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We consider a dynamic pricing problem where a firm sells one item to a single buyer to maximize expected

revenues. The firm commits to a price function over an infinite horizon. The buyer arrives at some random
time with a private value for the item. He is more impatient than the seller and strategizes over the timing
of his purchase in order to maximize his expected utility, which implies either buying immediately, waiting
to benefit from a lower price, or not buying.

We study the value of the seller’s ability to observe the buyer’s arrival time in terms of her expected
revenue. When the seller can observe the buyer’s arrival, she can make the price function contingent on his
arrival time. On the contrary, when she can’t, her price function is fixed at time zero for the whole horizon.

The value of observability (VO) is defined as the worst-case ratio between the expected revenue of the seller
when she observes the buyer’s arrival and that when she does not. First, we show that for the particular case
where the buyer’s valuation follows a monotone hazard rate distribution, the upper bound of VO is exp(1).
Next, we show our main result: In a setting very general on valuation and arrival time distributions, VO
is at most 4.911. To obtain this bound, we fully characterize the solution to the observable arrival problem
and use this solution to construct a random and periodic price function for the unobservable case. Finally,

we show by solving a particular example to optimality that VO has a lower bound of 1.136.
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1. Introduction

The dynamic pricing practice has been around for decades in different industries, ranging from
airlines and hotels to supermarkets and clothing retailers. Yet, the rise of online business platforms
since the early 2000s has accelerated its presence. In particular, dynamic pricing has expanded
from traditional domains to almost any B2C and C2C environment, with ride-sharing probably

being one of the current most prominent examples.



The widespread use of dynamic pricing has multiple drivers, including the need to liquidate
excess inventories within a limited time frame (e.g., apparel retailers), the varying opportunity
cost of scarce capacity (e.g., car rental), the chance of gathering information about the underlying
demand (e.g., learning about elasticity), and the possibility of extracting most of the surplus from
a heterogeneous customer base via a form of intertemporal price discrimination. Its feasibility and
successful implementation have been rooted in the increasing availability of data from internal and
external sources, sophisticated and rapid advances in machine learning and artificial intelligence,
and tremendous advances in computational speed. In fact, digital technology has made it possible
to continuously adjust prices to changing environments, with minimal efforts and costs. On the
downside, its extended use, concurrent with the price transparency occurring in online platforms,
has raised some concerns, particularly among online retailers, since consumers have learned to
strategize over the timing of their purchases and wait to take advantage of a potential future lower
price.

The academic literature in operations management (OM) —and from a different perspective, also
in economics and computer science— has accounted for the rapid evolution of the dynamic pricing
practice, acknowledging in several articles the threat represented by the forward-looking behavior
of consumers. Our paper contributes to this stream by providing an assessment of the incremental
revenue attainable by being able to observe a consumer arrival time and adjust the pricing policy
accordingly as opposed to the case where this capability is absent. To our knowledge, this value of

observability has been overlooked in the literature so far.

1.1. Problem description

We consider a stylized yet fundamental model in which one seller interacts with one buyer. The
seller holds a single item whose value is normalized to zero, while the buyer has a random private
valuation for it. The buyer’s arrival time follows an arbitrary distribution over the nonnegative
reals. Both the buyer and the seller discount the future, but they do it at different rates, the buyer
being more impatient than the seller. The seller’s goal is to set up a price function to maximize
her expected discounted revenue. On the buyer’s side, upon arrival, he observes the price function
and decides to buy at the time that is most profitable for him, or not buy at all.

The ability of the seller to observe the buyer’s arrival (or not) determines two scenarios. In one
case, the seller sets the price curve from the very beginning of the time horizon, regardless of the
effective arrival time of the consumer. This could be simply due to the seller ignoring the consumer
arrival time or being unable to accurately register it. The latter may happen in online marketplaces,
where it may be challenging to distinguish interested buyers from other traffic on the website (e.g.,
robots searching competitors’ prices). Therefore assuming that the seller can observe the arrival of
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the interested buyers may not be realistic. In the other scenario, the seller is indeed able to track
the arrival time of the interested customer and therefore may internalize this piece of information
in the price curve she proposes to him. The extent to which this observational ability produces an
additional rent to the seller is the main subject of this paper.

In the observable case, the seller designs a menu of price functions indexed by time and shows
the buyer the specific price curve tailored to his arrival time. In the unobservable case, this infor-
mation is absent and the seller has to set a price curve from the beginning of the selling horizon,
only knowing the arrival distribution. These two scenarios naturally lead to define the wvalue of
observability of a given instance of the problem, as the ratio between the revenue of the seller in
the observable case and that in the unobservable case. Here, an instance of the problem is defined
by the buyer’s arrival time and valuation distributions, and the discount rates for both the buyer
and the seller. Then, the more general value of observability (VO) is defined as the supremum of
the corresponding instance-specific value of observability, taken over all possible distributions and
discount rates. This VO corresponds to the worst-case ratio between the revenue of the seller in
the observable and unobservable cases. The focus of our work is to bound this worst-case ratio.

There are two equivalent interpretations for our model that are worth highlighting. The first con-
cerns the single buyer and single unit situation we have described. The model could be alternatively
interpreted as having a continuum of buyers with total mass normalized to 1. In the observable
case, the infinitesimal mass of each of these buyers is represented by the probability density func-
tion (pdf) of the buyer’s private valuation. This interpretation is extended by also accounting for
the pdf of the buyers’ arrival distribution in the unobservable case, and considering an infinitesimal
mass of buyers described by the joint pdf between the valuation and the arrival time distributions.
On the supply side, we assume a unit supply which is infinitesimally partitioned so that it can be
assumed unlimited.

The second interpretation connects our VO results to the notion of price of discrimination. To
see this, consider the continuum of buyers view of our model, where the seller sets a customized
price curve for each possible arrival time of buyers so that the total expected discounted revenue
she obtains is the same as that one achieved in the observable case. On the other hand, if the
seller does not have this power, she should offer the same price curve to all customers since the
beginning of the selling horizon. The latter problem is exactly the same as the unobservable case
described above. Therefore, if we define the price of discrimination as the additional rent the seller
can obtain by posting a customized price curve, it becomes equivalent to VO. In other words, we
are also providing a bound for the price of discrimination.

Before proceeding, we point out here that our model, though stylized, captures some key features

of some important business settings. For instance, in the video game industry, the connection
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between the producer or seller, and the buyer, could be modeled as a one-to-one relationship where
implementing personalized dynamic pricing is indeed feasible. For example, for purchasing a video
game, some consumers with a high discount rate will purchase the game immediately upon release.
Some other consumers may anticipate an eventual price decrease and wait, while others may not
have heard of the game for a while, and will consequently have later arrival times. These latter two

types of consumers may or may not be distinguishable.

1.2. Our Results

Our main contribution is to establish that, for arbitrary arrival and valuation distributions of the
buyer, and arbitrary discount rates of both the seller and the buyer, the wvalue of observability
is bounded above by a small constant. This result is somewhat surprising because of three key
factors: (i) the setup of the model is very general; (ii) the bound is totally independent of the model
primitives; and (iii) simple pricing strategies, such as fixed pricing, fail to guarantee a constant
bound.

In route to this result, we first analyze the observable arrival case. In this context, we take a
pricing approach that, as usually different from the mechanism design approach, allows us to write
the seller’s problem as an optimal control problem and fully characterize its solution. In particular,
we can prove a key result (Lemma 1) establishing that under optimal pricing, the seller extracts a
constant fraction of the total revenue within a short time period, that solely depends on the seller’s
discount rate.

Then, we turn to study the unobservable case. Unfortunately, this problem is much harder to
analyze, and obtaining an explicit solution seems hopeless. However, to prove that the value of
observability is bounded by a constant, it is enough to exhibit a feasible pricing policy that can
recover a constant fraction of the revenue of the optimal solution in the observable case. There
are three main obstacles that we must circumvent to get our main result. First, we use part
of the structure of the solution of the observable case and repeat it over time to construct a
periodic price function. Since the solution of the observable case already takes an infinite time to
implement (which would imply an arbitrarily long period when plugged in as a feasible solution
to the unobservable arrival case), the aforementioned key lemma comes into play and allows us
to implement this repeated pricing within small time windows. The second obstacle is that we
should be careful with the buyer’s forward-looking behavior. To account for this strategic wait,
we simply introduce empty space, say by using a very high price, before each application of the
optimal observable pricing so as to make a buyer, arriving within this empty space, behave as in
the observable case. Again, this comes at a loss of a constant fraction of the revenue. Finally, an
additional difficulty stems from some arrival distributions which might be biased towards regions
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where the feasible pricing policy we consider is too low. To overcome this, we apply a random shift
to our price curve, which allows us to treat the buyer’s arrival time as if it were uniform on a given
interval. Ultimately, by carefully dealing with these three obstacles, we can state our main result
(Theorem 1): the proposed pricing scheme for the unobservable case attains an expected revenue
of at least a fraction 1/4.911 = 0.203 of the optimal revenue in the observable case. Along the way,
we characterize an explicit pricing policy to approximately solve the hard unobservable case.

We show that the situation is much simpler for the special and relevant case of valuation distri-
butions having a monotone hazard rate, which includes several standard distributions such as the
normal, uniform, logistic, exponential, and double exponential. Indeed, it is enough to consider a
fixed price curve in the unobservable arrival case (i.e., the price is constant over the whole period)
to recover a fraction 1/e of the optimal revenue in the observable case. We further note that fixed
pricing cannot guarantee a constant fraction in the general valuation distribution case.

Interestingly, we also observe that our results are robust to the distribution of arrivals. Even if
the arrival time of the buyer was chosen by an adversary that knows the price function of the seller
(but does not know the realization of the random shift) then our bound on the VO still applies.

Beyond the specific bound we are able to characterize, our result has important managerial
implications. The seller may wonder how much she is leaving on the table by not being able to
track the arrival time of the customers, or in other words, how much she would be willing to pay for
introducing this capability. Our conclusion is that this value could be significant from a business
perspective, but it is not unbounded and does not depend on the problem parameters. It is not
very significant when consumers’ valuation distribution has monotone hazard rate, and even less
important when the seller has a level of patience similar to the customer or is very much patient
than the customer.

Roadmap. The remainder of this paper is organized as follows: We start with the precise model
description in Section 3, spanning both the buyer (Section 3.1) and the seller (Section 3.2) problems.
The seller problem description includes the formulations of both the standard observable case and
the more challenging unobservable case. Both cases are later analyzed in detail in Sections 4 and 5,
respectively. Finally, the bounds for the VO is established in Section 6. We close the paper with
our concluding remarks in Section 7. The proofs of the results stated in the main body of the paper

are relegated to Appendix A2.

2. Literature Review

The literature on intertemporal price discrimination under forward-looking consumers was pio-
neered by Stokey (1979), who considers a monopolist selling an unlimited inventory of a product by
committing to a continuously declining price scheme over a finite horizon. All consumers are present
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at time zero and stay until either purchasing a unit or the end of the season, whichever occurs
first. Stokey shows that price discrimination is not profitable compared to a fixed-price strategy
when the seller and the consumers discount the future at the same rate. Landsberger and Meilijson
(1985) study a particular case of Stokey (1979), where consumers have an exponentially discounted
utility function and are more impatient than the seller (which has become a standard setup in
the literature and that we also follow in our model). The seller announces a price function that
is continuous and differentiable. They show that in this setup, intertemporal price discrimination
strictly dominates the fixed-price policy.

Over the last four decades there has been a vast literature in economics and OM on the topic of
dynamic pricing and strategic consumer behavior. More recently, the topic caught the interest of
part of the computer science community. Although the borders are blurred, often current research
in OM deals with finding optimal or approximately optimal dynamic pricing mechanisms (e.g.
Besbes and Lobel (2015), Caldentey et al. (2017), Gershkov et al. (2018)), whereas in economics
the central interest is to find optimal dynamic mechanisms which may imply departing from basic
pricing schemes (e.g. Board and Skrzypacz (2016), Pavan et al. (2014)), and in computer science
the interest is in designing simple mechanisms which are approximately optimal (e.g. Blumrosen
and Holenstein (2008), Chawla et al. (2010), Correa et al. (2019), Kessel et al. (2022)). We refer
the reader to the books by Talluri and van Ryzin (2004) and Gallego et al. (2019) for a detailed
technical presentation of models on pricing. The book chapter by Aviv and Vulcano (2012) surveys
the literature on dynamic list pricing until 2000s, with emphasis on operational applications.

