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Figure 9.7: The difference z*(¢)— 2*(¢) as a function of ¢ for different values of a.

for large values of ¢, we know that ¢ (¢) must be to the right of € (c), as

. =T, 2u 1
i 0 = <4 (14 57)
It is therefore of interest to see when this crossing for the limiting value takes place. Figure 9.8 depicts z*(¢)
(solid) and EE(é) (dotted) for @ = 0.07, a = 0.5 and a = 0.8 respectively. We see that indeed for ¢ small,
z*(c) < EE(E) and for ¢ large, z*(¢) > Ez(é). Moreover, we obtain numerically that the intersection point of
the curves of z*(¢) and EE(E) occurs at ¢ = 39.70 for a = 0.07, at ¢ = 9.74 for a = 0.5, and at ¢ = 8.37 for
a = 0.8 for the given set of parameters. That is, on from these values of ¢, the possibility of the drawdown
increases the value of surplus on from which one starts to pay the maximal dividend rate, when compared
to pure ratcheting, and it is intuitive that the difference is less pronounced as a increases.

= lim z*(¢).
CcC—r OO0

i E@E 0 - EO2e

.
50 100 150 20 40 60 10 20 30 40 50 60 70 E@7en

(a) a =0.07

(b) a=0.5

(¢) a=0.8

Figure 9.8: The boundary values z*(¢)
different values of a.

(solid) and the optimal ratcheting boundary value EE(E) (dotted) as € grows, for
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10. Conclusions

In this paper we addressed the problem of optimal dividends under a drawdown constraint. We showed
that the value function can be expressed as the unique viscosity solution of a respective two-dimensional
Hamilton-Jacobi-Bellman equation and derived conditions under which the optimal strategy is of a two-curve
form. We conjecture that these conditions are in fact always fulfilled and — using a smooth-fit principle —
could prove it for large values of current and maximal dividend rate ¢ and €, respectively. For concrete
numerical examples, we also proved the optimality of two-curve strategies numerically for small values of ¢
and ¢, and showed how to identify the resulting optimal curves, which turns out to be a very challenging and
technical task, involving the numerical solution of a highly involved system of ordinary differential equations
and its boundary conditions. We illustrate how this can be concretely implemented for a moderate size of
¢ ; for high values of ¢ this is difficult numerically because the formulas involve algebraic sums with terms
with exponentials with very large exponents and the computations require very high numerical precision.
We furthermore showed that, when ¢ tends to infinity, the curves converge to a finite limit, the size of which
follows a surprisingly simple and intriguing formula in terms of the square-root of the drawdown percentage
a, and irrespective of the size of the volatility parameter o. The latter fact also allowed to get some intuition
on the nature of this limit from the deterministic limit case o = 0.

Altogether, this paper for the first time explicitly addressed a drawdown constraint for a control problem in
this context, and it turned out that the resulting strategies smoothly interpolate between the unconstrained
problem and the situation with ratcheting constraints, allowing to get some quantitative insight in the
efficiency gain when relaxing the ratcheting. It will be interesting to see whether other dividend — and more
generally control — problems can be extended in a similar way. In particular, extending the results of the
paper from the Brownian risk model to a compound Poisson surplus process may be an interesting endeavour,
which would lead to a relaxation of the ratcheting problem studied in [2]. Another future direction of research
may be to extend the approach of this paper to incorporate constraints on the dividend rate in terms of an
average of its previous values, for instance along the lines of Angoshtari et al. [6].

11. Appendix: Some Formulas

In the following, we state some definitions and formulas referred to earlier in the paper in a compact way.
d(y, z,¢) = eY02(ac)+(z—y)0 (0)92(0) — o(z=y)01(c)+ybr (00)92 (c) + e(z—y)92(0)+y92(a0)92 (ac)
#0200+ (=11 () g, () 4 p(5V)02() (%yaa(ac) I eye)l(ac)) 6:(c)

1 ey (ac) (_e(z—y>02(c> n e(z—y)fh(c)) 6, (ac),

boo(y, 2, ¢) = ae*~V0()Hvb2(a0) g, (4c) (By(c) — 61 (c)) — eF1(V gy (c) (01 (c) — Ba(c))
aeEE) (214 e9%209) gy (c) (61 (c) — 0a(c)
+ aet?1TETG, (ac) (61(c) — Ba(c)) + eV, () (61(c) — 02(c))
+ qe7¥)02(9) ( 1 + evb2(ac) ) 01(c) (01(c) — 02(c))
= (01() = 02()) 2 = =M (cac (<1 4+ D)) (01(c) — 0(0)) B ()
+ 9009 (5 — ) (61(c) — 02(c)) ( ace??2(99) 9, (ac) + ¢ (1 +a (—1 + eyaQ(ac))) 01(c )
+ ace=TR(T(0) (9, (c) — 01 (c)) Oy (ac) + aPee* V2TV 0, (ac) (02(c) — 1 (c)) O (ac)

+ a%eeITETN () (c) — 6y (c)) By (ac) — aPeev?@OFENNyg, (c) (8 (c) — 02(c)) By (ac)
+ a2t 20T ENNOyh, (ac) (61 (c) — b(c)) By (ac) + aPee 72 TV0(0Dyh, () (61 (c) — O(c)) B3 (ac)