One of the early papers to address a dynamic pricing problem under strategic consumer behavior
in operational contexts (although published in an econ journal) was Conlisk et al. (1984). The
authors analyze the problem of a monopolist facing an arriving stream of customers over time, who
are in turn intertemporal utility maximizers. They assume that consumer valuations could be either
low or high, and characterize optimal cyclic policies. Later, since the 2000s, the OM community
has payed attention to the design of pricing mechanisms to mitigate the adverse impact of strategic
consumer behavior on firms ‘revenues. These mechanisms exceed traditional list pricing, and include
capacity rationing (e.g., Su (2007), Liu and Van Ryzin (2008)), quick response production (e.g.,
Cachon and Swinney (2009)), changing inventory display formats (e.g., Yin et al. (2009)), making
price and capacity commitments (e.g., Aviv and Pazgal (2008), Su and Zhang (2008), Mersereau
and Zhang (2012), Correa et al. (2016)), internal price matching (e.g., Lai et al. (2010)), and binding
reservations (e.g., Elmaghraby et al. (2009), Osadchiy and Vulcano (2010)). A comprehensive
reference on this topic is the book chapter by Aviv et al. (2009). Despite the common wisdom
about the existence of such forward-looking consumer behavior and the need to incorporate it in
the decision making process within operational applications, it was not until the mid 2010s when
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Li et al. (2014) show that between 5.2% and 19.2% of the consumer base they study within the
air-travel industry strategized the timing of their bookings.

As mentioned above, an important body of recent research on dynamic pricing with an algorith-
mic twist has emerged within the OM community. Borgs et al. (2014), motivated by the selling
strategy of online services, analyze a multiperiod pricing problem of a firm with capacity levels
that vary over time. Customers are heterogeneous in their arrival and departure periods as well as
valuations, and are fully strategic with respect to their purchasing decisions. The firm’s problem
is to set a sequence of prices that maximizes its revenue while guaranteeing service to all paying
customers. Besbes and Lobel (2015) study a fluid model in which customers arrive over time, are
strategic in timing their purchases, and are heterogeneous on their valuation and their willingness
to wait before purchasing or leaving. There is no inventory limitation. They show that the firm
may restrict attention to cyclic pricing policies, which have length, at most, twice the maximum
willingness to wait of the customer population. Caldentey et al. (2017) take a robust approach
for the intertemporal pricing problem based on the minimization of the seller’s worst-case regret
over a finite horizon. Customers’ types differ along willingness-to-pay and arrival time during the
selling season. They assume that the seller only knows the support of the customers’ valuations and
do not make any other distributional assumptions about customers’ willingness-to-pay or arrival
times. They further assume that there is no inventory limitation, and that the seller and the con-
sumers discount the future at the same rate. For markets with either myopic or strategic customers,
they characterize optimal price paths. Chen and Farias (2018) study the typical dynamic pricing
problem under forward-looking consumers, with two new features: (i) the private valuations of
these customers decay over time and (ii) the customers incur monitoring costs. Both the rates of
decay and the monitoring costs are private information. The authors propose a “robust pricing”
mechanism which is guaranteed to achieve expected revenues that are at least within 29% of those
under an optimal (not necessarily posted price) dynamic mechanism. In Chen et al. (2019), a paper
with a focus on multiproduct, network RM, the authors show for the single-product case that an
optimally set fixed price guarantees the seller revenues that are within at least 63.2% of that under
an optimal dynamic mechanism.

A different line of models where customers are “patient” rather than “strategic” has recently
caught the attention of the RM community. Liu and Cooper (2015) and Lobel (2020) belong to this
stream and show the structural optimality of cyclic pricing policies. In Araman and Fayad (2021),
consumers are not only patient but also have time-varying stochastic valuations. The authors show
that cyclic policies are near-optimal in this case.

We have discussed so far some of the most relevant papers belonging to the prolific literature
on dynamic pricing under strategic consumer behavior. Different from the existing literature, the
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center of our analysis is the distinction between the consumers’ arrivals being observable or not.
Regarding observable arrivals, the paper possibly closest to ours is Wang (2001), who also resorts
to Euler-Lagrange optimality conditions to solve the pricing problem though his focus is related
to the impact of different relative magnitudes between the discount rates of the seller and the
infinitesimal buyers (adding up to a mass of 1), all present at time zero. Although we consider a
similar setting, his model imposes more technical structure, assuming that both the price function
and the purchasing functions are monotone decreasing. He also considers an extension with buyers
arriving according to a Poisson process and where the seller bargains with one buyer at a time, upon
his arrival. In our model, we do not discuss bargaining but allow a general arrival distribution. Wang
(2001) also considers the non observable arrival case in his work. In particular, he considers buyers
arriving according to a Poisson process facing a decreasing price function. The main modeling
difference with our work is that we assume only one buyer with an arrival time following a general
distribution and that the price function may not be decreasing. More fundamentally, he did not
address the VO bound.

As mentioned above, our result can also be interpreted as the price of discrimination. A recent
work by Elmachtoub et al. (2021) studies when implementing price discrimination is indeed conve-
nient and when it is not. Specifically, they provide lower and upper bounds (that depend on some
parameters of the model) on the ratio between the revenue achievable from charging each costumer
his own valuation and the revenue obtainable through a fixed price policy. They also compare the
profit obtained when the seller observes some information (but not the buyer valuation) before fix-
ing the pricing policy, with the one earned by each of the two strategies described above. However,
they do not consider a dynamic problem but a static one, which is a substantial difference with

our work.

3. Model Description

We study the problem faced by a firm (seller) endowed with a single unit for sale over an infinite time
horizon. The value of the item for the seller is normalized to zero. We take a revenue management
(RM) point of view and assume that the seller cannot replenish this unit throughout the selling
horizon. On the demand side, a single consumer will arrive at a time that follows a cumulative
distribution function (cdf) G :[0,00] — [0,1] and density g. The consumer may never arrive, and
we model this option by considering the arrival time ¢ = co. The buyer has a private valuation v
for the item with cdf F':[0,0] — [0,1] and density f. We assume that the arrival time and the
valuation for the buyer are independent and that both G and F' are common knowledge.

The interaction between the seller and the buyer is formalized as a Stackelberg game in which
the seller is the leader and precommits to a price function p(t) over time in order to maximize her
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expected revenue. The buyer is the follower and has to decide whether and when to purchase the
item, given the price function set up by the seller. The seller and the buyer discount the future at
rates d and pu, respectively.

We discuss two possible variants of this problem. In the observable case, the seller is able to
track the buyer’s arrival time 7 and from that moment onward she commits to a price function
p:[1,00] = [0,0]. In the unobservable case, the seller does not see the buyer’s arrival time (although
she does know the arrival time distribution G) and since time 0 she commits to a price function
p:[0,00] — [0,7]. Note that given the bounded support of the valuation distribution, the price
function is lower bounded by 0 and upper bounded by .

For technical reasons, in both cases we impose the mild condition that the price function p is
lower semi-continuous and twice differentiable almost everywhere.! In what follows, we introduce
the buyer’s and the seller’s problems, as well as some preliminary definitions and results. The

discussion of the model assumptions is deferred to Appendix A3.

3.1. The Buyer’s Problem.

When the buyer arrives, he observes the price function for the rest of the horizon and decides
whether and when to buy in order to maximize his utility. We assume that the consumer is forward-
looking and sensitive to delay, and denote by U(t,v) the quasilinear discounted utility function of a
consumer with valuation v purchasing at time ¢. When ¢ = co, we interpret it as a non-purchase deci-
sion of the buyer and we define U(co,v) = 0. In particular, we consider an exponentially discounted
utility function: U(t,v) = e (v —p(t)), where > 0 is the discount rate. This intertemporal utility
function discounts the buyer’s payoff from time zero, and it is without loss of generality for the
sake of characterizing an optimal policy. That is, if the buyer purchasing at time ¢ only incurs
the disutility for waiting from his arrival time 7, then the utility function U(t,v) would only be
affected by a fixed multiplicative constant: U(7,t,v) = e #*=7) (v —p(t)) = e*"U(t,v). Note that in
our definition, the discount rate affects both the valuation and the price paid, which is a standard
assumption in OM (see, e.g., Swinney (2011), Caldentey et al. (2017), Papanastasiou and Savva
(2017), Golrezaei et al. (2021)).

Given a price function p(t), a forward-looking buyer arriving at time 7 with valuation v solves:

[BP] max U(t,v).

T<t<oo

Note that the maximum in the problem above can be attained at ¢t = co, and then we are
considering that the buyer has an outside option with utility equals to zero. That is, a buyer with
valuation v who arrives at time 7 will purchase (at a finite time) if and only if there exists 7, € [, 00)
such that U(7,,v) > 0, and will not purchase (or will purchase at time 7, = 00) otherwise, obtaining
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zero utility. We are then assuming, as it is common in the mechanism design literature, individual
rationality (or voluntary participation) of the buyer.

It may be possible that the buyer’s problem has multiple solutions, and to avoid ambiguity
we will further assume for convenience that the buyer purchases the item at the earliest time
maximizing his utility. Next we introduce an auxiliary function, namely ¢, which for any given
purchasing time ¢ returns the minimum valuation the buyer must have in order to buy at time ¢
and no later. In other words, the function ¢ defines a threshold in the sense that if a buyer with
valuation v buys at time ¢, then a buyer with valuation v > v buys no later than time ¢.> More

formally, ¢ :[0,00) — [0,7] U{oo} is defined as:

o(t) =inf{v:U(t,v) > U(t',v), Vt' > t},

and we set ¢(t) = oo if there exists ¢’ >t such that U(t,v) <U(t,v) for all v € [0,7].
We also extend the domain of ¢ by setting ¢(oc) as the minimum valuation the buyer must have

to buy at some time ¢ € [0,00) (or equivalently, the maximum valuation he must have to not buy).

That is,

¢(o0) =inf{p(t):t €[0,00)}.

Based on ¢, we are able to describe the equilibrium conditions for the buyer purchasing behavior

and use them to formulate the seller’s problem.

3.2. The Seller’'s Problem.

The seller’s problem is to post a price function to maximize her expected revenue, taking into
account the forward-looking behavior of the buyer. Following a standard assumption in the OM
literature (see, e.g., Cachon and Swinney (2011), Bricefio-Arias et al. (2017), Aflaki et al. (2020),
Golrezaei et al. (2021)), particularly motivated by retail settings where customers strategize over
the timing of their purchase, we assume here that the seller is more patient than the buyer and
hence her discount rate ¢ verifies & < p. This setup is also the interesting one to consider, since the
problem becomes easy when § > 1 (see Appendix A3).

The seller’s problem can be stated based on her ability to observe arrivals and flexibility to set
prices. In the observable case, she can choose a menu of pricing functions {p,(t)}., indexed by 7
and defined over [7,00), so that a buyer arriving at time 7 will be shown the pricing function p,. In
the unobservable case, the seller can only choose py(t) and the customer will face that price curve
irrespective of his arrival time. Both cases are formally presented below.
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3.2.1. Observable Arrival Case. FEven though the seller can design a menu of pricing func-
tions {p,(t)}, and pick the pricing function p,(t) if the buyer arrives at time 7, for now we will
pretend that the buyer arrives at time zero, i.e., we initially assume that 7 =0 (w.l.o.g.). To simplify
notation, we will drop the index from py(t). Observe that we can assume that p(¢) is nonincreasing.
Otherwise, we could easily find an alternative nonincreasing pricing returning the same revenue to
the seller.?

Given the threshold function ¢ induced by the price function p, a buyer with valuation v will
purchase at the first time ¢ > 0 satisfying v > ¢(t) and will not purchase if v < ¢(c0). His purchasing

behavior could be better represented by resorting to the auxiliary function (t), defined as

P(t) =min{¢p(s) : s < t}.

In other words, a customer arriving at 7 =0 with valuation v will buy at the first time ¢ at which
takes the value v (or will buy immediately if v >1(0)). Due to the lower semi-continuity of p, we
have that ¢ is also lower semi-continuous and therefore, v is well defined (see Proposition Al in
Appendix A1 for a proof). The purchasing function v (t) is the unique non increasing function that
supports ¢(t) from below (see Figure 1(a)). The instantaneous probability of selling at time ¢ is
given by d(1 — F(¢(t))). With this observation, we may write the seller’s problem conditioned on

the event that the buyer arrives at time 0:

[SPO,]  max,., p(0)(1— )+ / e p(t) d(1— F((1))).
st. tearg max U(s,y (;)) for all ¢t > 0.

The first term in the objective function stands for the event where the customer buys immediately
at time 0, and the second term accounts for his forward looking behavior. The incentive compatible
constraint specifies that a consumer arriving at time zero with valuation 1 (¢) maximizes his utility
at time s =t. We remark here that the individual rationality constraint is implicitly included in the
equilibrium constraints due to the argmax being taken over [0, 00| and, by definition, U(co,v) =0
for all valuation v.

We can now extend the seller’s revenue optimization problem to the case when the buyer arrives
at time 7 > 0. Let R, be the seller’s maximum expected revenue conditioned on the event that the
buyer arrives at time 7. This corresponds to shifting the seller’s revenue from 7 =0 to 7 > 0, i.e.,
R, =e %" Ry, with Ry being the objective function value of problem [S POO]. Finally, the maximum
expected revenue of the seller can be written as R= [~ R,g(T)dr =R, [, e (7)dr, so that our
assumption above on writing the seller’s problem when the customer arrives at time zero is without
loss of generality in terms of characterizing the structure of the optimal pricing policy.
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The formulation [SPO,| and the related expected revenue R allow us to make a clear connection
to the two alternative interpretations of our model discussed in Section 1: (i) infinite supply and
demand setup, where there is a continuum of buyers with mass d(1 — F(¢(¢))) who buy at time ¢,
for a total mass of 1 over the infinite horizon; and (ii) price of discrimination, where here the seller
is indeed able to keep track of the arrival time 7 of each of these buyers and post a personalized

price curve p upon each arrival.

3.2.2. Unobservable Arrival Case. When the seller does not observe the buyer’s arrival
time, the price function py(t) that she has to set from time 0 can only depend on the arrival time
distribution G. To simplify notation, we will also drop the index from py.

Although it is possible to formulate the seller’s problem without any assumption over the thresh-
old function ¢, it is necessary to be careful on how to express her expected revenue when ¢ is not
continuous. Thus, just for simplicity and because it does not affect the analysis in what follows, we
describe the seller’s problem under the assumption of p being continuous, which in turn implies ¢
being continuous.

Defining the point of time s; as the last time previous to ¢t where ¢ takes the same value as ¢(t)

(or s, =0 if such time does not exist, see Figure 1(b)), i.e.,

se=sup{l <t:¢(l) = (1)} VO,

the seller’s problem can be described as follows:

oo

[SPN] max;, /6_‘”29(75) (1= F(6())g(t) + Lig <oy (G(t) — G(s0))d(1 = F(¢(1)))] dt.
s.t. 26 arg max U(s,¢(t)) for all t.

The term in brackets stands for the probability of purchasing between times ¢t and ¢ 4 dt. Within
it, the first term (1 — F(¢(t)))g(t) represents the probability of arriving in that small time interval
with valuation v > ¢(t) and hence of purchasing immediately. This corresponds to the points in
the vertical line at t; in Figure 1(b); that is, we are accounting for a customer arriving at t; with
valuation v > v;. The second term, (G(t) — G(s;))d(1 — F(¢(t))), is the probability of arriving
during the interval (s;, ] with valuation between ¢(t) and ¢(t+dt). This is the probability of being
in the line connecting ¢(s;, ) and ¢(t;) for a valuation v; in Figure 1(b). Note that if the buyer has
arrived before t and is still present at ¢, he will not buy if ¢ is increasing at ¢, and thus this second
term only holds at points where ¢ is decreasing, which is captured by the indicator function. In
both arrival situations, the discounted revenue for the seller is e 'p(t).
For future reference, we denote R"’ the objective function value of [SPN].
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Valuation (v)
Valuation (v)

P(t) :
DR
Purchase time (t) Arrival time (t)
(a) Observable case. Definition of the function ) (t). For (b) Unobservable case. Characterization of a buyer pur-
a given function ¢(¢), a customer with valuation ) (t) chasing at time ¢; including the one arriving exactly at t1
arriving at 7 =0 will buy at time ¢. with valuation v > v1, and those arriving between s,

and t1 with valuation 1.
Figure 1  Consumer purchasing behavior.

The formulation [SPN] allows us to revisit the connection with the two alternative model inter-
pretations described in Section 1: (i) infinite supply and demand setup, where here there is a
continuum of infinitesimal buyers with point mass (1 — F(¢(t)))g(t) + 1{e <oy (G(t) — G(s¢))d(1 —
F(¢(t))), who buy at time ¢ (and who have arrived before or at t), and (ii) price of discrimination,
where here the model does not allow to price discriminate since all buyers face the same price curve

posted at time zero.

3.3. Value of observability: Overview

We start this section with the formal definition of the value of observability, followed by an example

of its calculation that also illustrates the associated challenges.

3.3.1. Definition After describing the seller’s problem in both the observable and unob-
servable cases, we can formally define the value of observability for a specific problem instance
characterized by distributions F', GG, and discount rates § and pu, with é < . Recalling that for
a particular problem instance, R is objective function value of problem [SPO,| and R"’ is the
objective function value of problem [SPN], we define

R

VO(G, F,6,p) = Jris-

Our objective is to provide a bound for the instance-independent value of observability, when § < p,
which we denote by VO:
VO = sup VO(G,F,o,pn).

G,F,0,p

13



A key difficulty in evaluating the value of observability is that, as mentioned above, the unob-
servable case is typically very hard to solve and standard approaches based on optimal control to

tackle dynamic pricing and mechanism design problems fail.

3.3.2. Preview Example To better grasp this difficulty and the difference between the
observable and unobservable cases let us describe here a quick example. Take a buyer with valu-
ation uniformly distributed in [0,1] and arrival time distributed as an exponential with mean 1.
Also assume the seller discount rate is 1 while that of the buyer is extremely large (so that in fact
the buyer behaves myopically: he will buy as soon as the price is below his valuation*). Then, if
the seller can observe the buyer’s arrival, she will start pricing at 1 and then suddenly decrease
the price in a continuous fashion until hitting the customer valuation, when the transaction is
executed. In this way, she will be extracting all the consumer surplus, with expected value 1/2.
Thus, in expectation, the seller gets R = fooo(e*t/Q)e*tdt = 1/4. Here, the first e~ represents the

discounting and the second e™*

represents the density of the exponential.

On the other hand, in the unobservable case, if we assume that the seller needs to set a non
increasing price function, then the problem is relatively easy to solve. Indeed, the seller would
need to maximize, over all non increasing functions p, the quantity R = [[e~"(1 —p(t)) — (1 —
e p'(t)] e 'p(t) dt. Note that for a non increasing p(t), trade occurs between ¢ and t + dt if either
the buyer arrives in that interval and his valuation is above p(t) (hence the term e (1 — p(t))),
or the buyer arrived before ¢ and his valuation is between p(¢) and p(t + dt) (hence the term
—(1—e ")p'(t)). In both cases the discounted revenue for the seller is e *p(t). The solution of this

problem turns out to be p(t) =e™*

, which results in an expected revenue of 1/6. Overall the ratio of
the revenues between the observable and unobservable cases in this example and when restricting
the seller to use a non increasing price function for the unobservable case is 3/2.

One may think that the latter example implies that in general VO > 3/2. However, the seller’s
strategy space is richer than that of non increasing price functions. While we have argued that for
the observable case the optimal price curve will be non increasing, for the unobservable case this
characterization is unclear. Suppose that she now splits the time horizon into short intervals of
length € and posts a periodic price function that sets price 1 for the first € — €2 time units of each
interval and a quickly decreasing price (from 1 to 0) in the last €* time units of each interval. As
the buyer is myopic, he will buy at the first point in time in which the price is below his valuation,
and since € is very small, the probability that the buyer arrives when the price is p(t) =1 is close
to 1. Thus, even in the unobservable case the seller is able to obtain a revenue arbitrarily close
to 1/4, higher than the one under the decreasing pricing policy, bringing the value of observability
down to 1. This observation illustrates the difficulty of obtaining a general upper bound for VO

that is independent of the instance-specific parameters of the problem.
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More generally, it can easily be shown that the worst VO is not attained when the buyer’s
discount rate y is in an extreme. Indeed, when p =6 (or even more generally, when u < ¢) the seller
cannot extract extra revenue by using any type of dynamic screening and the optimal pricing policy
is simply to fix a constant price equal to the monopoly price. Therefore, the VO equals 1. On the
other side of the spectrum, when p — oo, the buyer essentially behaves myopically. Similarly to the
example above the seller may split the time horizon into short intervals of length e. She then posts
a periodic price function that sets a very high price (say equal to v, the largest possible valuation)
for the first € — € time units of each interval, and a continuously (and quickly) decreasing to zero
price function in the last €2 time units of each interval. In the limit as € — 0, the buyer is myopic,
so he will buy at the first point in time in which the price is below his valuation. Because the
probability that the buyer arrives when the price is v is close to 1, even in the unobservable case
the seller is able to obtain a revenue arbitrarily close to the buyer’s valuation. This implies that
the value of observability approaches 1 when u grows large, and therefore the most interesting
cases occur when g is “in the middle of the range”. However, finding this worst possible i in terms

of VO seems like a very challenging problem.

4. Analysis of the Model with an Observable Arrival

In this section we study in detail the observable arrival case. We start by deriving some structural
properties of the solution to this problem, spanning both the optimal price and purchasing func-
tions. Finally, we present a technical result that provides a guarantee for a fraction of the revenue

to be attainable over a finite time window.

4.1. Structural Characterization of the Optimal Solution.

Given the argument stated in Section 3.2.1, to analyze the observable case it is sufficient to focus
on the solution of [SPO|, where the buyer arrives at time 0.

The problem [SPOy] is difficult to solve because of its equilibrium constraint. Our approach
will be to formulate a relaxed version of the problem by computing the first order condition of
the equilibrium constraint. Then, by applying the Euler-Lagrange equation we will show that any
solution of the relaxed problem also solves [SPO,]. Moreover, we provide a characterization of
the optimal price function as a solution of an ordinary differential equation, which turns out to
have a unique solution for a large set of valuation distributions, and furthermore, it can be solved
explicitly at least for F' being a uniform distribution.

To begin with, consider the incentive compatible constraint in problem [SPOy]. If the optimal
solution to the optimization problem in the constraint of problem [SPQ,|, namely ¢*, is in the
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interior of the feasible region, then it must satisfy the first order condition h(t) =0, where h(s) =

U, (s,1%(t)), or equivalently, 1 (t) = p(t) — #. Now, consider the relaxed formulation:

oo

[SPOg] max, /6_‘”29(15) d(1 = F(¥(1))) +p(0)(1 = F(¥(0)))

st () =pt) - 2, we>o. (1)

The feasible region of this constrained problem is larger than the one of [SPO,]| and therefore, the
objective function value of [SPO| provides an upper bound of [SPOy).
Note that the problem [SPOj] can be written as the following unconstrained maximization

problem on the price function p(t):

max [ p) (0 + 2O 7 (o0~ ZOY at1p0) (1-F ()~ ZO)).
/ [ [

P I

Letting the integrand function be I(t,p(t),p’(t),p”(t)) and the expected revenue at time zero be rq,
problem (2) is equivalent to:

o0

ma / T(t,p(8), P/ (£), p(£)) dt + 7o,

0

Focusing on the first term above, the associated Euler-Lagrange equation that must be satisfied

by an optimal price function p(t) states that

@or aor o
dezop” dtopy  Odp

Such function p(t) is a stationary point of the functional

oo

/immmﬂmm%mdt

0

After some algebra (detailed in Proposition A2 in Appendix Al), the Euler-Lagrange equation

becomes:

7 (v =) (<5 0)) (ante) 00+ 7 (p60) - ) 806 - apte) - 260/() + 207 0] = .

This equation can be written as a system of two first order differential equations by defining
the auxiliary variable u(t) = p/(t). Thus, by standard results on ODEs (see, e.g., Theorem 54.A
in Simmons (2016)) we can show that there exists one and only one solution to the initial value
problem given p(0) and p’(0) under mild continuity and differentiability conditions, which are
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satisfied for a large set of valuation distributions. To illustrate this, in Appendix A4 we solve the
problem for the special case where the valuation is uniformly distributed in [0, 1].

Let us highlight that though we know that (%) is non increasing by construction —and indeed we
use this fact to formulate the seller’s problem— [SPOj] could potentially have an optimal solution
with a generic function v (¢) not meeting this monotonicity. However, the following result establishes
that this does not happen. In other words, if ¥ (¢) corresponds to an optimal solution of the seller’s

relaxed problem, then it must be a non increasing function.