+ e(z=9)02(0) (c + ac (—1 + eyf2(ac) )) (61(c) — 02(c)) 01(c)

+ ceFY0E) (y _ 2y (92(0) +a (—1 + ey‘92(ac)) 62(c) — aeyQQ(“c)Hg(ac)) (61(c) — 02(c)) 0 (c)
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+ ez9)01(9) (c (1 +a (—1 + ey‘%(ac))) 6>(c) — aceyeQ(ac)Gg(aC)) (—05(c) + 61(c))

+ el (qer9 gy (ac) + (=14 a — ae®( ) 01(c) ) (~Oh(c) + 03 (e))

bo1(y, z,¢) = c(01(c) — 02(c))
(aeye2(ac)92(ac) (—02(c) + O2(ac)) + (92 (c)ta <*1 + 6y02(a6)) 02(c) — a6y02(ac)92(a0)) 91(C)> )

bro(y, 2, ¢) = el7¥+2)02(c] (eyal(“) - eyez(“)) (—01(c) + 62(c)) 0 (c)
= TNy - 2) (81(c) — Ba(c)) (—e?” @y (ac) + (€400 — 120D Gy (c) - P2y (ac) ) 6 (c)
— IO T (9 (¢) — 0y (c)) 0] (ac) + act I HVEI (9, (¢) — 0y () 0} (ac)

(ac) (01(c) — 02(c)) 0} (ac)

(ac) (01(c) — 02(c)) 63 (ac)

— elTr (o) ((atrlae) y 0a(09)) g (c) 4 €%y (ac) — € (*G5 (ac) ) (6] (e) — 05(c))

— aelmy 20 () tybi(ac)y g

+ aef1(ac)+(—y+z 92(0)y91

+ e~ +01(9) (er(ac)al(ac) + (fey‘h(ac) + ey92<a6>) 0(c) — ey“’z(aC)aQ(aC)) (@ (c) — 85(c))

+ e(myt2)o1(c) (ey(h(tw) — ey@z(tw)) (01(c) — B2(c)) B5(c)
+ e(—y-i-Z)@z(c)( Y+ Z) _ 92 ) (( eyal(ac) + ey@z(ac)) 6, (C) + eyel(aC)el (ac) _ ey@g(ac)ez(ac)) 95(0)
+ ae(—yt2)01(c)+yb2(a (91( ) 02(c)) 9;((1 )

+ eyt Fu02(a0) (g, (0) + 0y(c)) 0y (ac) + ae YT OFT¥02(3)y (9, () — By(c)) O3 (ac)0h(ac)
+ ael~yt#)02(0)yba(ac) ( (e ) + 03(c)) B2 (ac) (ac)
o ae(—y+z)92(c)y91( ) (e?ﬁl (af)g’ ac ey92(ac)9é (ac))

+ ae(—y+z)91(c)y (91 (C) (eyel(ac)el ac _ eub2(ac) g (ac))
and
b11(y, z,¢) = —(01(c) — O2(c))
(eyal(ac)(Gl(ac) — 01(c)) (81 (ac) — B2(c)) + €720 (B, (c) — Ba(ac))(f2(ac) — 6, (c)))

fl(](ff,c) = %(1 _ 602(CLC):12),
q

Fir(z,¢) = efr(@dz _ cbalac)z,

c
fQO(y7xac) - q(QQ(C) — 91(6))
(62(c) + (a — 1)691(0)(93—11)92(6) + aeyﬂz(aC)(_692(6)(w—y)92(a0) + 691(0)(w—y)(92(ac) —b5(c)))
+01(c)(—1 + D@ (1 4 a(ev?2(>) — 1)))),
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1
far(y,z,¢) = 01(c) — 02(c)

(eyez(ac)(eel(c)(mfy)(%(c) _ QQ(GC))+692(C)(m7y) (92(%) _ 0, (c)))
+ (P OE (G () — 01 (ac)) +e O (0, (ac) — 0a(c)))

__dy.x0)
01(0) — 02(6)

Co(y, z,¢) = bi1(y, c)0: <W> — bo1(y, ¢)0. (lm)

(279)01(e) — e(=79)02())p (==)61(0) _ e(z=0)02() ),
Ci1(y, 2, ¢) = bi1(y, )0, ((6 e ) 01(?/,0))_ bou ()9, ((e e ) 11(y,c))

A2 (y, 20

Cro(y, z,¢) = bor(y, ), (W) — b (y,c)d, (lm)

Ca1(y, 2,¢) = 0,Co(y, 2,¢) = O, (bu(y,C)@z (W) — bo1(y, ¢)0: <m>)

Ca2(y, 2, ¢) = 0:Co(y, 2,¢) = 0 (bn(yvc)az (%) — bo1(y, ¢)0: (M))

Cao(y,2,¢) = =0cColy, 2,¢) = —0e (bu(y, c)0- (%) = bou(y, ¢)0- (%))

(z —y)bi(c)
(z —y)ba(c)
yb1(ac)
yBha(ac)
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k, (x,b,¢) 2 00

ko(x,b,c) 2 01

ks(x,b,c) 0 2 0

ka(z,be) | | 1 1 0 Zzlgacg
k(zbe) |~ 1 11 2\a¢
ki (2,b, ) 2 1 1 (= b)f2(c))
k. (x,b,c) 0 2 1

kq(x,b,c) 1 21
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