PROPOSITION 1. Assume that the density function f is strictly positive. If the price function p(t)
is a continuously differentiable optimal solution of the relazed problem [SPOY|, then the optimal

_ Y@
/

purchasing function ¥ (t) = p(t) is mon increasing.

The non increasing structure of the purchasing function v (¢) for the relaxed problem along with

the upper bound defined by the solution to [SPOj], allow us to show the following result:

PROPOSITION 2. Any solution of the relaxed problem [SPO(] such that p is differentiable with

continuous derivative, also solves the seller’s problem [SPOy].

This result allows to simplify the solution of the seller’s problem [SPO,]. Furthermore, we
show that the solution of the relaxed problem is a solution of an autonomous system of ordinary
differential equations.

Thus, to solve the seller’s problem [SPO,|, we first formulate the Euler-Lagrange equation (3)
associated to the relaxed problem [SPO(], and solve it. Its solution will depend on the initial values
p(0) >0 and p’(0) < 0. Then, we replace that solution form in problem (2) and solve it in terms of
the scalar variables p(0) and p’(0). Finally, using these optimal initial values, we can recover the
optimal price function p(t) and purchasing function 1 (t) which are the optimal solutions of the

original seller’s problem [SPOy].

4.2. Bounding a Fraction of Revenue over Time.

In preparation to bound VO in Section 6, we present here the following technical result: For a given
parameter ¢ € (0,1), if we need to ensure that the seller earns a fraction (1 — c¢) of her expected
revenue in problem [SPO], it is enough to look at the problem until time 7"=In(1/c)/é. For
instance, if we want to reach at least half of Ry and we normalize the seller’s discount rate to 1,
we conclude that it is enough to consider the problem until time 7" =In(2). This implies that the
time needed to get a big fraction of Ry is relatively short and, moreover, it does not depend on the
valuation distribution. The result is formally stated as follows:
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LEMMA 1. For a given parameter c € (0,1), up to time T =1n(1/c)/d, the seller’s expected rev-

enue Ry 1) in the observable arrival case is at least (1 —c)Ry; i.e.,

Riour) = p(0)(1 — F((0))) + / e p(t)d(1 — F(6(1)) = (1— ) Ro,

where p(t) is the solution from (3) to the observable case problem.

This result is used to construct the feasible pricing policy for the unobservable case that we

present in Section 5, becoming a key ingredient to bound the Value of Observability.

5. Analysis of the Model with an Unobservable Arrival

Consider now the problem stated in Section 3.2.2 where the seller is not able to observe the
arrival time of the buyer. Differently from the previous observable case, where the seller knows the
arrival time 7 of the buyer and resorting to the menu {p,(t)}, of price curves, posts p,(t) over
the horizon [r,00) (even though, as explained before, the analysis was conducted without loss of
generality by assuming 7 =0), in this case she commits to a price function at time zero without
knowing the precise arrival time.

This problem turns out to be notoriously hard in the general case and obtaining an explicit
solution seems hopeless. To partially overcome this, we will focus on analyzing the seller’s problem
under a feasible (and suboptimal) pricing policy, with the objective of bounding the wvalue of
observability later.

The feasible pricing policy p we consider is periodic and depends on the policy p that solves the
observable case formulation, [SPQOy]. The length of the period will be 27" where T is such that,
until time T', the seller’s expected revenue in the observable case when the buyer arrives at time
zero is of significant magnitude. In particular, the price function we use to bound from below the
seller’s expected revenue in the unobservable case is defined by

p(t) = {%D— (2k —1)T) " igz:_lkéglN )
where Io,_1 = (2(k — 1)T,(2k — 1)T| and Iy, = ((2k — 1)T,2kT] for k € N, and where the price
function p comes from the solution of [SPOg]. Note that the function p is continuous at the
points kT, for odd values of k. Figure 2 shows the structure of the periodic pricing policy we will
consider along the rest of the section, with origin at a value tq > 0.

We explain below the reason for shifting the origin by ¢, units of time. Here, we provide a
discussion for the intuition behind this feasible pricing policy. In fact, its structure is motivated by
several concurrent factors. First of all, in view of the definition of value of observability introduced
in Section 3.3, we are seeking an expected revenue R"’ for the unobservable case that were a
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Figure 2  Periodic pricing policy p after performing a random shift and setting the origin at time .

constant fraction of the expected revenue R of the observable case. The optimal pricing policy of
the observable case is not periodic and spans the whole infinite horizon, but the result in Lemma 1
is helpful in providing a bound for the revenue over a limited interval of length T', where T is the
threshold defined therein that warrants a “big enough” revenue. The pricing policy borrowed from
the observable case is embedded in the even intervals of the proposed periodic policy.

The next question is why it would not be sufficient then to just replicate this policy with period T
again and again. The answer is rooted on the buyer’s purchasing behavior: he is strategic and would
not face a similar curve as in the observable case; hence, his behavior would be different. This
argument sustains the setting of the high price p(0) in the odd intervals of length T It allows to
accumulate a mass of buyers before launching the observable case price policy. Even though some
of the mass of these buyers could buy before time T (i.e., the ones with valuation higher than /(0))
we assume that they still wait until time 7" to execute the purchase. This extra delay will further
reduce the seller’s revenue, which is acceptable for the sake of computing a lower bound. Indeed,
the buyers arriving during the odd intervals behave like the buyers in the observable case, except
for the fact that they wait a bit extra.

In summary, within a period of length 27", say between ¢, and tq + 27", the mass of buyers with
valuation below p(T') is priced out of the market, and for those with valuation above p(T'), we
only account for the ones arriving between t, and to+ 7. Note that in this scenario, a buyer with
valuation between p(7T") and ¥ (T") who would would buy after time 7" in the regular observable
case, here would also buy at time T', pay p(T), and get a positive utility (higher than the zero
utility of the no purchase). Those with valuation above ¥ (T') are the ones playing the strategy of
the observable case, except for the small extra wait until £y + 7.
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Coming back to the fact of having a time origin set at %, it is justified as follows. One element that
makes the unobservable arrival case particularly challenging to analyze from a revenue computation
perspective is the presence of the density ¢(¢) in the formulation of [SPN]. In order to perform
the analysis independently of the specific function g, we will use the next proposition, stating that
by doing a random shift on the price function p defined in (4), we can assume without loss of

generality that the buyer’s arrival time is uniformly distributed within a period of length 27'.

PROPOSITION 3. Let us consider the function p,, obtained by performing a random shift over the
function p defined in (4), that is, for a random wvariable to ~ Unifl0,2T], consider the function

Pr, (t) =D(t+1t0). It holds that the buyer’s arrival, conditional in the arrival interval, is Unif|0,2T].

Therefore, by applying the proposition above, we can assume that the buyer’s arrival time, condi-
tional on the fact that the arrival belongs to a specific interval, is Unif[0, 27, and that the function’s
new origin is ty; that is, ¢y is the starting point of a period of length 27'.

Along the rest of the paper we will denote p the feasible pricing policy after performing the
random shift. We will also relabel the intervals of the function p and denote by Io,_; the range
where p is constant, and will denote by I, the range where p is the translation of the function p
after performing the random shift.

For illustration purposes and as a supplement to this section, in Appendix A5 we compare the
performance of our heuristic policy to that of a fixed price, showing the advantage of the former
when the buyer is moderately to significantly more impatient than the seller. Then, in Appendix A6,
we characterize the optimal solution of a particular unobservable arrival problem instance with a
two-point arrival time distribution and where the valuation of the buyer is Unif[0, 1]. Despite the
unobservable arrival case being hard to solve in general, we can fully solve this particular problem

instance by simplifying its formulation to a sequence of observable arrival cases.

6. Bounding the Value of Observability

Recall that following the definition in Section 3.3, the wvalue of observability VO(G, F, 6, 1) is the
instance-specific ratio between the expected revenue in the corresponding observable and unob-
servable cases. Accordingly, the value of observability VO is defined as the supremum of instance-
specific parameters: VO =supg 5, VO(G, F, 0, ). In what follows, we first study VO under val-
uation distributions with monotone hazard rate (MHR), and show that it can be upper bounded
by exp(1), and that the bound is tight within the space of fixed price policies for the unobservable
case. Next, we analyze the more challenging case beyond MHR valuations that may arise when
fitting real data. For this very general case we characterize the main result of our paper: the con-
stant 4.911 as upper bound for VO. In Appendix A7 we argue by resorting to an example that VO
is lower bounded away from the trivial 1, obtaining 1.136 based on a two-point distribution for the

arrival and a truncated Pareto distribution for the valuations.
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6.1. An Upper Bound for a Monotone Hazard Rate (MHR) Valuation Distribution.

The case of monotone hazard rate (MHR) valuation distribution turns out to be relatively simple.
For completeness, we review here some basic concepts on the theory of optimal auctions introduced
in the seminal work of Myerson (1981). A key building block to state the seller’s optimal expected

revenue in a general single unit auction is the so-called virtual value of the bidder, defined as

1-F(v) 1

=y — ,
f(v) p(v)
where p(v) = f(v)/(1 — F(v)) is the hazard rate function associated with the distribution F'. The

J(v):=v

value J(v) represents the expected value of the revenue that the seller may intend to collect from a
bidder with valuation v, which naturally verifies v > J(v). Alternatively, when considering the static
price optimization problem of a seller trying to maximize the revenue function r(p) = p(1 — F(p)),
the first order condition states that J(p) =0. In other words, J(p) stands for the marginal revenue
function. As a consequence, an optimal monopoly reserve price p* is defined as p* = J~1(0).5

A distribution F is said to be regular if the virtual value function J(v) is strictly increasing in v.
This assumption is not overly restrictive, and is satisfied by distributions with increasing hazard
rate p(v), including standard ones such as the normal, uniform, logistic, exponential, and extreme
value distributions.

In what follows, we assume that the buyer’s valuation is distributed according to a monotone
(increasing) hazard rate distribution F' and prove that the value of observability is upper bounded
by e. Moreover, this bound is tight if we restrict the space of feasible policies to the set of fixed
price policies for the unobservable case.

Indeed, we know from Section 3.2.1 that the optimal seller’s expected revenue in the observable
case is given by R= R, Te“”g(t)dt, where Rj is the objective function value of problem [SPO,)
and therefore verifies R(? < E(v), the expected value of the valuation drawn from F. Hence, the

seller’s expected revenue in the observable case verifies

oo

R <E(v) /e“stg(t)dt.

0
For the unobservable case, consider the feasible, fixed pricing policy p(t) =p* for all ¢, where p* =

J1(0) is the optimal monopoly price. Then, the seller’s expected revenue verifies

R [y (- Foa(tdt=p (1= F) [ e gt

From this lower bound we can now establish an upper bound for the value of observability. By
Lemma 3.10 of Dhangwatnotai et al. (2015), it follows that p*(1 — F(p*)) > 1E(v), and thus
VO(G, F,0,u) <e, when F is regular.
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This upper bound is tight if, in the unobservable case, we restrict the feasible space of price
functions to the set of fixed price strategies. To see this, consider a myopic buyer (i.e., a buyer with
discount rate p extremely large so that he buys as soon as the price drops below his valuation)
arriving according to a general distribution G and with valuation distributed according to the
truncated exponential random variable with parameter 1 and support [0, M], that is, with cdf
F(x)=(1—-¢e7)/(1 —e ™). Assume that the seller does not discount revenues (i.e., § = 0). In
this setting, in the observable case, the seller will announce a price curve for a consumer arriving
at time 7 that spans all the valuation support (e.g., p,(t) = Me~*=7)), and the consumer will
buy immediately when his valuation v verifies v = p(t), with expected revenue for the seller R =
E(v)=(1— (M —1)e ™)/(1—e~™). In the unobservable case, if the seller offers the best possible
fixed price, she will set a price p* maximizing R“(p) = p(1 — F(p)). This function is maximized
at p* =1—W(e'™M), where W denotes the positive branch of the well known Lambert function®,
obtaining a revenue R“° given by

W=t (e=M) + W (e!=M) .

Ruo —
(1 —eM)eM

That leads to a gap between the observable and unobservable case that converges to e when M
grows large, obtaining the tightness.

We highlight here that the argument above does not imply that VO is lower bounded by e, since
for the unobservable case we are considering a feasible but not necessarily optimal strategy. What
we proved is that by considering a fixed price policy in the unobservable case, the upper bound

of e can be attained.

6.2. An Upper Bound for a General Valuation Distribution.

For a general valuation distribution (with a non monotone hazard rate), we start by noting that
using a fixed pricing policy in the unobservable arrival case does not necessarily lead to an upper
bound defined by a constant. For instance, consider the game where the buyer’s valuation is dis-
tributed according to a truncated Pareto distribution with parameter 1 and support [1, M], denoted

by TruncPareto(1,1,M). That is, v ~ TruncPareto(1,1,M) has cdf

1

Flz) = (1_ x) % for x € [1, M].

We further assume that p is extremely large and § = 0. Following the argument above, in the

observable case, the seller will announce a price curve that spans all the valuation support (e.g.,

p(t) =1/t), and the consumer will buy immediately when his valuation v verifies v = p(t), with

expected revenue for the seller equal to R =E(v) = MInM/(M —1). The revenue for the unob-

servable case under a fixed price p* is R“ = p*(1 — F(p*)) < M/(M — 1), leading to the ratio
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VO(G, TruncPareto(1,1,M),0,u) = E(v)/(p*(1 — F(p*))) > In M, which grows with M unbound-
edly and independently of the arrival distribution.

Despite the difficulty imposed by the ineffectiveness of a fixed price policy, we are able to bound
from above the value of observability by resorting to the particular pricing policy p introduced in
Section 5 (and defined in (4)).

Before presenting our main result, we need to introduce two preliminary lemmas. In the first
one we provide a simple lower bound for the seller’s revenue within a limited time frame in the
unobservable arrival case. In the second one, we give a lower bound for R*°, which we define as the
seller’s expected revenue in the unobservable case when the buyer’s arrival time is 7. To characterize

this bound we will focus on arrivals during the odd intervals.

LEMMA 2. If the buyer is present at time T being the beginning of a period Iy, for some k € N,
and has valuation v > p(T'), then the seller’s expected revenue by offering the price function p in
the unobservable case is at least the expected revenue earned up to time 2kT +ty in the observable

case with arrival time (2k — 1)T + to.

LEMMA 3. For a given parameter c € (0,1), and denoting by R, the expected revenue in the observ-

able case when the buyer arrives at time 7, it holds that:

(1-0)
R¥*>-——"R._.
T 7 2In(1/c)
We are now ready to provide an upper bound for the value of observability, that can be written

as a function of W_;, the negative branch of the Lambert function.

THEOREM 1. For any valuation distribution and arrival time distribution, the value of observability

2W_1(—1/(2Ve))+1 >~ 4.911.

is at most — (M1 @V

Proof. Recalling that R, and RY® are the expected values of the seller’s revenue in the observable
case and unobservable cases, respectively, when the buyer’s arrival time is 7, it follows that for

each arrival time 7, the ratio between them verifies:

R, < R,  2In(1/c)
uo — (1—c)2 o _ )2
RT 2(1n(1/c) RT (1 C)

This bound ratio holds for any constant ¢ € (0,1), and it is minimized at ¢ = e"-1(=1/(2vVeDN+1/2

0.284, giving a minimum of — ( Vjvf(—lf/‘(;g;ffgll)% which is roughly 4.911. O

It is worth noting that our result is robust to the specification of the arrival distribution. That
is, even in the case where the arrival time of the buyer is adversarial (i.e., the arrival distribution
is chosen by an adversary that knows the price function of the seller but does not know the
realization of the random shift), we prove that the seller’s expected revenue in the observable case

is at most 4.911 times her expected revenue if she does not observe the buyer’s arrival.”
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7. Conclusions

In this paper we revisit a standard formulation for the dynamic pricing problem when a monop-
olistic seller faces the arrival of a single buyer over an infinite time horizon and pre-commits to
a price curve with the objective of maximizing revenues. The buyer observes the price curve and
strategically purchases at a time when his utility is maximized. Both players discount the future
at different rates, with the buyer being more impatient than the seller in the most realistic and
technically challenging situation. The model feature that we analyze in this paper is the ability of
the seller to observe (or not) the arrival time of the buyer.

We define the value of observability (VO) as the worst case ratio between the revenue attainable
in the observable and unobservable cases, taken over all model parameters, namely: the distribution
of the arrival time of the buyer, the distribution of the buyer’s valuation, and the discount rates.
Our main result is that VO can be upper bounded by the constant 4.911, irrespective of the model
primitives. In the particular and relevant case of monotone hazard rate valuation distribution, the
upper bound can be improved to e = 2.718. We also show by an example that a lower bound for
VO can be set at 1.136.

It is worth pointing out again that VO can be interpreted as the price of discrimination, i.e.,
the additional rent that the seller can obtain from being able to post a customized price curve for
(infinitesimal) buyers as opposed to setting the same price curve for everyone.

We highlight that since our upper bound of 4.911 for the general valuation distribution setup
relies on the implementation of a modified optimal policy for the observable case as a feasible policy
for the unobservable case, and knowing that the upper bound for VO in the monotone hazard rate
valuation distribution is 2.718, there is room for a potential improvement of the former bound.
Closing the gap between them or showing that our bound is tight would be interesting venues for
further research.

Our analysis also carries important managerial insights by characterizing business contexts where
gathering information about the buyer arrival time is particularly valuable. We observe that it is
not very significant when the consumer’s valuation distribution has monotone hazard rate, and it
is even less important in the extreme cases where the seller has a level of patience similar to the
customer or is much more patient than the customer.

Finally, as future work, it would be interesting to conduct a case study (using synthetic or real
data) demonstrating the value of tracking customer arrivals in different contexts, e.g., an online

seller facing robots searching for competitors’ prices.

Acknowledgements. We thank the review team for many comments and raising several issues
that substantially improved the presentation of the paper.
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Endnotes

1. Due to this assumption the seller could potentially lose at most a negligible extra revenue and
therefore it does not affect our results. Moreover, the lower semi-continuity is necessary to ensure
that the buyer’s problem can always be solved.

2. To see this, knowing that v = ¢(t), we have U (t,v) > U(t',v), Vt' > t. Now, consider a buyer with
valuation v’ = v + ¢, e > 0. By simple algebra we have U(t,v') = U (t,v) 4+ ee ™ > U(t,v) + ee ' =
Ut',v'), ie., U(t,v") > U(t',v"),¥t' > t. Thus, the purchasing time of buyer v’ cannot be later
than t.

3. If p(t) is an arbitrary pricing function we could consider p’(¢) the largest nonincreasing function
that is below p. Since the buyer is forward-looking, the possible purchasing times will coincide
under p and p’.

4. Readers should not confuse the notion of myopic buyer with that of impatient buyer in the
sense of waiting only an infinitesimal amount of time before purchasing. The notion of myopic
buyer we will use throughout the paper is the one where the consumer buys as soon as the price
is below his valuation. It may then happen that he waits a long time before buying or even does
not buy at all.

5. More generally, the optimal reserve price is defined as p* = max{v: J(v) =0}, and by conven-
tion, p* = oo if J(v) <0 for all v.

6. The Lambert W function is defined as the multivalued function that satisfies z =
W (z)exp(W (z)) for any complex number z. If x is real then for —1/e <x <0 there are two possible
real values of W (x). We denote the branch satisfying —1 < W (x) by Wy(z)-namely, the principal
branch-, and the branch satisfying W (z) < —1 by W_,(x)- referred to as the negative branch.

7. Note that this notion of robustness is different from the common one in the pricing literature
(e.g., Caldentey et al. (2017)), where it usually indicates that the price function does not depend
on any of the parameters of the model. In our case, the feasible pricing policy we consider in the
unobservable case depends on the optimal price function of the observable case and therefore it
depends on the valuation distribution and discount rates. However, it does not depend on the

arrival distribution.
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Al. Complementary results
PROPOSITION Al. The function ¢(t) is lower semi-continuous.
Proof. We need to show that for all £, > 0, it holds that

liminf ¢(t) > ¢(to). (A1)

t—to

First, note that from the definition of ¢(t), we are looking for a value v to set ¢(t) =wv, i.e., v

must be the smallest valuation verifying: U(¢t,v) > U(t',v), for all ¢’ > t!, or equivalently,
e (v —p(t) = e (v —p(t)),

where by isolating v we get )
p(t) — e~ Ip(t)

>
vZ 1— e—u(t’—t)

Observe that due to the lower semi-continuity of p(t), the definition of the threshold function ¢

6(t) = sup {p(t) _ e—u(t’—t)p(t/) } | (A2)

/>t 1—en=0

is equivalent to

To prove that ¢ is lower semi-continuous we need the following auxiliary result, whose proof

follows from the definition of liminf for functions.

Auziliary lemma. If f and g are functions such that for all y >z it holds that f(x) > g(z,y), then
liminf, ., f(z) > liminf,_, g(z,y), for all y > x,.

! Note that the inequality holds for all v setting ¢’ =t and therefore we can restrict the condition for ¢’ strictly greater
than t¢.

Al



et ) ) . .
= _‘;( 0 @) for all ¢' >, and using the auxiliary lemma it follows

From (A2) we have ¢(t) > 28
that, for all ¢’ > t,,
— ek =) (¢
lim inf ¢(t) > liminf 2= p(t)

t—to t—to 1 — e—n@'-1)

Due to the lower semi-continuity of p(¢) and the continuity of the exponential function, and in

plto)—e Mt —t0)p(¢)
1—e— k(' —tg)

view of (A1), the right side of this inequality is at least , and therefore,

Vit' > to.

liminf ¢(t) > plto) - eiu(t/itO)p(tl)

t—tg 1 — e—n(t'—to)

of 2l =e 10 p(e!

) . .
=iy Which is equal

Then, liminf, ,,, ¢(t) is at least the maximum, over all ¢’ > t,

0 ¢(to). Thus, ¢ is lower semi-continuous in Ry . O

PROPOSITION A2. The Euler-Lagrange equation associated to the problem

+o00o
max [ 1(0,(0).0/(0). (0
0
18 given by
7 (0= (<20 0)) (ante) + 00 4.7 (pt0) - 22 ) 506 - apte) - 260/() + 27 0] =0,

(A3)
Proof. Recall that I(t,p(t),p'(t),p"(t)) = e *p(t) (—p’(t) + pﬁ;”) f (p(t) — p,}it)). We have to check
that

@ oI _dor 9l _

iEoy  diop T op (A4)
is equivalent to equation (A3).
The first term of the RHS of (A4) is given by

d2 al _ 67& pl(t) 1" / 2

o = ot (0= E) 0 2800 4 22000) +
e P'(t) , ) vy D)
1 (-2 [ttt - avten () - ) 00 (30 - 2 ) |+
et 40 i POY
i (w022t (v - 22

On the other hand, computing the second term we obtain
d oI —ot '(t
= =21 (vt -0 0vte) - +

dtop — p

"
(- pt0 (PO i)

I I
A2



Finally, the partial derivative of I with respect to p is the following

g; — 0t (pﬁu(t) —p/(t)> (f (p(t) - p?) +p(t) f' <p(t) - pfp)) :

Hence, equation (A3) comes from using the expressions above and equalizing the LHS of (A4)

to zero. OJ

A2. Proofs of results in the main body
A2.1. Proof of Proposition 1

Let p(t) be an optimal solution of the relaxed problem [SPO] and suppose that there exists ¢ such
that () is an inner local maximum. Then, it must hold that

p"(t)
u
Recalling that the valuation density f is positive, observe that, at ¢, the Euler-Lagrange equation (3)

P'(t) =p'(t) - =0. (A5)

becomes
6(6 — p)p(t) —20p'(t) +2p"(t) =0,
and therefore, together with (A5), p/(t) = 6%(”, and thus, p/(t) —op(t) < 0.

Let € >0 and p >0 be such that t; =t — e and t, =t + p satisfying () = ¥(t2) and p'(t;) —
dp(t;) <0 for i =1,2. Furthermore, since 9 has a maximum at ¢, it must hold that ¢'(¢;) > 0 and
Y (ty) <O0.

Let us first suppose that f'(1(t1)) = f'(1(t2)) > 0. In this case, considering the first term in (3),

7 (e = P ) (P ) o) 4010 20

F((t2)20 W (t2) <0

'

and therefore, since p(t) satisfies the Euler-Lagrange equation (3) for all ¢ —and, in particular,

for t,—, we must have
5(5 — w)p(ts) — 269 (£2) + 20" (£2) <. (A6)
P (t2)

Since by construction p'(t2) — dp(t2) <0, we have %2> < p(t,), and bounding from below the first
term in the LHS of (A6), we obtain

— (84 p)p () + 2" (t) < 0. (A7)

Recalling that t, =t + p, taking the liminf in the LHS of (A7) when p — 0, by the lower semi-

continuity of the price function p(t), we obtain

—(0+p)p'(t) +2p"(t) <0,
A3



which is equivalent to 2p”(t) < (0 + u)p'(t). But from (A5), up'(t) =p’(t), so 2up’(t) < (§ + w)p'(t)
and therefore p < § (because p/(t) = 6%@) > 0), which is a contradiction.
Now, consider the case where f'(1(t1)) = f'(¢(t2)) <0. Then, it must hold that

7 (wte) = P00 ) (2 ) ) (Contn) 4010 >0

F((t1))<0 Y/ (t1)>0

<0

and now we can proceed analogously to the argument above.

Therefore 1(t) cannot have an inner local maximum, and with a similar argument, neither an
inner local minimum. Hence, 1 (¢) has to be monotone.

We are now left with showing that the function () is indeed non increasing. By contradiction,
suppose that ¢ is increasing. We will see that if so we could improve the expected revenue, contra-
dicting that 1 corresponds to the optimal solution of the relaxed problem [SPO(]. To this end, let
us consider the constant function p(¢) = p(0) for all £. Then, ¢(t) = p(0) and therefore the value of
the objective function of [SPOj] by considering the feasible pricing policy p is given by

[e.9]

H(0)(1 = F(4(0))) +/e“ﬁ(t)(—lﬁ’(t))f(iﬂ(t))dt =p(0)(1 = F(p(0))).

0

On the other hand, the expected revenue of the seller under the pricing policy p can be computed

as

o0

p(O)(l—F(w(O)))Jr/e“p(t)(—d)’(t))f(%b(t)) dt.

Note that the second term is negative and therefore the expression above is upper bounded by

the expected revenue obtained by selling at time 0. That is,

o0

p(0)(1 = F((0))) +/e“”p(t)(—@b’(t))f(@b(t)) dt <p(0)(1 = F(4(0)))-

0

Note that 1 — F(1(0)) > 1 — F(p(0)), and therefore the expected revenue under the price func-
tion p is greater than the expected revenue under the price function p, which contradicts the

optimality of p. Thus, we can conclude that 1 is a non increasing function.

A2.2. Proof of Proposition 2

Given a pair (p(t),1(t)) solution of [SPO{], with ¥(t) =p(t) — % for all ¢, we must show that it

meets the equilibrium constraint of [SPO,], that is:

t € arg max e " (YP(t) —p(s)) Vt. (A8)

A4



Let h(s)=e " (1(t) —p(s)), leading to

W(s)=e " (—p((t) —p(s)) —p'(s)),
and
W'(s)=—pe " (—p(¥(t) —p(s)) —p'(s)) + e (up'(s) —p"(s)).

Given an interior solution t of (A8), it must verify h'(t) =0 and

)= (50 -2 <o,

Since (p(t),1(t)) is solution of [SPO{], then from Proposition 1 we know that ’(¢) <0, and
therefore, h”’(t) <0. Hence, t € argmax,>o e "*(1(t) — p(s)), for any pair of functions (p(t),1(t))
solution of [SPO}]. Recalling that the solution of [SPO{] defines an upper bound of [SPOy], we
have that such pair (p(¢),%(t)) indeed defines a solution to [SPO,).

A2.3. Proof of Lemma 1

Note that an equivalent inequality would be

cRy > Ry~ | p(0)(1— F(1(0))) + / e~otp(t)d(1 F<w<t>>>]
— / e Op(t)d(1 — F(1(1)))

By contradiction, suppose that for T'=1n(1/c)/d, we have that:

/e“”p(t)d(l—F(w(t))) >c | p(0)(1 F(@D(O)))Jr/e‘”p(t)d(lF(w(t)))] - (A9)

Consider the price function p(t) = p(t+7T') and its associated purchasing function . The seller’s
expected revenue can be computed as:

oo

Ry =p(0)(1 — F(4(0))) +/e‘5tﬁ(t)d(1 — F((1)))-

0

By the definition of p and doing the change of variable u =t+ 1T, it follows that the seller’s expected

revenue is given by:

Rﬁzp(T)(lF(%Z)(T)))Jre”/e‘“p(t)d(lF(@b(t)))-

A5



Applying (A9), it follows that this expression verifies

oo

Ry >p(T)(1 = F((T))) +ec p(O)(l—F(w(U)))Jr/e‘”p(t)d(l—F(w(t)))

0

Note that p(T')(1 — F((T))) is non negative, and that T'=1n(1/c)/d implies e°Tc=1. Thus, the
seller’s expected revenue for the pricing policy p is bigger than the seller’s expected revenue for

the pricing policy p, which contradicts the optimality of the price function p.

A2.4. Proof of Proposition 3

Suppose that we have the periodic function p with period 27" given by (4) and consider a random
shift, that is, for a random variable ¢, ~ Unif[0, 277, consider the function py,(t) = p(t +t,). Then,
given that the buyer arrives in the interval Iy;_; U I of length 27", for some k € N, and denoting

by X the random variable arrival time, we have the following:

P(X <t|X € (Ij_y Uluy)) = P(X <t|X € (2(k — 1)T — to, 2kT — t,))
= P(X € (2(k — 1)T — to, 1]).

Letting s be the length of the interval [2(k—1)T —to,t], i.e., s=t—(2(k—1)T —t,), the expression

above verifies

P(X <t|X € (2(k—1)T —to,2kT —to]) = P

—~

X €20k —1)T —to,2(k — 1)T —t, + 5))

=PRE-1DT-X<ty<2(k—-1)T—-X+5)
s :
=57 (because to ~ Unif[0,27)
t—2(k—1)T —to)

2T ’

which proves that X is uniformly distributed in I5,_, U I5;, and the proof is completed.

A2.5. Proof of Lemma 2

Without loss of generality let us suppose that k = 1, that is, the buyer arrives at time ¢, +¢ belonging
to I, with valuation v > p(T), and further assume that he will not purchase before time T + t, so
that the seller is making less revenue than she could really make.

To prove the lemma we analyze the consumer behavior in the unobservable case under the pricing
policy p depending on his valuation. More specifically we will prove the followings three statements:

1. If v e [p(T),¥(T)), then the buyer buys at time 27" + .

2. If v e[y(T),14(0)), then the buyer waits and buys at time 7 € (T + to,27T + t,] satisfying

(1) =v.
A6



3. If v > (0) the buyer purchases at time t,+ T

First, consider a buyer with valuation v € [p(T"),v(T)). Knowing that he will purchase to gain
some positive utility (eventually at time 27" +t,), if he decides to buy at time 7 < 2T +t(, then by
the monotonicity of the purchasing function v in the observable case, we have that (7 — (T +t,)) >
(2T +ty— (T +ty)) =9(T) and it means that the buyer must have valuation greater than ¢ (7")
to be optimum to purchase at time 7, which is not the case. We then conclude that in this case he
will buy at time 2T + ¢,.

Secondly, if the buyer has valuation v € [¢)(T"),4(0)), then by using the calculation of the pur-
chasing function for the observable arrival case —conducted under the assumption that the buyer

arrives at time 0—, we have that for some ¢ € [0,77], it holds that v =1)(t), i.e.,
t € argmaxU(s, (1)),

which means that
e M (P(t) —p(t)) > e " (V(t) —p(s)), Vs >0.

This is equivalent to
eI (1) = p(t)) > e HTHO (1) — p(s)), Vs 0.

Hence, the buyer will buy at time 7 =T 4ty + t satisfying ¥ (t) = v.

Finally, the third statement follows directly from the definition of the threshold function 2.

The lemma follows by observing that if the buyer has valuation at least ¥(7"), the seller’s revenue
is the same as in the observable case with the buyer arriving at time T + t;, and accumulating
revenue up to time 27" + ¢, (cases (2) and (3)). But if the buyer has valuation between p(T)
and (T (case (1)), then he will buy before time 27" + ¢, in the unobservable setting under the
price function p, but he will buy after that time in the observable case with arrival time 1"+ t,.

Therefore, we conclude that, conditioned on the event that the buyer with valuation greater
than p(T') arrives at time 7' + to —which is equivalent to looking at the problem in the inter-
val [T +to,2T 4 to] in the observable case—, the seller’s expected revenue under the policy p in the
unobservable case is at least the expected revenue earned up to time 27 +t, in the observable case

with arrival time T + ;.

A2.6. Proof of Lemma 3

Consider the pricing policy p described in Figure 2 and fix the buyer arrival time 7. Recall that t, is
the uniform random variable involved in the random shift applied over the original price function p
to get p. Recall that these functions have period 27, where we are setting 7'=1n(1/¢)/0.

A7



Suppose, without loss of generality, that the buyer arrives during the first cycle of the policy;
i.e., T € [ty,to + 2T]. Thus, to ~ Unif[r — 27, 7]. In order to have intervals defined around t,, we
denote Z, := [r — T, 7] and T, := [t — 2T, 7 — T]. With this definition, we have that 7 € I; if and only
if toeZ;, for i =1,2.

In our analysis we will only consider the buyer’s arrival if it belongs to the interval I;, otherwise,
we simply bound the revenue by 0.

Note that if 7 € I;, we can lower bound RY° by the expected revenue obtained by considering
that the buyer has valuation at least p(7') and that he purchases after time ¢y +7". This is because
the buyer does not purchase if v < p(T'), and his wait until ¢, + 7 to buy when he could have
bought earlier would only hurt the seller’s revenue. Then, from Lemma 2, R*’ is at least the
expected revenue earned up to time 27 + ¢, in the observable case with arrival time T + t, i.e.,
R 2 Riygrrto+21)-

Let R,,.r be the expected revenue in the observable case if the buyer arrives at time ¢y + T,
for a given value t,. After applying Lemma 1, we have Ry 74,4211 > (1 — ¢) Ry 41, so that R** >
(1 —=¢)Ryysr-

We now use the analysis above to compute a bound for the expected value of the seller’s revenue
in the unobservable case conditioned on the event that the buyer arrives at time 7. To this end,
we define the sample path-based revenue S*° for the unobservable case from time 7 onward, i.e.,

R =E(S%), and conditioning on the random, shifted origin time t,, we get:

E(SY?) = Eq, (E(S77 [ t0))
= B(S¥ |ty € T)P(to € Ty) + E(S™ | to € To)P(to € T,)
1. SR -
- iE(S:O | to S Il) + iE(S;_LO | to GIQ)

1 -
Z 5(1 — C)Eto (Rt0+T | to GIl),

where the last equality holds because ¢, ~ Unif[r — 27, 7], and the inequality follows from the
observation above.
Note that Ry 17 = e 0t+T=1)R_— ce 9t~ R_ where the second equality holds from e =7 =c.

Therefore, it is enough to compute E,, (e“mo_ﬂ | to € 7:'1>. In fact, now for ¢y ~ Unif[r — T, 7], we

have
- T 1
EtO (6_5(t0_7—) ‘ to EIl> = / 6_6(1&0_7—)*(1'[;0
=T T
T —1
T T
By the definition of T', we know that 7§ =1n(1/c) and e°T =1/c, and therefore we have
~ 1-c
B (e | tye ) = —L=C
to \© [to €Ty cln(1/c)
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We then obtain the following lower bound for the expectation of the seller’s revenue in the unob-
servable case that depends on c:

Uo uo (1 6)2
T (ST ) - 2111(1/0) 7

which completes the proof.

A3. Discussion of model assumptions

Our model is quite general and follows the standard setup of the OM literature. Yet, there a few
features that are worth discussing.

First, we consider a consumer’s utility function of the intertemporal type (e.g., see chapter 20 in
Mas-Colell et al. (1995)), where the buyer discounts the net payoff v —p(t) if he decides to buy at a
later time t, following the classic econ approach (e.g., see Landsberger and Meilijson (1985), Besanko
and Winston (1990)). It has also been the prevailing utility function within the OM literature on
strategic consumer behavior (Gonsch et al. (2013)). An alternative model would be one where only
the valuation of the buyer declines, obtaining the utility function U (t,v) =e *'v —p(t) (e.g. Aviv
and Pazgal (2008), Cachon and Swinney (2009)). However, this model is equivalent to one where a
utility function like ours is considered and the seller is more impatient than the buyer. Indeed, by
considering the utility function U(¢,v) = e **v — p(t) and a seller discount rate § >0, the setup is
equivalent to defining the utility function U(t,v) = e # (v — p(t)) and a seller’s discount rate p+ 6,
with p(t) = e*'p(t). In this case, U(t,v) = e *v — p(t) = e "t (v — etp(t)) = e # (v — p(t)) = U(t,v),
and in both cases the seller gets e %p(t) = e~ (OTHWip(¢).

Second, in our model we assume that the seller is more patient than the consumers, i.e., & < u.
Otherwise, when § > pu, the optimal pricing policy is to fix a constant price equal to the monopoly
price, obtaining that VO is trivially 1. It is enough to prove it for the observable case because if
the optimal price function is constant (and independent of the parameters of the problem), then
the advantage of being able to observe the arrival vanishes and both problems are equivalent.

To see this, consider first the case where both discount rates are equal (§ = p). This is exactly
the setting considered by Stokey (1979) in which she proved that no price discrimination occurs
and the optimal pricing policy is to charge the monopoly price, namely p,,,, during the whole selling
horizon. If the seller is more impatient than the buyer, i.e. u < d, it is enough to note that her
optimal expected revenue is upper bounded by the one in the case u = J since a bigger seller’s
discount rate can only lead to a worse revenue for her, which is achieved by taking p(t) = p,,, Vt.
At the same time, a fixed pricing policy is a feasible solution for the unobservable case, and the
revenue derived from it provides a lower bound for R“°. All in all, in this case VO is upper bounded

by 1, and hence it is exactly 1.
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A4. Solving the Observable Case.

In the particular case when the buyer’s valuation has density function f(x) = kz®, for some integer
number « and positive number k, we can explicitly calculate the pricing function p(t) and the
purchasing function (¢) for the observable case.

To start with, the problem [SPO{] becomes:

o0

mgX/I(t,p(t),p’(t)ap”(t))dt+p(0)(1 — F(4(0))), (A10)

— ot _ P\ (_ Pt
where 1(t, p(t). p/(£).p (1)) = e *'p(t)k (p(t) = 22 (—p'()) + 12,
By formulating the Euler-Lagrange equation (3) in this case, we obtain the following ODE in
the function p(t) 2

o <p'<t> - p"f)) (0 (8) - dp(t)) + (p<t> - pﬁ“) (6(6 — p)p(t) — 255/ (8) + 20"(1)) =0,
which is equivalent to

P (t) o\ | p(t)? 20\ p'(t)p'(t)1 p'(t) (o
0N (“* 1+M> WoE (‘“U) B OLIA Ay <u +2> - (AD)

Setting y(t) = (log(p(t)))', we have that p'(t)/p(t) = y(t), p'(t)*/p(t)* = y*(t), p'()p" (1) /p(t)* =
y() (¥ (t) +4*(t)), and p”(t)/p(t) = (y'(t) + y*(t)), which allows to rewrite equation (A11) as:

0=~y (a4 152 ) 4220 (a4 20 ) = OO+ O) 1 (240) + (/0 +20) (2 +2) =

Rearranging terms, this equation can be written as

6(6 — ) —y(t)d (a+1+z> Ty (2 +a) (H 2)

—y3(t);(2+oz) _ y(t)y’(t);(2+a) /(1) (O:f + 2) —0. (A12)

Note that (A12) is a separable first-order nonlinear ODE, that is, can be written as y' = H(y),
for some function H. Therefore it can be solved by integration. For our case the solution turns
out to be quite contrived (and obtainable only in impliocit form), but for two special cases we can
give clean closed form solutions. We thus show the optimal pricing policy for the cases where the

buyer’s valuation distribution is uniform and truncated Pareto.

2 We highlight here that the equation gives the optimal solution of (A10) for p(t) —p’(t)/u in the support of the
valuation distribution. Otherwise, the equation is reduced to 0 =0.
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Case a« =0. We first fix k=1 and a =0, i.e., we consider the buyer’s valuation Unif][0,1]. In
this case, we obtain a second order ODE in the function p(¢) with constant coefficients, expressed
by
6% —0u

5 p(t) =0.

p(t) = op'(t) +

Its solution is given by:

p(t) = Cle%t(é_m) + 626%75(5-%\/@)’

where ¢, ¢, are constants to be determined.

Note that & ++/=0(6 —2u) >0 and § — \/—6(5 — 21) < 0 due to p > §. Therefore, the optimal
pricing function is a sum of a negative exponential function and a positive exponential function
and p(t) could in principle go to infinity when ¢ goes to infinity. However, p(t) € [0, 1] for all ¢, and
then, it must be the case that ¢, = 0. Thus, the optimal price function is a negative exponential

function of the form:

p(t) = Cle%t(ﬁf\/76(572;0)7

with ¢; =p(0).
In order to simplify the notation, define the positive constant A = —§ + /—35(6 —2u). We are
left with finding the value p(0). Replacing the function p(¢) in the unconstrained problem (A10),

we can rewrite it as a maximization problem over p(0) as follows:

r A A2 A
max 20/6_(5+A)t —+—]dt+p(0)(1-p(0)—p(0)—
nax | p°(0) > "L p(0) p(0) — p( )2u
0
Solving this problem, we obtain p(0) = %. Noting that p'(t) = —1Ap(0)e~ 24, we also
obtain p/(0) = —%. Therefore, the pricing function that solves the seller’s problem is given
by
2u(6+ A
p(t)= O LA o4t
(A+2u)(A+20)

with corresponding purchasing function (derived from (1))

0+ A _A,
2 .

V) = asC

Note that in this uniform valuation case, the purchasing function turns out to be a positive mul-
tiplicative scaling of the pricing function. The optimal expected revenue of the seller in this case
can be easily computed obtaining
p(A+9)
(A+2u)(A+20)
All
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(a) Very impatient buyer (u = 5). Expected rev- (b) Slightly impatient buyer (u = 1.5). Expected rev-

enue: 0.3125. enue: 0.2574.
Figure A1  Optimal purchasing and price functions for different levels of asymmetry in the patience of

the seller and the buyer. In both panels we normalize the discount rate of the seller at 6 =1.

In what follows, we analyze the optimal curves obtained for some specific values of the discount
rates p and J, corresponding to different levels of asymmetry in the patience of the seller and the
buyer. Without loss of generality, we normalize the discount rate of the seller by setting § = 1.

In Figure Al, the left panel captures the case where the buyer is five times more impatient than
the seller, whereas the right panel illustrates the scenario where he is only 50% more impatient.
In panel (a), when the buyer is noticeably more impatient, we can observe that the optimal initial
values of p(0) and p’(0) are greater than in panel (b), and that both price and purchasing optimal
functions decrease faster. These curves reflect the fact that when facing a more impatient consumer
(panel (a)), the seller will price more aggressively early in the horizon but will also drop the price
relatively fast. Noting that the decreasing price pattern plays the role of a valuation discovery
mechanism, the wider span of the pricing in (a) attempts to keep in the market a low valuation
consumer by offering an attractive enough price relatively soon. On the contrary, when the buyer
is more patient (panel (b)), the seller can offer a slow decaying price curve so that a consumer
with mid to low valuation will buy later (compared to (a)) but at a higher price. The fact that the
seller takes advantage of the buyer’s impatience is confirmed when computing the ex-ante expected
revenue by solving [SPQOy] in both cases, leading to values 0.3125 and 0.2574, respectively.

Figure A2 illustrates two limit scenarios for a normalized seller’s discount rate § = 1. In panel (a)
we consider the case in which the buyer is extremely impatient (with @ = 1000). Here, the seller
drops the price very quickly from 1 to 0, charging almost instantaneously the valuation of the buyer
and extracting his whole surplus. In panel (b) we present the case in which the buyer’s discount rate
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(a) Extremely impatient buyer (u = 1000). Expected (b) Very patient buyer (1 — ). Expected revenue: 0.25.

revenue: 0.4786.
Figure A2  Optimal purchasing and price functions for limiting asymmetries in the patience level of the

seller and the buyer for different levels of asymmetry in the patience of the seller and the

buyer. In both panels we normalize the discount rate of the seller at § = 1.

tends to 1. The optimal price and purchasing functions are the same and equal to 0.5 throughout
the selling horizon. In this case, we recover the optimal auction of Myerson (1981), with reservation
price 0.5 and the buyer purchasing at time zero if and only if his valuation is at least 0.5. In this
case, he pays the reservation price for the item. The seller’s advantage revenue-wise is even more
emphasized, with values 0.4786 and 0.25, respectively.

Case o= —2. We now take k= M/(M — 1) and o« = —2, which corresponds to the truncated
Pareto distribution with parameter 1 and support [1, M].

After some algebra and taking § = 1, we obtain a second order ODE in the function p(t), expressed
by

2p" ()p(t) + ' (t)p(t) — pp(t)* — 2p'(t)* =0,

whose solution is given by

p(t) = 626’““164/2,

where ¢, ¢y are constants to be determined.

Therefore, the optimal pricing policy is

()< et i<

1 if t>t,
where ¢ is such that cge““rcle_t/2 = 1. On the other hand, it must hold that p*'(¢) =0, and from
both conditions we obtain ¢; = 2ue’/? and ¢, = e #(+2),
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Replacing the function p(¢) in the unconstrained problem (A10), we can rewrite it as a maxi-

mization problem over ¢ as follows:

1 _ _ _ _ _ ~
m?X {]\41 (M@it/Q (]_ —+ (2/,L — ].)(eit/2 — 1) —+ H@t/Q(l — €7t)) — 67#(t+2)+2“et/2) } . (Alg)
We conclude that the optimal price function of the observable case when the buyer’s valuation
is TruncPareto(1,1,M) is given by
—u(t+2—t)—2pe if t< g
(1) = (& 1 >t
() { 1 i >4,

t/2—t/2

where £ is the optimal solution of problem A13.

Ab5. Performance of Two Heuristic Solutions of the Unobservable Case

In this section we evaluate the performance of two heuristics that may be implemented in the
context of the difficult unobservable arrival case, for which an exact solution is hard to characterize:
the periodic pricing policy presented in Section 5, and the simple fixed price policy.

In particular, we will assume that the buyer arrives according to an exp(1) distribution, and
consider two valuation scenarios: Unif[0,1] and TruncPareto(1,1,100) —as defined in Section 6.2. We
normalize the seller’s discount rate to 1, and vary the buyer’s discount rate p starting from values
close to 1.

In Table A1l we present the results for the uniform valuation case. More specifically, for different
values of p listed in the first column, we use the analysis in Appendix A4 to compute the optimal
expected revenue of the seller in the observable case (second column). In the third column, we
present the expected revenue of our periodic pricing policy in the unobservable case. Finally, we
compute the ratio between the latter values and the expected revenue of the best fixed price policy,
0.125, and present this values in the fourth column of the table. 3

From the values in Table A1 we can see that, although our policy is better than fixed price, this
advantage is small when the valuation is uniformly distributed.

In Table A2 we present a similar analysis for the TruncPareto(1,1,100) distribution. We remark
here that this is possible because, in this particular case, we are able to explicitly solve the observ-
able case, as shown in Appendix A4. Here, in contrast to the uniform case, we report that our
policy performs significantly better than the fixed price policy, and the gap increases as the buyer’s

discount rate increases. Note that in this case the optimal fixed price policy gives revenue 0.5.

3 Note that the best fixed price policy for the uniform valuation, unobservable case is given by the price p maximizing
p(1—F(p)) =p(1 —p), which is p=1/2, and therefore the total expected revenue is % fooo e te tdt = %, where one of
the exponential factors in the integral comes from seller’s discount rate and the other one from the density function
of the exp(1l) valuation distribution.

4 Note that the best fixed price policy for the unobservable case under TruncPareto(1,1,M) valuations is given by the

price p maximizing p(1 — F(p)) = ﬁ(M —p), which is p =1, and thus the total expected revenue is fooo etemt=1

I
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Discount | Revenue observable case | Revenue unobservable case | Revenue ratio periodic policy
I optimal policy periodic policy vs. fixed price
1.1 0.1257 0.1232 0.9859
1.5 0.1287 0.1252 1.0016
2.0 0.1340 0.1274 1.0192
5.0 0.1563 0.1398 1.1184
7.0 0.1650 0.1439 1.1512
10.0 0.1741 0.1477 1.1816
100.0 0.2191 0.1463 1.1704

Table A1l Comparison among expected revenues under different buyer’s discount rates p, for Unif[0, 1] valuation
distribution and exp(1) arrival distribution. Columns: Revenue from the optimal policy in the observable case
(column 2), revenue from the periodic policy in the unobservable case (column 3), and ratio between the latter and
that from the fixed price policy, i.e. 0.125, in the unobservable case (column 4). The seller discount rate is

normalized to § = 1.

Discount | Revenue observable case | Revenue unobservable case | Revenue ratio periodic policy
7 optimal policy periodic policy vs. fixed price
1.1 0.5079 0.4669 0.9338
1.5 0.5669 0.4932 0.9864
2.0 0.6358 0.5352 1.0704
5.0 0.9017 0.7328 1.4656
7.0 1.0098 0.8048 1.6096
10.0 1.1265 0.8667 1.7334
100.0 1.7841 1.1488 2.2976

Table A2 Comparison among expected revenues under different buyer’s discount rates pu, for
TruncPareto(1,1,M) valuation distribution and exp(1) arrival distribution. Columns: Revenue from the optimal
policy in the observable case (column 2), revenue from the periodic policy in the unobservable case (column 3), and
ratio between the latter and that from the fixed price policy, i.e. 0.5, in the unobservable case (column 4). The seller

discount rate is normalized to § = 1.

A6. Unobservable case with Truncated Pareto Valuation and Two Possible
Arrival Times.

With the objective of characterizing the optimal solution of an unobservable arrival problem

instance, suppose that the valuation of the buyer is distributed according to a TruncPareto(1,1,M),

and that he arrives at one of two possible times: either at time 0 with probability 3, or at time T

with probability 1 — 3, for some predetermined value T' > 0.

We define the threshold valuation « as the value so that if the buyer arrives at time 0 with
valuation v > «, then he would buy before time T'. This implies that, at time 7', conditioned on
the event that the seller has not sold the item yet, the buyer’s valuation is the mixture of two
truncated Pareto distributions: (i) a truncated Pareto in [1,«] accounting for the mass of buyers
who arrived at 0 and decided to wait for a good price to be offered after T', with weight 3, and
(ii) a truncated Pareto in [1, M] accounting for the buyer arriving at time 7', with weight 1 — j.
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Assume also that the seller’s discount rate is normalized to § =1, and that the buyer discounts the
future at rate pu> 1.

The general approach to compute the optimal expected revenue would be to decouple the prob-
lem in two independent subproblems that occur sequentially over time, by conditioning on the
purchasing time of the buyer: either before or after 7. Assume for now that the value of « is
given. We will argue that if the buyer arrives at time zero with valuation above «, he does not
have an incentive to delay his purchase beyond time T'. Otherwise (i.e., he arrives at time zero
with valuation below « or he arrives at time T'), he will buy after time 7. Hence, we can solve
these two subproblems separately and then link them through the threshold « occurring at time 7T'.
Furthermore, each subproblem, once we condition on the information available at times 0 and 7',
corresponds to the observable case. In this regard, the threshold function ¢ of the unobservable
arrival case is defined by parts combining three different purchasing functions ¢ for the observable
arrival case.

The first subproblem, defined over the time window [0,7), is solved as in the observable case
with TruncPareto(1,1,M) valuation but in a finite horizon, by adding a terminal condition for the
purchasing function: ¢ (7') = a. For the second subproblem, defined over [T, 00), we first guess the
time 7 by which the buyer arriving at 1" would have purchased the item if and only if his valu-
ation were above «, and then we solve two “observable arrival” problems assuming a truncated
Pareto valuation distribution for each of them. More specifically, the problem in [7,00) is solved
with valuations TruncPareto(1,1,a); whereas the problem in the interval [T, 7) is solved with valu-
ations TruncPareto(1,1,M) and with two terminal conditions: (i) the value of the purchasing time
function at the boundary has to verify: ¢)(7) = «, and (ii) the price function has to be continuous
at 7.

This whole procedure gives a price function and a purchasing function that depend on « and 7
—see Figure A3—, which are then optimized to maximize the seller’s revenue. Note that as we can
derive explicit solutions for the truncated Pareto valuation distribution in the observable arrival
case, the numerical part of the optimization to solve the unobservable case is only over these two
parameters.

We provide below more details of the subproblems we need to solve to obtain the optimal price
and threshold functions: one over the time interval [0,7"), and other over the time interval [T, c0),
which in turn could be divided into two problems, with splitting time at 7, where in principle 7 is
assumed to be fixed. In particular, these three problems lead to three pricing policies, namely py,ps
and p3, with corresponding purchasing functions 1,1 and 13, as can be seen in Figure A3. After
that, we prove that the problem can indeed be decoupled into these sub-problems, by showing that
there are no purchasing deviations (see Propositions A3 and A4 below).
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Figure A3  Price and purchasing functions for the unobservable arrival case with TruncPareto(1,0,1) and
two possible arrival times: 0 and T'. The threshold function ¢ is defined by three parts through
respective definitions of the purchasing function 1 for the observable arrival case. In order
to compel with the requirement of ¢ being lower semicontinuous, the function ; is assumed
to be left continuous at some point T — €, for € > 0 arbitrarily small, and the function ¥, is
extended to the left of T so that it is continuous at 7. Note that this technical adjustment

implies a negligible revenue loss from the seller’s perspective.

The following steps are performed for solving a particular problem instance, defined over the
parameters 3, T', i, and M. The procedure is described for fixed given values o and 7, leading to
a pricing policy p and a threshold function ¢ that depend on both values. Then, both « and 7 are
optimized to maximize the revenues of the specific problem instance.

Step 1. Compute the pricing policy p; to offer in the time interval [0,7") and its associated pur-
chasing function ;. To this end, we need to solve the problem [SPO}] affected by the probability 8

that the buyer indeed arrives at time 0, i.e.,

T

max  py(0)(1 - F(41(0))) +5/e‘tp1(t)f(¢1(t))(—wi (t)) dt,

0

where 1), (t) is defined in (1), and where we further impose the boundary condition ¢, (T") = a.
Step 2A. Compute the pricing policy ps to offer in the time interval [7,00) and its associated

purchasing function 3. To this end, we need to solve the problem [SPOj] but with origin at time 7,

with valuations at most «, i.e.,:

o0

mgX/e_tps(t)f(wg(t))(—%(t))dt+6_7p3(7)(F(04) — F(¢5(7))),

T
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where the second term represents the discounted expected revenue obtained at time 7 from the
mass of valuations between 13(7) and « who arrived at time 0 or at time 7,”> and the term involving
the integral represents the discounted expected revenue obtained along the interval [7, 00).

Step 2B. Compute the pricing policy p, to offer in the time interval [T, 7) and its associated
purchasing function 1. To this end, we need to solve the problem [SPO}] affected by the proba-
bility 1 — 8 that the buyer arrives at time T, i.e.,

T

max (1= B)e Tpa(T)(1 - FlT)) + (1= 8) [ e pa(t) (ua(t)(~050)

where 1),(t) is defined in (1), and where we further impose two boundary conditions: 1y(7) = «,

and py(7) =p3(7).5

With the solutions of the three steps above, we can define the pricing policy p and the threshold
function ¢ for the whole horizon. To ensure that these functions solve the unobservable case for
this particular instance, it only remains to prove that if the buyer arrives at time 0 with valuation
v > «, then he will indeed buy before time 7. To this end, we show a preliminary result stating
that if a buyer with valuation 1, (n) for some n € [0,T") buys after T', then he will also buy after T’
if he has valuation belonging to the interval («,1(n)), where 1; represents the solution of the

problem described in Step 1.

PROPOSITION A3. If there exists n € [0,T) and 7' >T such that U(n,11(n)) <Un',¢1(n)), then
for all t belonging to the interval (n,T], there exists t' >T such that U(t,1(t)) <U(t' 11 (t)).

Proof. By contradiction, suppose that there exist t € (7, 7] such that U(t,1(t)) > U(t',91(t)) for
all ' > T. In particular, the inequality holds for ¢ =#’, and then we have U(t,v1(t)) > U(n/,¢1(t)).
Define € = 11(n) — 1 (t). Note that by hypothesis n < t, and thus, from the monotonicity of ),

(see Proposition 1 in Section 4), we obtain £ > 0, which implies

Ut 01 (m) = e (1) +& = p(t) = Ut 01 (1) + e 2 U, ¢ () + e = U, (1)),

where the inequality holds due to the contradiction hypothesis for ¢’ =’ and because i’ > t, and
the last equality holds because 11 (n) =1, (t) + . We conclude that U(t,v1(n)) > U(n',4¥1(n)).

® This mass of valuations is composed of B(F(a) — F(¢3(7))) coming from time 0, and (1 — 8)(F(a) — F(33(7)))
coming from time 7. Recall that no matter the arrival time, the buyer always discounts his utility since time 0.

6 Note that the price function has to be continuous at 7. Otherwise, knowing that p is non increasing (due to the
observation in Section 3.2.1 together with Proposition 2), if it were the case that lim,_, .- p2(7) > ps(7), then a buyer
with valuation 2 (7 — €) > a would have an incentive to wait and buy at 7 and take advantage of a price decreased by
a non negligible amount, which would contradict the definition of « as the threshold valuation above which a buyer
would purchase before 7.
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On the other hand, by hypothesis we know that U(n',v:(n)) > U(n,¥1(n)), and putting all
together we conclude that U(t,:(n)) > U(n,v¢1(n)) which contradicts the definition of the pur-

chasing function 1, completing the proof. O

Let us use this result to prove that if the buyer arrives at time 0 with valuation greater than «,
then he does not have an incentive to buy later than 7'. This result justifies the decoupling of the

problem that occurs at time 7T and that separates Step 1 from Step 2.

PROPOSITION A4. If the buyer arrives at time 0 with valuation v > «, then there exists an optimal

pricing policy under which he purchases at some time before T'.

Proof. By contradiction, suppose that there exist ¢ € (n,T] such that U(t,:(t)) > U(t',¢1(t)) for
all ¢ > T In particular, the inequality holds for t =7/, and then we have U (t,1(t)) > U(n/, 9, (t)).
Define e =11(n) — ¢, (t). Note that by hypothesis n < ¢, and thus, from the monotonicity of 1,

(see Proposition 1 in Section 4), we obtain £ > 0, which implies

Ut 1 (m) = e (1) +& = p(t) =U(t, 01 (1) +ee 7 2 U, v () + e = Ui (1)),

where the inequality holds due to the contradiction hypothesis for ¢ =7 and because 7’ > t, and
the last equality holds because 11 (1) =11 (t) + <. We conclude that U(¢,¢1(n)) > U(n',¢1(n)).

On the other hand, by hypothesis we know that U(n',%:(n)) > U(n,¥1(n)), and putting all
together we conclude that U(t,:1(n)) > U(n,v1(n)) which contradicts the definition of the pur-

chasing function v, completing the proof. O

In summary, even though the unobservable arrival case is hard to solve in general, in the partic-
ular scenario with truncated Pareto distribution and two possible arrival times, we could solve it
by simplifying its formulation to a sequence of observable arrival cases. We highlight here that the
same argument can be used to solve the unobservable case with two arrival times for any setting

for which the observable case can be solved, as it is the case of the uniform distribution.

A7. A Lower Bound for the Value of Observability.

In order to get a lower bound for the value of observability it is enough to get the ratio for one
particular problem instance. The challenge here stems from the difficulty in solving the unobserv-
able case, even numerically. In order to partially overcome this difficulty, we consider the particular
problem instance introduced in Appendix A6: TruncPareto(1, 1, M) valuations and two possible
arrival times: 0 and 7', with probability S and 1 — 3, respectively. Remember that the policy is
further characterized by two additional parameters: (i) «, representing the value so that if the
buyer arrives at time 0 with valuation v > «, then he would buy before time T', and (ii) 7, the time
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by which a buyer arriving at T' would have purchased the item if and only if his valuation were
above a.

Setting the parameters M = 100 and T =1, and normalizing the discount rate of the seller
at § =1, we numerically compute the value of observability for different buyer’s discount rates p
and probabilities 8 of arriving at time 0. The results are exhibited in Table A3, from where we
note that the worst case over these instances is the one determined by p=4.5 and = 0.4, leading

to a lower bound of 1.136 for the value of observability.

P s 0.2 0.4 0.6 0.8

1.0 1 1 1 1

1.5 1.036 1.017 1.005 1.001
2.0 1.074 | 1.047 | 1.020 | 1.001
2.5 1.111 | 1.069 | 1.038 | 1.004
3.0 1.128 1.089 1.048 1.013
3.5 1.124 1.107 1.058 1.020
4.0 1.115 1.124 1.066 1.025
4.5 1.103 [1.136 | 1.074 | 1.029
5.0 1.091 | 1.121 | 1.094 | 1.064
5.5 1.078 | 1.103 | 1.075 | 1.044
6.0 1.065 1.084 1.054 1.022
Table A3 Value of Observability for a two-point arrival time distribution: 0 with probability 8, and T'=1 with

probability 1 — 8, assuming TruncPareto(1,1,100) valuation and seller’s discount rate ¢ = 1.
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